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This paper generalizes the framework of [3] for obtaining exponentially localized and globally
optimal Wannier functions in one dimension from isolated single bands to composite bands.
The method builds on Kato’s analytic perturbation theory, extending it from a local theory
to a global one on the Brillouin circle: analytic Bloch frames are first constructed via parallel
transport, and their boundary discontinuities are removed through a gauge transformation
determined by a unitary Zak matrix. A subsequent diagonalization of this transformation
identifies the gauge that achieves the most localized Wannier functions. In this sense, the
framework provides a constructive proof of the existence of exponentially localized, real,
and globally optimal Wannier functions, clarifying the analytic and topological structure
underlying their localization.
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1 Introduction

This paper presents a framework for constructing real and globally optimal Wannier functions in
one dimension for an isolated group of bands. It extends the single-band theory introduced in [3]
to the composite-band setting—where degeneracies and non-Abelian gauge freedoms appear—
by providing an explicit analytic construction that guarantees exponential localization while
minimizing the total spatial spread.

The construction proceeds by first solving the parallel-transport equation across the Bril-
louin zone to obtain an analytic family of Bloch frames. The resulting discontinuities at the zone
boundaries are removed (to all derivative orders) through a gauge transformation determined
by a single unitary matrix, yielding exponentially localized states. Diagonalizing this transfor-
mation produces the globally optimal gauge that minimizes the total spread. This framework
offers a global formulation of Kato’s analytic perturbation theory on the circle, in which the
Zak phase naturally emerges as the only relevant topological quantity.

The remainder of the paper is organized as follows. Section3 contains the preliminaries,
including the definitions of Bloch functions and frames, composite-band Wannier functions,
and key results from analytic perturbation theory. Section4 develops the analytic apparatus:
Section 4.1 applies the analytic perturbation theory to construct an analytic family of Bloch
frames, while Section4.3 introduces the Fourier representation of Wannier functions and its
connection to localization. Sections4.5-4.7 present the gauge transformations that remove zone-
boundary discontinuities, establish exponential localization, and identify the unique globally
optimal gauge. Finally, Section 5 summarizes the complete constructive procedure for obtaining
real and globally optimal Wannier functions.



2 Notations and conventions

We denote by 6,,,, the Kronecker delta. Let £?(Z) denote the Hilbert space for square-summable
complex sequences x = ("Ti)ieZ with the standard inner product. The right-shift operator in
(*(Z) is denoted by R, defined by

R(x) = (vi-1);cz (1)

We use bold symbols, such as P and U, for infinite matrices and operators on ¢2(Z) with the
exception of the right-shift R in (1) and the time-reversal operator T" in Section4.7. Finite-
dimensional matrices are denoted by non-bold symbols, such as A and U.

For a vector « € (2(Z) or CV, we denote by =* the conjugate transpose and x” the uncon-
jugated transpose. We denote the Frobenius norm of a finite matrix by ||A||p = /Tr(A*A4).
We also use the same notation for infinite matrices whenever the series defining it converges.

We use U(n) to denote the group of n x n unitary matrices. The Lie algebra of U(n) is
given by the real vector space of skew-Hermitian matrices, u(n) = {4 € C"*" | A* = —A}.

We choose the principal branch of the logarithm so that the real phase ¢ in €'? takes values
in (—m, .

3 Physical and Mathematical Preliminaries

3.1 Bloch functions

In this section, we introduce standard notions from the Bloch theory of one-dimensional periodic
systems. These are standard results in band structure and spectral theory (see [5], [6] and [10]).

We first define a periodic lattice A = {na : n € Z} with lattice constant a. The primitive
unit cell is defined by the interval

I =[-a/2,a/2). (2)
We define 2 = %Tﬁ as the period for the reciprocal lattice A* = {n€Q: n € Z}. We denote the
first Brillouin zone by the following interval I}, :

Ly, = [_9/27 Q/2) (3)

We regard both I, and Iy, as a circle obtained by identifying their end points, but we also
treat I, as an interval when convenient.
Let V : R — R be a piecewise continuous function of period a:

Vie4+y) =V(x), zeR,yecA. (4)

By Bloch’s theorem [6], the Schrédinger eigenvalue problem with a periodic potential given by
V is equivalent to solving the family of self-adjoint operators H (k) : HZ. (Iuc) = L*(Iyc) for
k € I, , defined by the formula

H(k)z—(%+ik>2+v7 (5)

where the domain ngr is given by

Hyor(Iue) = {u € H?(Iuc) | u(~a/2) = u(a/2) ,u'(~a/2) = u'(a/2)} . (6)

In other words, if u : I, — C is an eigenfunction of H(k), then u and u' are continuous and
periodic with u” € L%(I,.). (We observe that the domain of H(k) is independent of k.) It
satisfies the so-called time-reversal symmetry:

H(k) = H(_k) y k€. (7)



The following lemma contains basic results concerning the spectrum of H (k) ; they are part of
Theorem XII1.89 in [10] and stated in a slightly different form.

Lemma 3.1. Suppose the potential V in (5) is a piecewise continuous periodic function on Iy,.
Then the following holds:

1. The operator H (k) for k € I, has purely discrete spectrum.

2. Eigenvalues of H (k) are simple for k € I, except at k =0, :l:% with multiplicity at most 2.

It is the starting point for the construction of Wannier functions. The second shows that
complete information about degeneracy can be obtained from the spectra of H(k) at k = 0, :l:% .
Since the spectrum of H (k) is discrete, we express the eigenvalue problem of H (k) for k € I,
in the following form:

HE)u = BV jeN, with ul) € H2, (1) . (8)

The Bloch functions ﬂ’;(cj ) I, — C are defined by multiplying the eigenfunctions by a phase
factor:

7/’1(;) _ eikxul(cj) . (9)

The value £ is often referred to as the quasimomentum. The eigenvalues { E}; 2 20 , are called the

energy of the states represented by the Bloch functions {1/1“ ) 72, defined in (9) Throughout
this paper, we do not assume simple eigenvalues; in general, we have

EV<EP <. . <EY <. | kel,. (10)

We also assume that {1/1,(3 )};-”;1 are chosen to be orthogonal (if degeneracy is present) with the
standard normalization convention such that they become orthonormal:

a/2

7 (@) (@ >d~z—/ 702D (@) de = 6,5, k€ Ty j=12,....
—a/2
(11)

a/2

—a/2

The domain assumption in (6) implies that the eigenfunctions u,(cj ) are spatially periodic:

ug)(a}—i—y)—u(])( ), x€lw, yeA. (12)
This in turn implies that the Bloch functions are quasi-periodic in x :
w,ij)(x +y) = eikyz/}lij)(m), x€lyw, yeEA (13)

In the context of Wannier functions, it is natural to use the so-called periodic zone scheme,
where the Bloch functions and eigenvalues are copies of those in the first Brillouin zone [12]. In
other words, we extend the Bloch functions and eigenvalues to be periodic functions of k with
period 2. More explicitly, we have

for any k € Iy,,g € A* and j = 1,2,.... Combining (14) and (9) shows that

u,(cj_l)rg( ) = e_igzu,ij)(x). (15)



3.2 Bloch frames

In this section, we first introduce the so-called Bloch frames derived from the Bloch functions
1/1,(3 ) introduced in Section 3.1.

When a single band E,ij ) remains non-degenerate for all £ € I,, the associated Wannier
function can be defined directly as the Fourier series of zbl(cj ) ; the periodicity condition (14) is
sufficient to ensure exponential localization [3]. When degeneracies occur, however, a single-
band description is no longer globally valid for constructing exponentially localized functions.
A natural generalization is to consider a finite isolated group of bands[2, 8, 12]—also known as
composite bands—defined as follows.

