We introduce and analyze a collection of difference schemes for the numerical solution of the
following equation of Schrodinger type: u, = (a + §f)u,.. This includes explicit and implicit
schemes, 2-level and 3-level schemes and real and complex schemes. Many of these are analogous
to classical schemes for the heat equation and the wave equation but some sthemes are unique
to the Schrodinger equation. Von Neumann type stability results are given for all the schemes
and extensions to higher dimensions are derived in most cases. Many of stability results are quite
different from the corresponding results for the heat equation and the wave equation.
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1. Introduction

Equations of the Schrodinger type arise in many disciplines, such as quantum mechanics, fluid
mechanics, plasma physics, laser propagation, acoustics and optics [4, 5, 19, 23, 25, 27, 34, 35, 36,
37). This paper is primarily concerned with the numerical solution of the equation

U = Atg,, (1.1)

with A =a + ¢b and a > 0, and its extension to higher dimensions:

U = iAl“z,z; (1.2)

=1

where A; = a; + tb;, with a; > 0 and b; real, and a,’+b,z9é0forl= 1,---,m

Equation (l 1) includes both the heat equation u; = au,, and the Schrodinger equation
uy = tbu;,. It is well known that a rather complete collectlon of stability results for difference
schemes exist for the heat equation [29]:

Ug = @ Ugy. (1.3)
and for the advection-diffusion equation [6, 9]:
Ut = aUzz + bu,. (1.4)

It is our intention to provide a simiiar collection of results for the Schrodinger equation. We propose
a collection of finite difference schemes, and analyze their accuracy and stability properties. Some
of the schemes are analogous to well-known schemes for the wave equation and the heat equation
but others are unique to the Schrodinger equation. This includes explicit and implicit schemes,
2-level and 3-level schemes and real and complex schemes. Many of these are analogous to classical
schemes for the heat equation but some schemes are unique to the Schrodinger equation. Von
Neumann type stability results are derived for all the schemes and extensions to higher dimensions
are derived in most cases. Many of stability results are quite different from the corresponding
results for the heat equation and the wave equation. .

The existence, uniqueness and regularity properties of equations of the Schrodinger type have
been investigated in recent years [2, 3, 14, 17, 25, 34, 39]. We are mainly going to discuss finite
difference methods for such equations. Among the numerical methods for these equations, the
finite difference method is not only a basic one, but also one of the most extensively used. Since
many conventional explicit schemes are unconditionally unstable for the Schrodinger’s equation
[1, 16, 19, 23], implicit schemes have been the most popular — especially the Crank-Nicolson
scheme. These results can be found in [1, 10, 11, 15, 16, 19, 23, 27]. Recently, it has been found
‘that stable explicit schemes for equations of the Schrodinger type can be derived if appropriate
dissipative terms are added [8] and some of these explicit schemes have been applied to underwater
acoustics problems [7]. The articles [16, 40] investigate the existence and convergence of implicit
schemes. In recent years, the trend of applying spectral methods [4, 5, 12, 13, 18, 28, 35, 36, 37,
38] and the finite element methods [11, 16, 31] is increasing as well. Methods of lines methods have
also been used [22, 24]. Since the solutions of nonlinear equations of the Schridinger type often
possess conservation laws, attempts have also made to construct schemes which satisfy discrete
conservation laws. To achieve this, M. Delfour et. al [11] modified the Crank-Nicolson scheme
and J.M. Sanz-Serna, and V.S. Manoranjan [30] used the Leap-frog technique. Among three level
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schemes, the Leap-frog scheme has been suggested [31]. In [15], predictor-corrector schemes are
discussed. For applications of some of the schemes proposed in this paper, the reader is referred
to the references [7, 20, 21, 23].

In Sec. 2, our definition of stability is given, as well as a general method for deriving stability
results from the characteristic polynomial of a numerical scheme. In Sec. 3, the special case a = 0
is considered first and the issue of the existence of stable 2-level explicit schemes is addressed.
In Sec. 4, we consider a general two-level scheme for (1.1). In Sec. 5, 6 and 7, we consider
3-level schemes: the Leap-frog scheme, the Du-Fort Frankel scheme and the backward difference
scheme. In Sec. 8, we separate the real and imaginary parts of (1.1), and consider schemes that
are specifically designed for the resulting system of real equations.

Throughout this paper, k denote the temporal mesh size, h the spatial mesh size, r = f,, n=
4sin’$, 0<0< 27 and y=1ra.