We consider a group of n, bands with eigenvalues & = {E,(g ’)}ZL:” , in (8) and Bloch functions
given by

o = (o0, ™) (16)

We call the group above isolated if they do not coincide (i.e. become degenerate) with any
eigenvalues not in the group. More precisely, it is the so-called gapped condition:

dist(E(k), o (H(K)\E(K)) > 0,  for all k € I, , (17)

where o(H (k)) denotes the spectrum of H (k). It should be observed that the eigenvalues within

the group are allowed to become degenerate. Moreover, we can view Wy as a map C™ +— L2(1,.),
thus treating it as a “matrix” whose columns are the Bloch functions 1/),(; )

Furthermore, we define a family of subspaces Sy C L?(Iy.) of dimension n; spanned by the
functions in Wy, :

Sr = Range(¥), k€. (18)

At each k € I, we define an orthonormal basis of Sj via

q)k = (99](61)7 @1(62)7 R QO](Cnb)) ) (19)

where the orthonormality is given by the formula
a/2 .
/ P @) (@) de =0y, i =12, k€l (20)
—a/2

We refer to the collection of functions ®;, as the Bloch frame at k.
By viewing ¥, and @, as columns of functions, the orthonormality of ¥y in (11) is compactly
written in the following form

a/2
/ V(@)U (@) de = I, k€ Ty, (21)
—a/2

where the integral in (21) is taken entry-wise and I,,, is an n x n; identity matrix. Similarly,
the orthonormality requirement of the Bloch frame @y in (20) is expressed via

a/2
/ O (2)P,(x)dx =1, k€ I,. (22)
—a/2

Obviously, the collection of Bloch functions ¥ constitutes a very special Bloch frame.



Remark 3.1. Tt is often convenient to regard ¥y in (16) as the fundamental object and write
the Bloch frame @ in (19) by the formula

Qp =W U(k), k€ Ly, (23)

where U(k) € U(np) is a family of unitary matrices on I, . This representation automatically
indicates the orthonormality (22) of ®, . However, there is generally no a priori (smooth) choice
of Uy. Hence, we refrain from using (23) and treat @y, as the primary object instead of ¥y in
this paper.

We define a new family of frames consisting of the eigenfunctions in (9):
U, = (u,ijl),u,ij2), o ,u,(j"b)> =y, kel,. (24)
Similarly, for each (p](j) in ®;, we define its spatially periodic v,(:) € L?(Iy.) by the formula
v,(:) = e_ikxap,(:) , 1=1,2,...,np,kel,, (25)
by which we introduce

Yy = (vfj),vff), . ,v,gnw) Ll T S (26)

The orthonormality in (21) is inherited by U and Vy :

a/2 a/2
/ Uy (z) Uy (z) doe = I, , / Vi@)Vi(z)de =1p,,, k€ l,. (27)
—a/2 —a/2

Furthermore, since functions in ®; and V. are linear combinations of those in ¥, and U
respectively, the quasi-periodic condition in (13) implies

Dp(z4y) =eMop(x), kely,, z€le, yeA, (28)
and (14)-(15) imply

Bprg =P, Virg=e 9V, kel,, gecA*. (29)
By the same reasoning, (12) becomes

Vi(z +vy) = Vi(z), ke€ly,, z€l., yeA. (30)
The frames ®;, and Vi will play a central role in the construction of composite-band Wannier
functions.
3.3 Definition of composite-band Wannier functions

In this section, we introduce the definition of composite-band Wannier functions.

In the single-band case, Wannier functions WT(Lj ). R — C associated with band j centered

at the n-th lattice point are given by the Fourier series of the Bloch function 1/),? ).

. Q2 A
Wr(L])(x) — l /”/2 e—lnak¢,ij)(x) dk . (31)

In the composite-band case, the definition is unchanged but with the Bloch function z[z,(cj )(x)
replaced by the Bloch-frame functions cpg) in (19). Due to periodicity (29) of the Bloch frame
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¥y, the composite-band (or multiband) Wannier functions WT(Li) : R — C with index ¢ =
1,2,...,ny centered at the n-th lattice point are defined as the Fourier series of the Bloch-frame
functions via

(%) 1 “/2 —inak, (i) ;
Wi (z) = = e o (x)dk, i=1,2,....n5. (32)
—Q/2

As in the single-band case, the condition in (28) and the definition (32) imply the Wannier
functions in (32) centered at different lattice points are translated copies of one another. More
explicitly, we have

Wi (z) =W (x —na), i=1,2,....,m, nez, (33)

where a is the lattice constant in (2). As a result, it suffices to consider Wannier functions
centered around the origin (i.e. n = 0) in the following

Q/2 Q/2

WO(Z)(:B) = l/ ! cp,(j)(:c) dk = l/ / eikzv,(j)(:v) dk, i=1,2,...,n, (34)
QJ_qp QJ_q

where we have used the definition in (25) for the second equality.

The Wannier functions defined above are highly non-unique. In the single-band case, the
eigenfunction w,(j )(x) in (31) is only defined up to a phase factor at every k € Ip,. In the
composite-band case, such degrees of freedom are even larger. Given any choice of the Bloch
frame @, for defining (32), one can always modify ®; at any k € I, by some unitary matrix
U(k) € U(ny) via the transformation

Py — ‘I)kU(k’) , (35)

which results in new Wannier functions whenever (32) is well-defined. In the physics literature,
this degree of freedom, described by some unitary matrix U, is often referred to as the non-
Abelian gauge freedom (in contrast to scalar phase factors e#(¥) in the single-band case).

For both physical and numerical purposes, one seeks gauges yielding exponentially localized
Wannier functions. More explicitly, for some C > 0 and D > 0, we have

W) <Ce Pl zeR, i=1,2,...,m (36)

The existence of exponentially localized Wannier functions in the composite-band case is well
established, and proofs can be found, for example, in [2, 9] . Furthermore, among all exponen-
tially localized Wannier functions, it is also desirable to choose the optimal ones, where they
are as localized as possible. To quantify optimality, we define the first and second moments:

(m)i:/ W (@) de, i=1,2,...,n, (37)
often referred to as the Wannier centers, and
(2?); = / AW @) Pde, i=1,2,...,m. (38)

The standard measure of optimality is the total spread &, the sum of the variance of all Wannier
functions:

=Y (%~ (@3 . (39)
=1

We observe that the total spread S coincides with the Marzari—Vanderbilt spread functional [8],
here expressed directly in terms of the Wannier functions without projection onto other bases.
A Bloch frame &, is said to be globally optimal if it minimizes S over all admissible Bloch
frames.



3.4 Analytic perturbation theory

This section summarizes results from Kato’s classical analytic perturbation theory [4], which
provide the analytic foundation for constructing Bloch frames introduced in Section 3.2.

First, we introduce standard definitions of an analytic family of unbounded operators (see
[4, 10]). Let H be a Hilbert space and D C H a dense subspace. Consider a simply connected
Dy C C and a family of closed operators {T'(k)},cp, defined on the common domain D. The
family is called an analytic family of type A if, for every u € D, the map k — T'(k)u is analytic
as a vector-valued function from Dy to H . This ensures analyticity in the sense of Kato; namely,
if 2 is in the resolvent set p(T(kg)), then (T'(k) — 2)~! depends analytically on k as a bounded-
operator-valued function on #H for k near ky. The type A assumption significantly simplifies the
discussion on analytic perturbation theory.

Suppose further that Dy is symmetric with respect to the real line and T'(k) satisfies T'(k)* =
T(k) for k € Dy. The family is then referred to as a self-adjoint analytic family of type A. In
particular, T'(k) is self-adjoint for all real k.

We restrict attention to a finite group of isolated eigenvalues of a self-adjoint analytic family
{T'(k)}1ep,- In other words, it is possible for the subset of eigenvalues of T'(k) to be enclosed
by a simple contour C C p(T'(k)) separated from the rest of the spectrum for all &k € Dy. This
implies that the orthogonal projector given by

P(k) = —% KCEDRES (40)
projects onto the invariant subspace associated with the eigenvalues enclosed by the contour C .
For real k , where T'(k) is self-adjoint, Range(P(k)) coincides with the span of the corresponding
eigenvectors. The type A assumption and the subspace being finite dimensional imply that
most finite-dimensional results in SectionII of [4] can be taken without modification, including
analyticity of the projectors and perturbation formulas. We summarize these results below.

Theorem 3.2. Let {1'(k)};cp, be a self-adjoint analytic family defined above. Consider a
group of n isolated eigenvalues (counted with multiplicity) of T'(k) enclosed by a simple contour
C C p(T(k)) for k € Dy. Then the projector P(k) defined in (40) depends analytically on k for
real k € Dy, where Range(P(k)) is spanned by the corresponding n eigenvectors.

Having established the analyticity of P(k), we now seek to construct an analytic family of
orthonormal bases for Range(P(k)) for real k. Kato showed that such a family of bases can be
obtained by solving the following first-order differential equation.

Theorem 3.3. Let {I’(k)},.p, be the analytic family of projectors in Theorem 3.2. Fix a real
ko € Dy and choose an orthonormal basis {qj}?zl for Range(P(kg)). Then there exists an
analytic family of orthonormal vectors {Qj(k)}?zl satisfying

dg;(k)  dP(k) .
0 - )y ak) =g, J=10m, (41)

for all real k € Dy with Range(P(k)) = Span {f]j(k)}?zl :

It should be observed that the orthonormal bases {qj(k)}?zl might not be the eigenvectors.

The orthonormality of {Qj(k?)}?zl follows from the orthonormality of the initial basis set and
the fact that

P(k)P'(k)P(k)=0. (42)
Indeed, the identity (42) implies that

(qu),qé(k))zO, hj=1...,n, (43)



which in turn implies <-(g;(k),q;(k)) = 0. Hence we have

(9i(K), ;(k)) = {ai(ko), gj(ko)) = 0 0.7 =1,2,...,m. (44)

The condition in (43) means that all variations of the basis vectors as k changes are orthogonal
to the subspace Range(P(k)) . Hence (41) is often referred to as the parallel-transport equation.

The general derivative formulas for the projector in (40) in terms of the resolvent (T'(k) —
z)~' and derivatives T(" (k) of the operator family can be found in SectionII.1 of [4]. These
derivatives T (k) are well-defined linear operators on the same domain D as T'(k) due to the
type A assumption. As only the first-order derivative is explicitly required in this paper, we
omit explicit formulas for higher-order derivatives.

Theorem 3.4. Let the family of projectors {P(k)},cp, be given in Theorem3.2. Then the
first-order derivative is given by the formula

dP(k) 1 AT (k) .
—=— [ (T'(k) - —(T'(k) — dz. 45
T = 3 LT =2 S - s (45)
where the contour C is the same as that in (40). Furthermore, the higher-order derivatives
P (k) (n > 2) are of a similar structure as (45) and are combinations of the resolvent (T'(k) —
2)~! and derivatives of 7" (k) with n; < n.

4 Analytic apparatus

In this section, we develop the analytic framework underlying the construction of composite-
band Wannier functions defined in Section 3.3. Our goal is a constructive formulation ensuring
exponential localization and global optimality. The presentation follows the logical sequence of
the single-band setting [3], while emphasizing the additional analytic ingredients required in the
composite-band case.

Section 4.1 applies the analytic perturbation theory from Section 3.4 to construct an analytic
family (but not necessarily periodic) of Bloch frames on I, and to derive the analyticity of
their Fourier coefficients. In Section4.2, we introduce the Fourier transform of the Wannier
functions and relate their regularity to the spatial decay of the Wannier functions. Section4.3
reformulates the problem in the £2(Z) representation, where the Bloch frames are constructed
via a parallel-transport equation. Section4.4 analyzes the discontinuities of the frames at the
Brillouin-zone boundaries, which are then removed by the gauge transformations introduced in
Section 4.5, yielding exponentially localized Wannier functions. Finally, Section 4.6 characterizes
the globally optimal Wannier functions, and Section 4.7 establishes their reality due to the time-
reversal symmetry in (7).

4.1 Analytic properties of Bloch functions and frames

This section establishes analytic properties of the Bloch functions and frames introduced earlier
and develops their Fourier representation. Unlike the single-band case, we treat the Bloch
frames—mnot the Bloch functions—as the primary analytic objects.

Consider a group of n; isolated bands. Following (16), the associated Bloch functions are
collected in the column matrix Wy, : C"* — L?(I,.) given by the formula

v = (0,0, ) (46)
We use (24) to write ¥y, = e#* 1, with Uy given by

Uy, = (u,ijl),u,ijQ),...,u,ij"b)> , (47)



where each column is the eigenfunction u,(;i) associated with eigenvalue E,gji) :

H(kyul = l— (% + ik> + V| Wl = BV =12y, (48)

for k € I, . As in Section 3.1, we assume that V is piecewise continuous on [yc.

We observe that the operator family {H (k)};.c;, ~with the domain given in (6) is a self-adjoint
analytic family of type A [11] as defined in Section 3.4; in particular, the analyticity follows from
the fact that H(k) is a polynomial in k. Furthermore, combined with the isolated eigenvalue
assumption in (17), all results in Section 3.4 are applicable. Thus we apply Theorem 3.3 to
construct a frame

Vi = (v,(cl), v,(f), ... ,U]gnb)) (49)

where all U](:) depend on k analytically for k € I, . We thus obtain an analytic family of Bloch

frames given by the formula
Oy = (@21)790;(3), . .wp,i”b)) =Yy, (50)

with Range(¥y) = Range(®y) for all k € I, .

Lemma 4.1. Assume the potential V' is piecewise continuous on Iy so that {H(k)};c; ~forms
a self-adjoint analytic family of type A. Let ¥), denote the family of Bloch functions associated
with an isolated group of n; bands as in (46). Then there exists a family of frames k — Vj
defined in (49) that is analytic on I, from which we obtain an analytic family of Bloch frames
(I)k = eikka on Ibz~

We observe that Lemma 4.1 guarantees analyticity of ®; within I, = [—Q/2,Q/2) but does
not ensure the periodicity condition in (29) across the zone boundaries k = +Q/2.

To analyze their spatial structure, we use the periodicity in (12) and take the Fourier series
expansion of functions in U}, with respect to z:

o0

ugcji)(x) _ Z bgfl)(/f) eimﬂx./ (51)

m=—0oC

where the coefficients bﬁf} : I, — C are given by the formula

, 1 /o2 .
b0 (k) = —/ W (@) e ™ Ay meZ, i=1,2,...,m. (52)
a —a/2
Similarly, using (30), we take the Fourier series expansion of those in V, with respect to = :

oo

@)= Y7 ald (ke (53)

m=—0o0

where the coefficients aﬁf) : I, — C are given by the formula

4 1 (o2 )
a,(jl)(k):a/ U,g)(x)e_lmgzxdx, mezZ, i=12,...,n. (54)
—a/2

The generalized Parseval’s identity implies that the orthonormality for Uy and Vi in (27) is
equivalent to

- ; 1 i ; 1
>2 B = 2oy, Y all(Ral (k) = (55)

m=—00 m=—0oQ



for any k € I, and any 4,5 = 1,2,...,n,. Although (51)—(52) contain the eigenfunctions, we
will primarily use (53)—(54) since the analyticity result in Lemma4.1 is for vl(;) . Furthermore,
the analyticity of v,(j) in k£ implies that all coefficients aﬁf) are analytic functions on Iy, .
Lemma 4.2. Suppose that functions 7),(3) in Vj, are chosen in Lemma4.1. Then their correspond-
ing Fourier coefficients ald) I, — C defined in (54) are analytic (not necessarily periodic) on
I,

We next characterize how 7),(;) transforms under reciprocal-lattice shifts in k. We observe
that the relation in (29) can be more explicitly written as

vl =e 90 g e N ke, i=1,2,...,m. (56)

For g = n2 € A*, applying (56) to (54) yields the following relation:

o o0

vl(g:)—g(x) _ Z a%)(k +9) eimQr _ —igx U/(:) _ Z aq(%)(k) cl(m—n)Qz (57)
= Y al), (k) e, (58)
m=—c0

where the last equality is obtained by relabeling the summation index. Hence, we must have

agfl)(k—i—nQ):a(i) k), kel,, mmneZ, i=12,...,n, (59)

m—+n

in order to satisfy (56). To express the relation in (59) more compactly, we introduce for each
U](:) a function o) : R — C defined via
Dk +mQ) =a(k), kel, meZ i=12...n. (60)

The functions a(*) can be viewed as unfolded versions of the Fourier coefficients anL) (k) defined
on Iy, for m € Z such that agl)(k) takes up the interval [—Q/2 + mQ,Q/2 + mQ). The un-
folded functions a(?) provide the key analytic representation in the construction of exponentially
localized Wannier functions.