2. Definition of Stability and The Schur-Cohn Theory

The usual von Neumann type definition of stability requires that the roots R; of the charac-
teristic polynomial of a numerical scheme satisfy -

|R;] €1+ O(k) (2.1)

[29]. While this is the appropriate definition of stability for proving convergence as k and h tend to
zero, in conjunction with the Lax-Equivalence theorem [29], for practical computations with fized
k and h this definition allows the numerical solution to grow with the number of time steps taken.
For equations the solutions of which are known to be nonincreasing in time, as is the case for (1.1),
this is often undesirable. Hence, for the stability of a numerical scheme, we shall require that the
numerical solutions also do not grow in time. This definition of stzbility is sometimes known as
the practical stabslity critersa [29] and is slightly stricter than the definition (2.1). In the absence
of lower order terms (e.g. 4. or u) or in the limit as k and h tend to zero, the difference between
the two definitions of stability is usually very slight. In what follows, we shall make this definition
of stability more precise and outline a procedure for systematically deriving stability conditions
for a given numerical scheme.

We shall follow the methodology developed in [6, 9]. We define two classes of polynomials:

Definition 2.1. :
We shall call polynomials ¢(z) with roots R; Schur Polynomials if |[Rj| <1 Vj, and Simple
von Neumann Polynomials if |[R;| <1 Vj and the roots with magnitude equal to one are distinct.

Let ¢(z) be the characteristic polynomial corresponding to a particular scheme, obtained via
Fourier analysis [29].
Definition 2.2. :

A numerical scheme is defined to be stable if its characteristic polynomial is Simple von Neu-
mann.

To determine whether a polynomial is a Simple von Neumann polynomial, we shall use the
theory of Schur [26, 33, 32]. This theory enables one to determine conditions on the coefficients of
the characteristic polynomial for it to be Simple von Neumann.

Given a polynomial

B . v
#(z)=ao+a1z+---+08,2" = Za;zj,
J=0
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of degree v (with e, # 0, ap # 0), one can associate with ¢ another polynomial ¢°, defined by
u .
¢*(2) = 3 _a;7,
=0

where @ denotes the complex conjugate of a. The reduced polynomial ¢, is defined by
$1(2) = (4*(0)6(2) - ¢(0)#°(2))/=.

By defintion, the degree of ¢, is one less than that of ¢. The main results that we need are contained
in the following two theorems:

Theorem 2.1. ¢ is a Schur Polynomial iff |¢*(0)| > |¢(0)| and ¢, is a Schur Polynomial.

Theorem 2.2. ¢ is a Simple von Neumann Polynomial iff either (1) |$*(0)| > |¢(0)] and ¢, is a
Simple von Neumann Polynomial, or (2) ¢1 = 0 and ¢' is a Schur Polynomial (¢' denotes the
derivative of ¢ with respect to its dependent variable).

By repeated applications of the above two theorems, it is possible to reduce the question of
whether an n-th degree polynomial is a Simple von Neumann Polynomial to that for a first degree
polynomial, which can be solved more easily by analytical means. This procedure turns out to
be very eflective for determining stability limits of general numerical schemes, as compared to
first finding the roots of the characteristic polynomial explicitly and then determining conditions
for their absolute values to be less than unity. Furthermore, this last approach may not even be
applicable for polynomials of higher degrees which arise in the analysis of multi-level schemes and
systems of equations (see Sec. 8). Finally, it is worth noting that this reduction process preserves
the necessity and sufficiency of the stability conditions.

8. Stable Explicit Schemes for u; = su,,

We shall first consider the more special equation
Uy = 18y, : (3.1)

Even in this simple case, the stability properties of some popular schemes are quite different from
that for the superficially similar heat equation ¥; = u_,.

3.1. Taylor Series Schemes
Consider the basic Euler Scheme:
A S -
~——L =iDju, (32)

I T 4 7
_ Yh 2“;"’“,-1

where  Dlu 2 (3.3)
The truncation error is O(k, h*). The corresponding characteristic polynomial is
¢(z)=z-(1-147). (3.4)

Since the only root is R =1—4vand |R|* = 1442 > 1for v # 0, ¢(z) is not Simple von Neumann,
and thus the Euler scheme is unconditionally unstable, as is well-known [8, 23].
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The Euler scheme is the first member of a class of schemes derived from the following Taylor
series expansion of a solution u(z,t) of (1.1):

K
u(z,t + k) = u(z,t) + kuy + T + %ium +--

= u(z,t) + k(suze) + g—(fzum,) 4o (3.5)

A family of schemes can be derived from (3.6) by replacing the spatial derivatives by difference

operators, namely:
un+l — “n

—Z (c D") u.