The decay of Fourier coefficients follows from the domain assumption in (6). For any
u € HZ,, the Fourier coefficients of u decay as |m|~2? for large |m/| (see [18]). Hence, the
eigenfunctions in Uy and all their linear combinations in V}, obey the same decay. In particular,
there exists D > 0 independent of k£ and index i, such that

. D
a9 (k)| < e Im| — oo. (61)

The next lemma collects these relations into a single analytic representation useful for con-
structing exponentially localized Wannier functions.

Lemma 4.3. Let a(? : R — C be functions defined in (60). Then the Fourier series in (54) can
be expressed by the formula

@)= Y aOh+m) ™, ke, i=12...m, (62)

m=—0oQ

By Lemma4.2, the functions o(?) are analytic on the intervals [—Q/2 + m£, Q/2 + mQ) for
m € Z . Furthermore, |a(? (k)| decays no slower than |[k|~2 as |k| — co.
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Although each a(" is analytic on every interval [—Q/2 4+ mQ, Q/2 + mQ), discontinuities
may arise at k = Q/2+ mfQ since v,(j) need not satisfy (56). Consequently, a® is generally non-
analytic on R. In Section4.2, we show that analyticity of a(?) on the entire real line is precisely

the condition guaranteeing exponential localization of the associated Wannier function.

Remark 4.1. We note that the o(? functions in Lemma4.3 are obtained from a very special
choice of Bloch frames in Lemma4.1 to ensure analyticity on [-/24+mQ, Q/2+m) form € Z.
In general, such regularity does not hold if one forms the Bloch frames independently at each
k , in which case the corresponding a9 can be an arbitrarily irregular function in % .

4.2 Properties of Wannier functions

We next use the analytic representation of the Bloch frames from Section 4.1 to derive Fourier
formulas for the corresponding Wannier functions defined in Section 3.3 and quantify their
localization. Throughout this section, we fix an isolated group of n; bands ¥y in (46) with
some Bloch frame denoted by @ in (50).

To analyze the spatial localization of the Wannier functions, we first introduce their Fourier
transforms. From (34), the Wannier function associated with component i of the Bloch frame
is

Wi)(l'):l o v(i)(x)eikxdx i=1,2 n (63)
0 0 a2 k ) 3Ly ey Tlp -

Substituting the Fourier expansion of U](:) obtained in Lemma4.3, we obtain

, Q2 X A .

m=—o00
Because the intervals [—2/2 + mQ, Q/2 + mQ) form a partition of R, the change of variable
& =k 4+ m turns the sum-integral into a single integral over the real line:

7 1 > 21 i i .
W()()(a:):%/ Ea()(f)e&”df, i=1,2,...,m. (65)

—0Q

Hence each Wo(z) is, up to normalization, the inverse Fourier transform of a9 defined in (60).

We observe that the manipulation above is purely formal: the Bloch frame ®; may in general
possess poor regularity in k, making a9 non-integrable (see Remark 4.1). However, if a® is
obtained from the analytic Bloch frame in Lemma 4.3, it is integrable and the expressions above
are justified.

In order to apply the Fourier inversion theorem, we assume that the first and second deriva-
tives a(?” and a()” are integrable. This leads to the following theorem for Fourier transforms
of the Wannier functions.

Theorem 4.4. Suppose the Bloch frame ®;, is chosen so that the functions o : R — C are
integrable. Then the corresponding composite-band Wannier functions are given by the formula

i 1 [ 2r i .
WO()(Q:):%/_wﬁwa(’)(ﬁ)elﬁzdﬁ, i=1,2,...,m. (66)
In addition, if the first and second derivatives a® and oV” are also integrable, then the Fourier
transform of VVO(l) is given by
=(i RN i 2T .
Wi () = / Wi (2)e 8% d = ﬁ”u(’)(g), i=1,2,... . (67)
—00
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We observe that the Riemann-Lebesgue lemma implies |W(§1) ()] = 0 as |z| — oo. Thus
poor regularity of o yields slowly decaying Wannier functions, whereas analyticity of & on R
guarantees exponential localization via the Paley-Wiener theorem [18]. This observation forms
the analytic foundation for constructing exponentially localized Wannier functions.

To ensure the moments in (39) exist, we require that \W’éz)(a:)\ foralli=1,2,...,n go to
zero faster than 1/|z| as |z| — oo it suffices to assume that both derivatives o’ and o) are
integrable. The following lemma contains the formulas for the first and second moment defined
in (37) and (38) for all Wo(l) in terms of a?) . They follow directly from the differentiation and
the Plancherel theorem for the Fourier transform. The formulas can be viewed as a different
form of the one-dimensional case of (7) and (8) in [8], first derived in [1].

Lemma 4.5. Suppose the Bloch frame @, is chosen so that the functions a® : R — C for
i = 1,2,...,m are integrable. Suppose further that the derivatives o and a(®” are also
integrable. Then we have the following formulas for the first and second moments of Wél) (x):

o0 y 2 o ,
(m)i—/ xwo“(x)de—Q—Zi/ a®(©)a(€)de, i=1,2,...,m, (68)
and
@i= [ PPl =g [P, i=12m (6)
Hence, the total spread defined in (39) is given by the formula
np
S=) (@i~ ()}
i=1
<N 21 [ Ar? ([ _, ; 2
=3 [Q— [P+ g ([ a%ae ac) | (70)
i=1 e -

Next, we develop a constructive procedure for obtaining the analytic Bloch frame underlying
these results, through an explicit parallel-transport equation in the Fourier ¢?(Z) domain.

4.3 Perturbation analysis in the Fourier domain

In this section, we explicitly construct the analytic Bloch frame (Lemma4.2) by solving the
parallel-transport equation introduced in Section 3.4. Working in the Fourier domain provides
a natural setting in which the k-dependence of the Fourier series in (54) and their analytic
continuation become explicit. The strategy here closely parallels the single-band construction in
[3] but requires substantial generalization in the composite-band setting, where all perturbation
formulas must be expressed in terms of Bloch-frame projectors. We follow the notations in
Section 4.1-4.2: we use Wy to represent an isolated group of n;, bands and @, to represent the
Bloch frame to be constructed on I}, .

Before applying analytic perturbation theory, we first rewrite the L? quantities in Section 4.1
in ¢2(7Z) form. We recall that u,(ji) and v,(;) were expanded in the Fourier series in (51)—(54). We
(4:)
k

collect all the Fourier coefficients of u;” in (51) to define a family of vectors ) (k) as follows:

ul) (k) =bD(k), meZ, kel,, i=12...n. (71)

It is obvious that uUi(k) € ¢2(Z) for any u,(gj") that satisfies the assumptions in Lemma 4.3.
Analogous to the definition (47), we collect all w\%) (k) to form the frame U(k) : C™ — (*(Z)
given by the formula

Uk) = (u(jl)(k) w2 (k) - ,u(j"b)(k)> . (72)
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For the Bloch frame ®j, in (50), we define a family of vectors v()(k) € £%(Z) containing the
Fourier coefficients of v,(j) in (53):

v ) =aD(k)=aD(k+mQ), meZ, kel,, i=1...,n, (73)

where the second equality is due to (60). Similarly, we collect all v(?)(k) to define another frame
V(k) : C — (*(Z) via the formula

V(k) = (v<1>(k:) @ (k) ,v("b)(k)) . kel,. (74)
Then the orthogonality condition in (55) is compactly expressed as
1 1
U (k)Uk) = Elnb . Vi(k)V(k) = Elnb . (75)

We observe that (71)—(75) are merely the ¢?(Z) representation of (47), (49) and (55).
Next, we transform the eigenvalue equation (48) into its ¢2(Z) version. We introduce the
Fourier series of the potential V' in (48):

Vz)= > Vpye™, (76)

~

where the coefficients form a sequence (V,,)5°___ in ¢%(Z) for piecewise continuous potential V'
on Ic. Inserting (76) and (71) into (48) produces an infinite linear system given by the formula

(D(k) + V) ul) (k) = EVIuld (1), (77)

where E,gj") is the eigenvalue as in (48), and infinite matrices D(k) and V are defined by the
formulas

Do (k) = (k+mQ)%6mn,  Vin=Vmn, mneZ. (78)

Hence, for any k € I, , the operator H (k) densely defined on L?(I,) in (5) is transformed into
the infinite matrix

H(k)=D(k)+V, (79)

densely defined on ¢2(Z) .

In the following, we construct the analytic Bloch frames in Lemma4.2 via Kato’s theory
introduced in Section3.4. First, we consider the invariant subspace spanned by the chosen
bands using the projector P(k) : (*(Z) — ¢?(Z) with Range(P(k)) = Range(U(k)) for k € I, ;
the projector is expressed via the contour integral formula as in (40):

P(k) = —% ; (H(k)—2)"" dz (80)

with its derivative similarly given by the formula (see Theorem 3.4)
dP(k) 1 _1 dH (k) -1
—_— = H(k)— ———= (H(k) — 1
% = o /c( (k) —2)" —g— (H(k) —2)7 dz, (81)

where the contour C C C only encloses the eigenvalues of the selected group of bands for any
k € I, . Such a contour is possible due to the isolated band assumption in (17). Moreover, by
simple calculation, the derivative d%H (k) is an infinite diagonal matrix given by

dH (k)

% 2(k + mQ)opmn, myn €. (82)
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To construct a family of frames k — V(k) analytic on Iy, (thus obtaining an analytic Bloch
frame @y as in Lemma4.1), we apply Kato’s construction in Theorem 3.3 by solving the following
initial value problem on I,:

av(k) _ dP(k)
k.~ dk

V(k) (83)
subject to the initial condition
V(-Q/2) =U(-Q/2). (84)

We observe that (83) is the composite-band version of (61) in [3] for the single-band case.
Similar reasoning in (42)—(44) shows that the constructed frames have the same orthogonality
and normalization as the initial frame U (—€2/2) while satisfying
dV(k
vy E o ke, (85)
dk
The following lemma summarizes this explicit construction for an analytic family of Bloch
frames in Lemma4.1.

Lemma 4.6. Let Uy, in (46) and the corresponding Uy, in (47) represent an isolated group of
np bands. Let the matrix U(k) in (72) denote the collection of Fourier coefficients of functions
in Uy, . Then there exists an analytic family of projectors P(k) in (80) with Range(P(k)) =
Range(U(k)) and an analytic family of frames V(k) satisfying

av(k) _ dP(k)
k.~ dk

V(k), V(=Q/2) =U(-Q/2), (86)
with the orthogonality condition given by
1
V*(k)V(k) = ;Inb, ke Ly, . (87)

Consequently, the Bloch frame ®;, = e**V;, determined by V(k) is analytic on I, .

This analytic family V(k) will next be examined at the Brillouin-zone boundaries to under-
stand the discontinuities of the associated a!?) defined in (60).

Remark 4.2. The choice of the initial frame V(—/2) in (86) is arbitrary up to a right
multiplication by a unitary matrix. In other words, for any Uy € U(n;), the initial condition
U(—Q/2)Uy yields a valid Bloch frame. This arbitrariness will be fixed by imposing that the
constructed Wannier functions are real.

4.4 Discontinuities at zone boundaries

Let V(k) denote the analytic family constructed in Lemma4.6. The i-th column of V contains
the coefficients of v(*) (k) defined in (54), which gives rise to o in (60):

Dk +mQ) =aPD (k) = Vyi(k), kel,, i=12....n, meZ. (88)

In this section, we show that the discontinuities of a(® and all of their derivatives at the points
k= Q/2 4+ mQ are governed by a common unitary matrix.

To analyze the discontinuities, we extend the construction of ¥V on I, to cover the right
boundary k = /2. The expression in (88) suggests that moving from —/2 to /2 corresponds
to shifting the Fourier index by one. Thus we apply conjugation by R, the right-shifting operator
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defined in (1), to connect quantities at —Q/2 and ©/2. By index manipulation and unitarity
of R, we first obtain

RH(Q/2)R* = H(-Q/2). (89)
Similarly, we also have

R(H(Q/2) — 2) ' R* = (H(—Q/2) —2)" ", (90)
for any z € C not in the spectrum of H (k) at k = £Q/2. Applying (89)-(90) to (80) gives

RP(Q/2)R* = P(—9/2). (91)
Combining (91) with the following fact from Theorem 3.3,

Range(V(k)) = Range(P(k)), k€ Iy,, (92)
we conclude that

Range (R (V(€2/2))) = Range(V(—9/2)), (93)

where R acts column-wise on V(—2/2). Since all columns of V are orthogonal and of the same
norm (see (87)), the identical range in (93) implies that there exists a unitary matrix, denoted
by Uk € U(ny) , such that

R(V(©Q/2)) = V(=Q/2)Usax - (94)
By the orthogonality in (87), we obtain
Uzak = aV*(—=Q/2)R (V(22/2)) . (95)
We apply (88) to convert (94) into component form:
ny .
aD(2/2) =3 Usareijaldh 1 (-9/2), i=1,2,...,m, meL, (96)
j=1
which gives explicitly the jumps of o(?) in (88) at k = Q/2 + mQ.

Remark 4.3. The unitary matrix U,y is the multiband generalization of the scalar Zak phase
factor [15], which is denoted by el#=k in [3].

Next, we show that the derivatives of V obey the same relation as in (94) using (86) and
42 from (81). A simple calculation involving 4L in (82) also shows that

dH(Q/2) ., dH(-Q/2)
R 1 R = 1 . (97)
Combining (90), (97) with (81) yields
dP(Q/2) ., dP(-9/2)
R 1 R* = 1 . (98)
Thus applying the right-shift operator to the differential equation in (86) at k = £2/2 produces
d _dP(-9/2)
@R(V(Q/Q)) =—x = (V(Q/2))
_dP(-Q/2)
= V(02U
_dVv(—9Q/2)
= —dk Uzak ’ (99)
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where the second equality is from (94) . Just like that (96) is the component form of (94), the
relation in (99) is equivalent to

d .
T aD(Q/2) = ZUMM o all (—9/2), i=1,2,....m, mEZ, (100)

which specifies the jumps of the first derivative of () in (88) at the boundary points.

Furthermore, the same reasoning extends to derivatives of any order n. By repeatedly dif-
ferentiating (86), one obtains expressions for V") with n = 2,3, ..., each involving higher-order
derivatives of P. According to Theorem 3.4, the contour-integral representation of the deriva-
tives of P depends only on (H 2)~! and derivatives of H. Since H is a quadratic polynomial
in k, only 42 S from (82) and W—the latter being a constant multiple of the identity—appear
in these expressions. This allows the extension of (98) to higher-order derivatives of P. The
extension of (100) to higher-order derivatives then follows by induction.

Lemma 4.7. Let V of the form (74) be the analytic family of matrices constructed in Lemma 4.6.
Then there exists a unitary matrix U,k € U(ng) such that

R(V(Q/2)) = V(-Q/2)Uax, (101)

where R is the right-shift operator on £%(Z). Moreover, all derivatives of V(k) at the zone
boundaries k = +£/2 satisfy the same relation:

R(V(")(Q/2)>: " (~Q/2)Ua, neN. (102)

Consequently, the functions o in (88) and all their derivatives have identical jump relations
at k= Q/2 +mQ for m € Z, given by U, .

We now construct a gauge transformation that removes these discontinuities, ensuring the
analyticity of «( on R.

Remark 4.4. We observe that results in Lemma 4.7 all stem from the simple algebraic identity
(89), which is due to the fact that the original Schrédinger operator in (5) is a combination of
differentiation and multiplication by a function. Although this paper focuses on the Schréodinger
operator, the same reasoning applies to other periodic differential operators—such as Maxwell
or Dirac—where relations analogous to (89) hold.

4.5 Gauge transformation

In this section, we introduce the notion of a gauge transformation and show that a simple class of
gauge choices removes all discontinuities of (¥ in Lemma4.7, therefore obtaining exponentially
localized Wannier functions. This class does not exhaust all possible gauges; Section 4.6 treats
the general case for obtaining the optimal solution.