. I=1
- The truncation error is O(k?, h%). The Euler scheme corresponds to p = 1. By retaining the next
term in the expansion (p = 2), we obtain the following Lax-Wendroff type scheme:

P

S o iDpu - S(D})u.

The truncation error is O(k?, h%). The corresponding characteristic polynomial is
2
#z)=2~- (1—:’7— %—-) .

Since the only root is R = (l - 323) - ¢y and

RIZ = ~2 2 . 4
B =(1-5) +7*=1+5>1  for v#0,

this scheme is also unconditionally unstable [8].

Since the first two members of this family of schemes are unconditionally unstable, it is
of theoretical interest to determine whether there is any member that is conditionally stable.
Moreover, this has practical implications as well, because simple explicit schemes are easier to
implement (and vectorize) than implicit schemes, especially for higher dimensional problems.

The third order (in time) scheme derived this way has a characteristic polynomial given by

¢(z)=z—(l-t'7-:;i+%-)

2 s\ 2 4 [
e ({7 e o PR O
'Rl'(l 2) +(” 6) 1-1 %3

the condition that #(z) be Simple von Neumann reduces to

Since
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which is satisfied if and only if 4 < v/3. The stability condition is thus

V3
< —.
=7
Fot the fourth order scheme, we have
2 SaS 4
=z—(1=gy-L 4+ L
#z)== (l &y 2+6+24)'

After a similar computation, it can be verified that this scheme is stable if and only if r < W2

We thus see that there are stable members in this family of schemes. Unfortunately, while
the third and fourth order schemes are conditionally stable, they are not very practical for initial
boundary value problems because their spatial stencils extends over 7 (resp. 9) points, which makes
the construction of stable numerical boundary conditions difficult.

This leads to a natural question: ‘
Does there ezist stable ezplicst schemes with smaller stencils?
3.2. Schemes With Artificial Dissipation

The answer to this question is positive. As shown in [8], stable explicit schemes with a 5-point
stencil can be derived from the Euler scheme by adding appropriate dissipative terms. Although
the addition of dissipation to stabilize a numerical scheme is rather natural, the question remains
as to whether this is the only way to obtain a stable scheme for (3.1). In what follows we shall
answer this in the positive by deriving the dissipative schemes in [8] from a general sheme with'a
5-point spatial stencil that satisfies certain symmetry conditions.

Suppose an explicit scheme to solve (3.1) takes the form

u'.'+l -y
-—J——k—’ = ZCJ‘.’.[H;"_'_,. (3.6)
i

Of course, }_c;4u},; must be a consistent approximation of fu,, for (3.6) to be consistent with
i

(3.1). Using Taylor expansion, we find that the following consistency conditions must be satisfied:
Z ciy1 =0
i ) .
Z{: leji =0 “ (3.7)
24 ‘
> Pejn =13
{
If we look for schemes with symmetry, i.e. ¢j4q = c,;-,, then (3.7) becomes

¢ + 2205.” =0,
>0

2¢
2 Z lzcj.'.[ = 7‘-2-.
>0

(3.8)
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If we take [ = ~1,0,1, i.e., using 3 points to approximate $t,., from (3.8) we find ¢o = -—%:;,
cg=cCy = ,;', This is just the Euler scheme (3.2) and is unconditionally unstable.

Now, let us take | = -2,-1,0,1,2, i.e., using 5 points to approximate fu.,. Following the
same procedure as above, we can easily find

2
h?

¢p = 6c2 —
$
01=C-1=7;§-4¢z,

where 2 is a constant to be determined. We want to determine ¢z such that scheme (3.6) is stable.
Writing ¢z = 5, where ¢ = a + ¢# with real constants a, 8, (3.6) becomes

utf' —u? . : : :
-l——-i‘————!— =z [(a+i8) (u}yz + ulz) + (5§ — 4(c + iB)) (ul4r +ul_y) (6(a +4B) — 20) u?] .

. (3.9)
After some rearrangements, scheme (3.9) can be rewritten into another form:

u™H — u?,, — 2u? + u_ ul o — 44T, + 6u? — 44" + u?
. J=;(’+‘ = ")+(a+;ﬁ)h=(’+” e T "’).(3.10)

The last term can be viewed as a dissipative term which is added to the unstable scheme

nl _ " n =2 +ut .\
u;" =g -y Uiy — 247 + Ui,
k h? ’

and the truncation error is O(k, h%). The root of the characteristic polynomial for (3.9) is
R=1-irn+ (a+iB)rn*.

Thus we have
IR = (1+ arn®)? + (Brn® — rn)?