Let U : I,, — U(ny) be a continuously differentiable (not necessarily periodic) family of
unitary matrices. Applying U (k) to V(k) constructed in Lemma4.6 produces a new family

V(&)= V(E)UK), ke l,. (103)

We refer to the operation in (103) as a gauge transformation. It clearly preserves the orthogo-
nality in (75):

1
VRV(k) = Lo, kel (104)
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The transformed \7(k) induces a new set of functions &® : R — C for i = 1,2,...,n; using
the definition of o in (60), the new functions &) are given by the formula

a(k +mQ) = ZU,J Yo (k+mQ), keh,, meZ. (105)

Since V satisfies (86), we differentiate (103) to obtain

dV(k)  dP(k) AU (k)

Since U (k) is unitary, the matrix U*(k)U’(k) is skew-Hermitian:
w1y QU (F) « 1y QU (F)
(v G) — w2 ke, (107)

which implies that the matrix U*(k)d[(]j—](ck) is an element in u(np), the Lie algebra of U(ny).

(This quantity is also often referred to as the right-invariant vector field on U(ny).) We define
a family of matrices A : I, — C™*™ via the formula

. dU (k)
A(k) =1U*(k)—— 108
(k) =iU"(k) =5~ (108)
so that A(k) is a Hermitian matrix. Thus, the new notation turns (106) into
dV(k)  dP(k) -
Vik) _ ( )V(k) —iV(k)A(k). (109)

dte dk
In the physics literature, the quantity A is often referred to as the (non-Abelian) Berry connec-
tion [13, 14]. Left-multiplying (109) by iV (k) and using (104) gives
av(k)

iV () :éA(k), (110)

where the term containing % vanishes due to (85) and the prefactor % is due to the normal-
ization in (104). The Berry connection is typically defined in the form of (110).

Next, we determine a class of gauge transformations that yields exponentially localized
Wannier functions. We take U,k in (95) and apply the standard matrix log : U(np) — u(ny)
and divide it by Q for normalization to obtain

i
Azak = 5 log(Uzak) ; (111)

by which we define the following family of unitary matrices

Q
U*(k) = €xXp <_1Azak <k =+ 5)) y k€ Ly, (112)
whose boundary values are

U(—Q/2) =1,,,, Ul(Q/2) = U,k - (113)

We then apply the gauge transformation defined in (112) with U(k) = U (k) in (112); Com-
bining the identity V(£2/2) = V(Q/2)U,.x with Lemma4.7, it is obvious that this removes the
discontinuity in (101) and we now have

R(V(©/2)) =V(-0/2). (114)
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Moreover, all derivative discontinuities are also removed since Lemma 4.7 shows that they are
identical. Thus every &%) defined in (105) with the gauge transformation by (112) is an analytic
function on R. By Theorem 4.4, all composite-band Wannier functions VVéi), given by the inverse
Fourier transform of & via (66), are exponentially localized. This observation completes the

construction of exponentially localized Wannier functions.

Theorem 4.8. Let V(k) be the parallel-transport solution on Iy, from Lemma4.6 and define
the unitary matrix U,y by (95) and the Hermitian matrix A,k by (111). Consider the gauge
transformation on I, given by the formulas

V(k) = V()U,(k), with U, (k)= exp (—iAzak <l<: + %)) : (115)
so that V(k) satisfies
V() _ dP(k)f)(k) — iV(k) Agak - (116)

dk dk

Then the Wannier functions T/Véi) associated with the transformed & in (105) given by the
formula

Wé”(az)—%/ TaO© g, =12 m. (117)

— 00
are exponentially localized.

It is worth noting that the unitary matrix Uy, (95) that determines the jump condition may
in general be non-diagonal. To expose its internal structure, we diagonalize it via the spectral
theorem,

Usak = WoDW, D =diag (e ¥, e7%2, ... e ¥m) | (118)

from which we use (111) to obtain the diagonal form of A,y :

Azak = WODzakWO ) D, = 5 dlag (‘Pl; P25y Spnb) . (119)

Remark 4.5. We have implicitly assumed the matrix log is taken on the principal branch such
that ¢1.¢2....,¢n, € (—m, 7 in (118). More generally, we may as well choose

log(D) = —idiag (1 + 2mmy, w2 + 2mma, . .., @n, + 27TMy,) (120)
for any m,ma, ..., my, € Z when computing
i i
Aok = 5 IOg(UZak) = QWO log(D)I/V(;( . (121)

All these choices will not affect the exponential localization result of Theorem 4.8 since the
matrix exponential in (112) removes all the 27-phase differences.

4.6 Globally optimal gauge choice

Section 4.5 established that gauge transformations in the form of (115) yield exponentially
localized Wannier functions. In this section, we show that (115) nearly yields the globally
optimal gauge that minimizes the total spread in Lemma4.5 among all possible exponentially
localized Wannier functions; the truly optimal choice is the diagonal form of (115).
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Given the solution in Theorem 4.8, we next examine whether any additional analytic gauge
transformation W (k) , defined by the formula

V(&) = VU, (KW (k), kel,, (122)

can further reduce the total spread. This representation encompasses all gauge choices that
lead to exponential localization, since for any permissible U (k) in (103) we simply set W (k) =
U} (k)U(k). Furthermore, to ensure continuity across the Brillouin zone as in (114), it is neces-
sary that W is periodic:

W(—Q/2) =W (Q/2). (123)
The transformed V still satisfies (109):

dv(k) _ dP(k)

PRl V(k) — iV(k)A(k), (124)

with a different Berry connection given by the formula (see (108))

aw (k)

A(k) = W7 (k) Az W (k) +iW" (k) —

(125)

To make the gauge dependence of the total spread S transparent, we rewrite the formulas
of Lemma 4.5 in terms of the quantities in (124). By combining (68) and (69) in Lemma4.5
with (105) applied to V in (122), we obtain the following expression for the individual Wannier
center

Q
(m)i:% CAuk)dk, i=1,2,...,m, (126)

2

[N}

from which we obtain the sum of all centers

mo o
> (ehi= e [ TolAMm)ak, (127)
1=1 ]
and the sum of the second moments is given by the formula
ng 2 Q 2 Q
2 a 2 d ) a 2 9

i=or | o |@PWVE) Ao | AR dk, 128

;@:) zﬂ/_g BV E) B +27T/_§ IA(R)|[ (128)

where we have used (110) and € = 2T . We observe that only the second term in (128) depends
on the gauge choice. Hence, using (126) and (128) turns the total spread in Lemma4.5 into the
following exact decomposition:

s=2 |4 puypn de S~ %A k)2 dk 129
. Q@(H)F+§ﬁ[QM) (129
(i#5)
ny a 522
B 2
+;27T _g (Au(k) (x%) dk,

where the || A(k)||. in (128) is split into the off-diagonal and diagonal part (which is real as A
is Hermitian). The decomposition in (129) reveals the optimality conditions:

1. A(k) is diagonal for all k € I,;
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2. A;(k) = (x); = constant for all k € Iy,,, i=1,2,...,np.

leaving only the gauge-invariant part in (129); thus any gauge achieving these two conditions is
globally optimal.

The optimality conditions are satisfied by the constant matrix Wy from (119), which diag-
onalizes A, . To see it, we set

W(k‘) =Wy, ke€l,, (130)

which turns A(k) in (125) into D,k , the diagonal form of A,,x. We next show that this choice
is unique, up to the freedom of selecting the diagonalizer Wy of A,.. Suppose there exists
other W (k) turning A(k) in (125) into a constant real diagonal matrix, denoted by B. Then
(125) becomes a differential equation for W (k):

d

i W (k) = W(k)B — AV (k) (131)

whose solution is given by

W (k) = eidar(k+5) 0pe1B(+3) (132)

)

where Cj is a constant matrix to be fixed by the boundary condition (123). Imposing this

boundary condition (123) and right multiplying by e7*# gives
U,akCo = Coe*8 | (133)
which is the eigenvalue equation for U, as in (118). Thus Cy diagonalizes Uy with B = — D,

in (119) (up to permutation). It then follows that C’oe_iB(]H'%)C’E)k = etuan(k+3) , which turns
(132) into

W (k) = Cp. (134)

Comparing (130) with (134) shows that the global optimal choice in (130) is unique up to the
degrees of freedom in choosing the diagonalizer for A, .

Theorem 4.9. Let V and U, be same as in Theorem4.8 and let A,k = WoDc W, with
spread S is given by the formula

V() = V(E)U ()W, k€ Iy, (135)
that satisfies the differential equation

dV(k)  dP(k)

% = V(k) — iV(k) Dy - (136)

Furthermore, the global optimum (135) is unique up to the choice of the diagonalizer W, for
A, . At this optimum, the sum of Wannier centers and the total spread S of the corresponding
Wannier functions are given by the formulas

il a & a® (% ||dP(k)~, |
x)i = Tr(Azak) = 5= ) i, =5 — dk, 1
;m r(Aga) %Ew S=9: )| @ VW] . (3D

which both only contain gauge-invariant quantities.
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Remark 4.6. As explained in Remark 4.5, different branch choices lead to different A,,, but
this will only cause the individual Wannier centers in (126) and their sum (137) to be shifted
by integer lattice points. This only results in identical Wannier functions centered at different
lattice points due to (33).

Remark 4.7. Gauge invariance of the total center sum follows directly by substituting (125)
into (127) to obtain

i}m = % _: Te(W* (k) AW (k) dk + %i /_ : Te(W*(k)W'(k)) dk, (138)

where the first term is the gauge-invariant part and the second term vanishes since Tr(W*(k)W'(k)) =
% log det W (k) vanishes after integration due to periodicity (123). For the total spread S, we
observe that the projector P = %VV* , where the 1/a factor is due to normalization in (104),
gives the following equivalent expressions
Q
S=— |7 T (P*(k)P (k)P(k)) di

2w J_a
2

_a
oo o

Q

B 2

N ||P’(k)P(k)||de, (139)
2

which is obviously gauge-invariant.

4.7 Reality of Wannier functions

In this section, we show that the time-reversal symmetry condition (142) implies the analytic
Bloch frames constructed in Theorems 4.8 and 4.9 can be chosen to yield real Wannier func-
tions after a simple modification, as alluded to in Remark 4.2. The initial condition U(—/2)
in Lemma 4.6 is arbitrary up to multiplication by a constant unitary matrix Uy. Such a modi-
fication does not change Theorem 4.8 and 4.9, but different initial conditions lead to different
Wannier functions. In what follows, we show that this remaining ambiguity can be removed by
selecting a particular initial frame U(—/2) for which all composite-band Wannier functions
are real.

To introduce the modification, we first define the time-reversal operator T : (*(Z) — (*(Z)
by complex conjugation composed with index reversal,

T(W)m =U_pm,mEZ. (140)
We observe that 1" is an antiunitary operator and it is easy to verify that

T'=T"=T. (141)
The time-reversal symmetry in (5) implies that the ¢2-version H in (79) satisfies

TH(k)T* = H(—k). (142)
Combining (142) with (80) and (81) shows that

TP(k)T*=P(-k), TP'(k)T"=-P'(-k). (143)

Next, we compose the right-shift operator R with 7" and denote the composition by S = T'R.
More explicitly, it is given by the formula

(Sw), = (TRu), =U_p_1, meL. (144)
We combine (142)~(143) with (89) and (91) to conclude that

H(—Q/2) = SH(—Q/2)S* (145)
and

P(-Q/2) = SP(—Q/2)S*. (146)
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4.7.1 Construction of the initial frame for reality

Starting from the initial frame U(—/2) in (86), whose columns are eigenvectors of H (k) at
k= —Q/2, we apply the symmetry relations (145)-(146) to construct a new initial frame
invariant under S defined in (144).

First, we investigate the action of S on U(—/2). The relation in (145) implies that vectors
in SU(—/2) (with S applied column-wise) are also eigenvectors of H(—2) while (146) ensures
that columns in SU(—/2) span the same subspace as those in U(—/2). Since the subspace
is S-invariant, the frames differ only by a constant unitary matrix:

SU(—Q/2) = U(-0/2)Us (147)
which can be combined with orthogonality (75) to compute Uy € U,, via
Uo = ald*(—Q/2)SU(—Q/2) . (148)

Because T is antiunitary, Up is complex symmetric (i.e. Uy = U{;F ). Indeed, a direct calculation
using (144) shows that, for any indices k,l =1,2,...,n;, we have

o= Y wgSui), = Y aal) | = > @) w@i) = Uy,
m=—o00 m=—00 n=-—0oo

(149)

where we use (144) to obtain the second equality and the third one by setting n = —m — 1.
We now construct an S-invariant initial frame. Since Uj is unitary, we apply the spectral
theorem to define its matrix square root (assuming the principal branch):

Ug = Up? , (150)

and it is also a complex-symmetric unitary matrix as Up. This then implies Ug = Ug L-Ts.
We transform the initial frame by Ug via the formula

U-9/2) =U(-Q/2)Us, (151)
and its S-invariance is easily verified:

SU(—Q/2) = U(—Q/2)UgUs = U(—Q/2)Us = U(—Q/2). (152)
This leads to the following lemma.

Lemma 4.10. Suppose that H satisfies the time-reversal symmetry as in (142). Let U(—Q/2)
be the initial frame in (86) and define

U-9/2) =U(-Q/2)Us, (153)

where Ug = UO% is a complex symmetric unitary matrix defined in (150). Then the new
U(—Q/2) satisfies

SU(-Q/2) =U(—Q/2). (154)
In other words, it is invariant under the combined time-reversal-shift operator S.

This lemma establishes a canonical S-invariant initial condition, which will be used in Sec-
tion4.7.3 to achieve the reality of Wannier functions.
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Remark 4.8. If an eigenvalue of H(—£/2) is non-degenerate, the symmetries in (145)—(146)
implies that the corresponding eigenvector ul) (—€2/2) satisfies

S (u(j" (— Q/2)) = iU (—Q/2), for some 6; € (—m,7]. (155)
Hence Uj is a diagonal matrix given by
= diag(el%, % ... ). (156)

When a degeneracy occurs (with multiplicity 2 the only possibility in one dimension by Lemma 3.1),
the corresponding block of Uy is a 2 X 2 unitary matrix acting within that degenerate subspace.
Consequently, Ug in (150) inherits the same block-unitary structure as Uy within each degen-
erate subspace .

4.7.2 Reality of Berry connections

Before we construct real Wannier functions, we show that the Berry connection A, in (116)
is a real symmetric matrix, if we replace the initial frame U(—/2) in Lemma4.6 with its
S-invariant U(—Q/2) in Lemma4.10. More explicitly, the new initial condition is given by

V(-Q/2) =U(-9Q/2). (157)

We now show that the Berry connection associated with the S-invariant initial condition is real
symmetric.

Lemma 4.11. Suppose that the initial condition in Lemma4.6 is replaced by (157). Then the
Berry connection A, in Theorem 4.8 is a real symmetric matrix.

Proof. By the definition of A, in (111), it suffices to show that U, in (95) is complex

symmetric, U, = Uzﬂk ; combined with unitarity, it is always possible to choose its diagonalizer

Wy to be real, implying that A, is real symmetric by (119).
To show the complex symmetry of U,k , we first observe that under this assumption V
satisfies the same equation as in (86) with the modified initial condition (157):

V'(k)=P'(k)V(k), V(-92/2) =U(-Q/2). (158)
Then the time-reversed pair defined by Vrr(k) = V(—k) satisfies
tr(k) = —V'(=k) = —P'(-k)V(~k) = —P'(—k)V1r(k) . (159)
We apply T in (140) to the above equation and use (143) to conclude that
(TV1r)'(k) = P'(k)TVrr(k) (160)
with the initial condition
TVTr(-9Q/2) = TV(Q/2) = T (RV(-9Q/2)Usak) = S (V(~9/2)) Usax , (161)

where we used (101) for the second equality. Apply the S-invariance in Lemma4.10 and we
obtain

TVTR(_Q/Q) ( 9/2) zak - (162)

Comparing (158) with (160) and (162), we conclude that V and TVrrUL, satisfy the same
differential equation and initial condition. By the uniqueness theorem of initial value problems
on Banach spaces [16], it follows that

V(k) = TVIR(k)Ujse = TV(~k)Ugac s K € Iy (163)
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Due to (141), we have T2 = I . Hence, we reverse k — —k in (163), followed by applying 7', to
obtain

ITV(-k) =V (k)Uyy, k€l,. (164)
Substituting (164) into the (163) produces
V(k) = V(E)Uzu Uy - (165)

Left multiplying V*(k) and using the orthogonality in (75) gives U, UL, = I,,, . Since Uy is
unitary, we prove the complex symmetry U, = Uzj;k. O

4.7.3 Time-reversal invariance and real Wannier functions

We state conditions for real exponentially localized Wannier functions, and then for real globally
optimal ones.