=1+ (r? + 2ra)n? - 2280 + r*(a® + B%)n*.
The condition |R|?> < 1 reduces to
(r +2a) = 2rBn +r(e® + B*)n* <0,

from which it follows that the condition on r is

—2a
r< g(”) = 02172 + (ﬂ""" 1)2'

For a finite stability interval, we must have a < 0. By differentiating g(n), it can be verified
that g() cannot achieve its minimum within the interval 0 < n < 4. Thus the conditions on r
reduces to

r < min(g(0), g(4)),

i.e.

. -2a
< - . .
r_.mln( 2a’l6a2+(4ﬂ-1)2) (3.11)
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To obtain the scheme with the least restrictive stability condition, one should make the right
hand side of (3.11) as large as possible. Obviously, one should take § = 1. Condition (3.11) then

reduces to )
r < min ( 2a,——)
8a

The right hand side achieves its maximum when —2a = -, or @ = —§. Thus we have for
the stability condition:

r<

Nll—‘

(3.12)

We summarize the results in the following theorem.

Theorem 3.1. For any real # and a < 0, the sheme (3.10) is conditionally stable, the necessary and
sufficient condition being (3.11). The least restrictive stability condition is (3.12) and is obtained
whena=-%,8= .

. We can also consider a similar dissipative scheme:

uttl - 7 4l — 207 +uf_ uli, —4ul, +6u} — 44}, +u
j ] -_-.'( it $ ‘)+(a+£ﬁ)k( Cac M : ""), (3.13)

k h2 h‘
whose dissipative term is different from (3.10). For (3.13), the following theorem has been proved
in [8]:

Theorem 8.2. The scheme (3.13) is stable if and only if a < —}, except for the half line
{a=-1,8<0}, and

B+ /—-a(2a® +282 + a)
r< .
4(a? + §?)
The least restrictive stability constraint is

| (3.14)

(3.15)

| -

and is obtained when a = -1, g =1.

3.3. Stable Dissipative Schemes in Multi-Dimensions
We next consider the multi-dimensional equation:

‘ m
U = Zib;u,,,,.
=1
We assume that the b;’s have the same sign.
Without loss of generality, we assume §; >0 (I =1,---,m). We consider the natural exten-
‘sion of scheme (3.10):

u"'H - u}

= }: b [,D;{,u + (e +iB)h} (D})* u] . (3.16)

=1

Here 5 represents a multi-index (51,--+,Jm), D}, is the second order centered difference operator
with respect to 5 and h; is the corresponding mesh size.
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Theorem 8.3. Scheme (3.16) is stable if and only if @ < 0 and

. 2a a
k< min | —57—,~- —
L rE-DIR
=1 I=1""

The least restrictive stability constraint is
1
k< —;

2y

=1

e

and is obtained when a = —§ and 8 = §.
Proof. See Appendix.

4. A General Two-Level Scheme

4.1. The One Dimensional Case:

We now return to the attention of the more general equation (1.1). We consider the following
finite difference scheme for (1.1):

i

AR I (1-p)A
L =B (uh — 2t ) + S (G - ), (4)

where p is a parameter such that 0 < p < 1. It is easy to see that when p = 0, (4.1) is the explicit
Euler scheme, when p = 1, (4.1) reduces to the Crank-Nicolson scheme and when p =1, (4.1) is
the fully implicit Backward Euler scheme. The truncation error is O(k, h%) except it is O(k?, h?)
for the Crank-Nicolson scheme.

Theorem 4.1.
1. If } < p < 1, then Scheme (4.1) is unconditionally stable.
2.If0< p < } and a > 0, then (4.1) is conditionally stable, the stability condition is

a
TS TR (42)

3.If0< p < 1 and a = 0, then (4.1) is unconditionally unstable.

Proof. The root of the characteristic polynomial for (4.1) is

p= 1= (1= p)ay — (1~ p)by
1+ pa~y + spby )

Therefore

IR} = [1-(1 - p)ar]? + (1 - p)2b?4* .

5 3
(1 + pan)? + p*b22 (43) _
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The condition |R[?> < 1 reduces to

1_32_22(‘,2 +5?)y—a<0. (4.4)

If 1 < p <1, then (4.4) automatically holds; hence Scheme (4.1) is unconditionally stable. If
0 < p < §, then the condition (4.4) reduces to (4.2). Clearly, if a = 0, (4.2) cannot be satisfied for
r > 0 and hence is unconditionally stable.

|

Note that when b = 0, (4.2) reduces to the well-known stability condition for the heat equation
[29].
4.2. The Multi-Dimensional Case:

In this section, we are going to extend the results in Sec 4.1 to the case of multi-dimensions.
We suppose the equation is of the form (1.2) and consider the natural extension of the scheme
(4.1) to multi-dimensions:

'H-l n m
= “Z A;D 'u +(1 - p) ZA,-D;-",u, (45)

=1 =1 ’
where we have used the same notation as in Sec. 3.3.