We recall that the construction leading to Theorem 4.8 started with solving the parallel
transport equation in Lemma4.6, followed by the gauge transformation U, in Theorem 4.8
for obtaining exponential localization. To obtain real and exponentially localized Wannier
functions, it suffices to repeat the construction of Theorem 4.8 with the initial condition in
Lemma 4.6 replaced by the S-invariant U(—/2) in (157).

Theorem 4.12. Suppose that the initial condition in Lemma 4.6 is replaced by (157). Then the
resulting Wannier functions corresponding to the analytic family of frames V(k) = V(k)U, (k)
for k € I, in Theorem 4.8 are real and exponentially localized.

Proof. We first observe that \7(1@) satisfies (136) with the modified initial condition (157):

~/ ~

V'(k) = P'(k)V(k) = iV(k)Agak.  with V(-Q/2) = U(-Q/2). (166)

Next, we define that the time-reversed pair \BTR(k) = \NJ(—k’) . By applying the chain rule, we
have

Vip(k) = —V (=k) = —P'(—k)V(—k) + iV(—k) Ayai - (167)

Next, we apply T in (140) to the above equation. Using (143) and the fact that A,y is a real
matrix by Lemma4.11, it follows that

(T'V1r) (k) = P'(E)TVrr(k) — iTVrr (k) Agak (168)
which has the same form as (166) . The initial condition is given by
TVrR(-9/2) = TV(Q/2), (169)

where we have used that U.(£2/2) = U,ax. Moreover, by the construction in Theorem 4.8, we
have R(V(2/2)) = V(—Q/2). Combining this with the S-invariance of U(—Q/2) in (154), we
conclude that the initial condition is given by

TVY1r(—Q/2) = TRV(—Q/2) = TRU(-Q/2) = U(-Q/2) . (170)
which is identical to that in (166). It follows that V and TV1g satisfy the same differential

equation and initial condition. By the uniqueness theorem of initial value problems on Banach
spaces [16], it follows that

V(k) =TVrr(k), k€ L,. (171)
We observe that this is equivalent to &® in Theorem 4.8 satisfying

aD(k)=a®(—k), keR, i=12 .. .m, (172)
which implies that the corresponding Wannier functions in (117) are real. O
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To achieve global optimality after obtaining real and exponential localized Wannier func-
tions, we apply a constant gauge transformation by Wy, the diagonalizer of A, as in Theo-
rem4.9. Asshown in Lemma4.11, A, is a real symmetric matrix once the new initial condition
(157) is in place. Hence, Wy can be chosen as an orthogonal matrix (thus a real matrix). Com-
bining the reality of W}, with same reasoning in Theorem 4.12 shows that the globally optimal
Wannier functions are also real.

Theorem 4.13. Suppose that the initial condition in Lemmad4.6 is replaced by (157). We
choose Wy in A, = VVODzakWOT to be a real (orthogonal) matrix. Then the resulting Wannier
functions corresponding to the analytic family of frames V(k) = V(k)U,(k)W, for k € I, in
Theorem 4.9 are both real and globally optimal.

This completes the construction of real and globally optimal Wannier functions in one di-
mension.

5 Construction of optimal Wannier functions

We now summarize the full constructive procedure in Section 4 for obtaining real, exponentially
localized, and globally optimal Wannier functions.

Let a and Q = 27/a be the lattice and reciprocal lattice constants, respectively, that de-
termine the first Brillouin zone I,, = [-€/2,Q/2). Let V : R — R be a piecewise smooth
potential with period a that determines the eigenvalue equation (8) for k € Iy,. Choose an
isolated group of n, bands with band index ji, j2, ..., jn, (Which can be done by computing the
eigenvalues at k = 0,+Q/2 to detect degeneracy by Lemma3.1). The information about the
chosen set of bands is encoded in the Bloch functions (46):

W= (w0 ) ke, (173)

from which we fix the subspace S, = Range (V) of interest at every k € I,,. This in turn
determines the projector P(k) in (80) for k € I, after transforming to the Fourier £*(Z) domain .
In order to form an analytic family of Bloch frames @ with Range (®;) = Range (V) , we
compute the Bloch functions in Uy at k& = —Q/2, followed by obtaining their Fourier series
by (52). Then we use the Fourier coefficients and the definition (72) to form the initial frame
U(—Q/2). To obtain real Wannier functions, we compute Ug in (150) by the formula

Us=Ul?, with Uy=ald*(—Q/2)S U-9/2)), (174)

where S = TR is the composition of time-reversal operator T" and the right-shift operator R in
(144). Then we use

U(—Q/2) =U(-Q/2)Us (175)
as the initial condition for the parallel-transport equation (86), given by the formula

dv(k) dP(k) ~
& = an V), V(—2/2)=U(-Q/2). (176)
We solve the parallel-transport equation on I}, and the solution V determines an analytic family
of Bloch frames via (73)—(74) by Lemma4.6. (We observe that (174)—(175) are unnecessary if
reality is not required; any choice of U(—€/2) is a valid initial condition.)
Next, to fix the discontinuities across the zone boundaries, we compute U, and A, in
(95) and (111) via

Upak = aV*(—Q/2)R(V(Q/2)) and A = élog (Uszax) » (177)

26



and carry out the gauge transformation:

V(k) = V(k)U,(k), with U, (k)= exp <—1Azak (kz + %)) kel,.  (178)

By Theorem 4.8, the Wannier functions associated with V are exponentially localized; and they
are also real by Theorem 4.12. To achieve global optimality for minimizing the total spread S,
we diagonalize

Azak = WODzakW(Ska (179)

where Wy is chosen to be a real matrix (see Lemma4.11). Finally, we apply the constant W
gauge transformation so that

V(&) = V(R)Wy = V(U (K)Wo, k€ L,. (180)

By Theorem 4.9, the Wannier functions corresponding to the transformed V are globally optimal
with the Wannier functions given by

i L [ 2r i€z ;
W()()(x):%/ 5a()(€)65 ¢, i=12,...,m, (181)
—00
where
a0k +mQ) = Voi(k), ke€ly,, mel. (182)

By Theorem 4.13, the Wannier functions in (181) are real.

At this point, all gauge degrees of freedom are fixed, up to (1) the branch choice for com-
puting A, in (177), which only shifts the Wannier centers by integer lattice translations (Re-
mark 4.5), and (2) the square-root choice in (174) which merely introduces overall + signs in the
resulting Wannier functions due to the block-unitary structure described in Remark 4.8. Hence
the constructive procedure for real and globally optimal Wannier functions in one dimension is
complete.

6 Conclusion and generalization

We have developed a constructive analytic framework for obtaining real and globally optimal
Wannier functions in one dimension for an isolated group of bands. Although the results in [3]
and in this paper concern one-dimensional Schrodinger operators, the approach readily general-
izes to other systems (see Remark4.4), including Maxwell and Dirac operators. Moreover, the
seemingly innocent one-dimensional setting already captures nearly all analytic difficulties of
the Wannier problem. In higher dimensions, the remaining challenges are no longer analytic but
geometric and topological. For example, in the context of matrix models, [17] shows that one
must modify Kato’s equations along different directions to address the non-integrability induced
by the Berry curvature; when topological obstructions are present, continuous assignments of
eigenvectors become impossible. Together with [17] and its forthcoming multiband sequel, the
present results provide a unified constructive framework for Wannier functions of Schrédinger
operators in higher dimensions, shedding light on how to efficiently compute optimal Wannier
functions. These extensions have been completed and papers are in preparation for publication.
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