As in Sec. 4.1, here p is a parameter, 0 < p < 1. Before we state the stability results for this
scheme, we need a few definitions.

Definition 4.1. Define an m-dimensional index vector v to be a vector in R™ with components
having values of either 0 or 1. Define I, to be the set of all ni-dimensional index vectors except
the vector {0,0,---,0}7.

Theorem 4.2.

1. If 1 < p <1, then Scheme (4.5) is unconditionally stable.

2Ifo<pu< %, and a; > 0 for I = 1,---,m, then (4.5) is conditionally stable, the necessary and
sufficient condition is ‘
a
k< 1 min E #"" (4.6)
S i—zm) 2B - I 6)
Hu

(=1 i

™Ms

Proof. The root of characteristic polynomial for (4.5) is

1-(1- 1) 3 A
=1

R= -
l+”l—21Am

where 0
~; = 4r; sin® 5‘ 0< 6 <2n,
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We can easily obtain
m 2 m 2
[-a-mEan] + -2 (E o)
=1 =1
m 2 m 2
(l +p) am) + p? (IEI bz'n)

=1

|R* = (4.7)

Then, from the stability condition |R| < 1, we get

m m 2 m 2
9y, Im) = = Y _mm+ (% =B {(Z az'lt) + (me) ] <o0. (4.8)
=1

=1 =1

It is clear that (4.8) is true if } < p < 1, and (4.5) is unconditionally stable in that case. In the
case 0 < p < }, it can be verified that g(v1,-+,7m) reaches its maximum value in the region
D={(v1,*ym), 0 << 4r, { =1,---,m} only at the boundary of D. Clearly, at (0,---,0),
(4.8) always holds. Hence, we obtain (4.6).

]
Corollary 4.1. Suppose 0< p < 1.
1. If a; = O for some !, then (4.5) is unconditionally unstable.
2. If all the b; have the same sign, then the stability condition is
”m
2&.
1 =1 ki
k< M2 m L (4.9)
>
=11
3. Ifby =0, 1 <1< m, then the stability condition is
k 11 (4.10)

<

T1-2) gy’
2L

which is a classical result for the heat equation [29).

Proof. To prove the corollary, note first that if a; = 0, then by choosing v = (0,---,0,1,0,---,0),
with the “1” in the I-th position, in (4.6), we have & < 0 and hence the scheme is unconditionally

unstable.

Second, if all the b; have the same sign, the minimum in (4.6) must occur for v = {1,1,---,1}7
from which (4.9) follows. '

Lastly, if =0, 1 <! < m, then (4.10) follows directly from (4.9).
]

The result (4.6) can be viewed as the extension of the stability result for the multi-dimensional
heat equation. It is easy to see that (4.6) is also the extension of (4.2) in Theorem 4.1.

5. The Leap-Frog Scheme
We now consider some three level schemes. First, we study the Leap-Frog Scheme:

ut? —gyn A .
e B— X oF ! = W (u;‘_‘._"} - 2u}t + u;'fl‘) . (5.1)

The truncation error is O(k?, h%).
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Theorem 5.1. Scheme (5.1) is stable if and only ifa =0 and r < “‘3]
Proof. The characteristic polynomial is '
#(2) = 2% + 2(a +b)yz - 1. (5.2)

We shall use the Schur theory outlined in Sec. 2 to determine conditions under which ¢(z2) is
Simple von Neumann. We have
$°(z) = =22 +2(a—ib)yz+1
and  ¢y(2) = davz.
Since |¢*(0)] = |#(0)|, ¢(z) can be simple von Neumann only if ¢;(z) = 0, i.e. @ = 0. Assuming
this, for ¢(z) to be simple von Neumann, ¢'(z) = 2z + 2iby must be Schur, which leads to the

condition r < -;I‘H
|

The stability result for the Leap-Frog scheme can be easily generalized to higher dimensions.
Consider the following scheme for (5.1)

uig+2 L m
B SR R, ntl,, )
ok g A D'y (5.3)

The corresponding characteristic polynomial is

m

$(2)=22+2 (Z Am) z—- 1L

i=1

By following the same proof as outlined above, it is easy to derive the following stability condition

for (5.3)
m
Z b

=1
From (5.4) it is straightforward to derive the following:
Theorem §.2. Scheme (5.3) is stable if and only if

a=0 1=12---,m

<l | (5.4)

and

where

6. The Du-Fort Frankel Scheme
This is a well-known scheme for the heat equation. With regard to (5.1), using % (u;;""z + u;‘)
instead of u;-'"'l, we obtain the Du-Fort Scheme:

u™t? — "
S = LD, | (6.1)

where DFT 'y = o] — u} = u}*? 4+ u]. The truncation error is O (kz, R, (f;)z) .
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Theorem 6.1. Scheme (6.1) is unconditionally stable.
Proof. The corresponding characteristic polynomial is
6(2) = (1 + 24r)z* — (4Arcos0)z — (1 — 2Ar).
We thus have
8'(2) = —(1 - 2(a — 1b)r)z* — (4(a — $b)r cos 8)z + (1 + 2(a — ¢b)r),
#1(2) = 8arz — 8arcos ¥,
[6°(0)]2 = (1 + 2ar)? + 4b%r2,
and  |4(0)]® = (1 - 2ar)? + 4b%r%.
Since |¢*(0)] > |4(0)| and ¢1(z) is clearly simple von Neumann, this scheme is unconditionally

stable.

]
The extension of (6.1) to multi-dimensions is:

un+2 u"

e B E A DFHu (6.2)

2k =1
‘where DF7, is the DuFort-Frankel operator in the z;-direction. The characteristic polynomial is

é(2) T_’ (1+2k§:h2) (41:2 2 cos a,) z- (1 23 At)

=1 =1 =1

m
By following the same proof as in the one dimensional case, with ar replaced by k Z % and br by
l=1

k }: —4;, one can easily prove:
l-l

Theorem 6.2. Scheme (6.2) is unconditioually stable.

7. The Three Level Backward Difference Scheme
This scheme [6, 29] is

3 u™tl _ yn 1 fu?— u1 '
5 ( J E J - E J p J =AD;+IU, (701)

and its truncation error is O(k?, h?).
Theorem 7.1. Scheme (7.1) is unconditionally stable.
Proof. The characteristic polynomial is

¢(z) (+av+tb7)zz 2z+;
¢‘(z)=-§z2-2z+(g+a'7-£h),

and 61(z) = [(3 + 07)2 + bz'yz] z2=2(1+av-sby).
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It can be verified that
[¢°(0) > 16(0)|

and therefore for stability, ¢;(2) must be simple von Neumann, which gives the condition:

2(1 + ay — by
3( 3 )2 (7.2)
(3 +a7)" + b2y
Lt T=(3+ a"y)2 + 5242, then condition (7.2) is equivalent to
4((1 +a7)* +b°4%) < T?
or 4(T—§+a'x) <T?
or (T-20°+1+4ay>0
which is always satisfied since a > 0. Therefore, this scheme is unconditionally stable.
]

The extension of (7.1) to multi-dimensions is

I_l+l__ n — 1
(570) -3 (55) - S

The characteristic polynomial is

¢(z)=( Zam-l-c):bz'n)zz 2z+%

=1 =1
m
By following the same proof as in the one dimensional case, with a~ replaced by 3~ a;; and b~ by
=1

m
Y- b, one can easily prove:
i=1

Theorem 7.2. Scheme (7.3) is unconditionally stable.

8. Schemes for the Real System

The schemes considered so far are applied directly to the equation (1.1), which is complex-
valued in general. But note that if we let ¥ = v + sw (where v and w are real functions), then we
can rewrite (3.2) into the following real system:

vy = avzg — bwz,, (8.1)
w; = bvgy + awgs. (8.2)

While any scheme for (1.1) has a direct analog for (8.1) and (8.2), this new system opens
up more possibilities for constructing numerical schemes because the individual terms of the right
hand side of (8.1) and (8.2) can be treated independently of one another by different methods. It
is also straightforward to implement these schemes in real arithmetic. In the next two sections, we
shall consider a few examples of such schemes.
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8.1. A Two-Level Real Systcm Scheme

In this section, we shall consider the following 2-level scheme which is similar to, but effectively
different from, the Euler scheme for (1.1). :

v 1 :

..J____k____f. = iz [a (v;-'_H - 2!’;-' + v}‘_l) -b (w;'..{.] - 2“’? + w;'.-l)] (8-3)
o't -0 g
a1 4G A RGeS B

This scheme appears to be semi-implicit, but actually it is explicit for computing because we can
compute v;“ from (8.3) explicitly, then substituting v;-""l into (8.4), we can explicitly compute
w;-“”. It is easy to see that the truncation error of (8.3) and (8.4) is O(k, h%).

Theorem 8.1. Scheme (8.3) and (8.4) is stable if and only if

1
r _<_ m)-. (8.5)

Proof. The amplification matrix for this scheme is

_(1 O lll-av by
G_(bq l) ( 0 l-aq)
= 1-ay by
T \-(l-aby 1-ay-b? )"
and the characteristic polynomial is
#(z) = 22 - 2 (2(1 - a7) = b*4%) + (1 — an)>.
It follows that
$*(2) = (1 - a7)?2* = 2 (2(1 — @) — 6%4°) +1
and  $i(z) =z(1-(1-a7)*) - (1-(1-a7)%) (2(1 - a7) - 4*4%).
Since |¢*(0)| > |#(0)|, #1(z) has to be simple von Neumann for the scheme to be stable.
Defining
y= 2(1 - an) - b%42
T o1+(1-a9)? "’

this reduces to the condition
-1<€1<1.

Since A can be rewritten as

1+ (1-af - (@ +8) 7

- 14(1-av)? ’

it can be easily seen that the condition A < 1 is always satisfied. The condition that -1 < A
reduces to

A

9(7) = —(av - 2)2 + 6%4%,
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which is equivalent to the condition
bl £ 2 - a7,
and gives the stability limit .
< .
k)
]
Note that this scheme spans a stencil identical to that for the Euler scheme but the stability
condition is quite different. Unlike the Euler scheme, this scheme is conditicrally stable even when

a = 0. This improvement results from the implicit treatment of the v-term in (8.4) and is a direct
consequence of separating the original equations into real and imaginary parts.

At first sight, it may appear possible to switch the role of v and w in (8.1) and (8.2) at
alternate time steps, similar in spirit to the ADI method, in order to achieve a combined scheme
that is second order in time. Unfortunately, it can be verified that this is not true and the resulting
alternating scheme is still first order in time.

8.2. The Two-Level Real System Scheme in Multi-Dimensions

The results in the previous section can be extended to higher dimensions. Consider the
equation (5.1) which can be written into the following real system

m m
vt = z: a|Vz;z; — Z blwﬂﬂ)

=1 =1
n  om (8.6)
wr = Z blvzw; + Z dlwzlzu
=1 I=1 .
and the following scheme:
n+1 - v" m
T S g - Sohpe
I=1 =1
n+l —o? m (8.7)
SN S D3+ Y D,
=1 I=1

The truncation error for (8.7) is again O(k, h%).

m m
By replacing the terms ay and b~ in the previous proof by E a;yt and Y b7y respectively,
=1
the same proof goes through for (8.7) and we obtain the followmg stablhty result:
k<

Theorem 8.2. Scheme (8.7) is stable if and only if
(Ea+[E4)
=

1
-8.3. A DuFort-Frankel Leap-Frog Scheme for the Real System

Although the real system (8.1) and (8.2) can result in schemes that have superior stability
properties than schemes for the complex equation (1.1), deriving such schemes is not at all au-
tomatic. In this section, we shall show that a rather natural scheme for the real system (8.1)

+E %
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and (8.2) actually has worse stability properties than the corresponding schemes for the complex
equation (1.1).
We construct a real 3-level scheme for (8.1), (8.2) as follows:

gth-o™ 4 +1 1 b

-—)—-—2—k——.——— = ‘i;i ( ;.+l -— v" —-— v" + U,_i) - ',;E (w;".',l 210 + W, -’l) (8.8)
whtl - g1 b

J T J =13 (v;'_"’_'ll 207+ + v""") + :2 ( viy —oft -} 0l (8.9)

This is a combination of Du-Fort Frankel Scheme and Leap-frog Scheme. The truncation error is
O(k2, k2, (5)%).
Theorem 8.3.

1. If a = 0, then (8.8), (8.9) (the scheme is equivalent to the complex Leap-frog Scheme) is
conditionally stable, the stability condition is

1

< Zm. (8.10)

2. If b =0, then (8.8) (8.9) (the scheme is equivalent to the Du-Fort Frankel Scheme for the heat
equation) is unconditionally stable.

3. Ifa#0 and b # 0, (8.8) (8.9) is unconditionally unstable.

Proof. The Fourier transform of (8.8),(8.9) can be written in this form:

(1 +2ar)Ia"* = Ma" + (1 — 2ar)Ia™"1, ’ (8.11)

= (3’) M= (a(irz;-,ﬂ a(ﬁl’:Z 7))’

I is the identity matrix and (v, w) are the Fourier transform of v and w.
It is easy to verify that M is normal and the eigenvalues py of M are:

where

B+ = a(4r — 2v)  42)bj. ~ (8.12)

Therefore M can be written as M = X~1AX,where A = (’:;' ”0 ) and X is a unitary matrix.

Multiply from the left of (8.11) by X, we obtain

(1 4+ 2a7) X"+ = XMa"™ + (1 - 2a7) Xa"L. (8.13)

= (‘z') = Xi,

(14 2ar)s"*! = XMX™1s" + (1 - 2ar)s""1, (8.14)

Defining

we have
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Due to the property of X and the definition of s, the stability of s and @ are equivalent. So we
need only to discuss the stability of s. Since XM X~ = A, we obtain from (8.14):

(1 + 2ar)s™*! = As™ + (1 — 2ar)s"~! (8.15)
i.e.
(1 + 2ar)y™*! = pyy™ + (1 = 2ar)y"! (8.16)

(1 + 2ar)z"*! = p_2" + (1 - 2ar)2""1. (8.17)
Their characteristic polynomi;ls are

é+(A) = (1 + 2ar)A% = pa) — (1 — 2ar). (8.18)
From this we can easily derive |

¢*(\) = (=1 + 2ar)A? — pX + (1 + 2ar),
é1(A) = [(1 + 2ar)® = (1 — 2ar)*]A = [(1 - 2ar)ps + (1 — 20r)p] =0, (8.19)
and  ¢'(A) =2(1 + 2ar)) — py.

In the case a = 0, |¢°(0)] = |#(0)], and ¢1()\) = 0. Therefore stability requires ¢'()) to be

Schur, which reduces to the condition |b]y < 1. The stability condition is thus r < i‘f&]
In the case a > 0, |¢*(0)| > |¢(0)|, so ¢1(A) must be Simple von Neumann. The only roots of
¢1(}) are 5
Ag=1- 3 F1]bly.

Hence \2 '
2_(,_1 2.2
IA:&I = (1 2'_) + b=,

Clearly, if b = 0, then |[A+|> < 1 because 0 < 7 < 4r, and (8.8),(8.9) is stable. If b # 0,
[Az]? = 1+ 16b%r% > 1 when 7 = 4r and (8.8),(8.9) is unstable.
]

Therefore, as far as stability properties are concerned, this scheme is similar to the Leap Frog
scheme but is inferior to the complex Du-Fort Frankel Scheme, which is unconditionally stable.

9. Summary and Concluding Remarks

In this paper, we have presented a rather exhaustive collection of difference schemes for the
Schrodinger’s equation (1.1). This includes explicit and implicit schemes, two and three level
schemes and schemes with artificial dissipation. It also includes schemes derived from the real
system obtained after separating the solution into its real and imaginary parts.

While many of the schemes are adaptations of well-known schemes for the wave equation and
the heat equation, the stability properties are often quite different and we have summarized the
main results in Table 1.
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Scheme Error Stability Condition
Taylor Series for u; = fu,, p =1 : unstable (Euler)
p = 2 : unstable (Lax Wendroff)
ndl_ o n P - 4
i it} =E!=;,-‘(.'D;.') u O(k?,1?) | p=3:r<
=1
p=4:r< 2
General 2-level Scheme p#i: ()o<sp<1i
O(k, h?) a; = 0 for some [: unstable
wtiogyn m n41 1 H 1 =1 :‘
ALl = pl§1 A;Di u B=3 all §; have same sign: k& < f(l—_-z—")-—;—-:——,
m =1 h
+(1 - “)EAJD;‘J“ O(kz, hz) all bl =0: k S ﬂl_lﬁ)-%_x;;
im} h‘
(ii) 3 < p <1: stable
Euler with dissipative term ku;;; (a = 0)
(as-}, B>00ra< -1, 4<0)
“i_gn _ N
%7 = ibDPu + (alb| + iBb)K(D}) u O(k, h?) rg Sh/ale L2t
Scheme with least restrictive stability
n-’-l_‘y’; .
Sl = ibppu+ (-4 + 2) KD} O(k, h?) r< gy
Euler with dissipative term h2u.;;, (a; = 0) a<0
and
S = P uDyu+ +ipE (D) W) | Ok | k<min|-e - =
5 2 b - m b ”m
= S - 4
Scheme with least restrictive stability
u"tioyn m
=Y b (s D%u+ % (-1+14) h3(D?))*u O(k, h® k<2
= b (D + H(1+) DY) | Ok 2

m
Table 1: Summary of Schemes for us = Y Ajtzz,, A =a;+1b,0; 20, u=v+sw.
=1 :

Next, we would like to comment briefly on the effect of lower order terms (such as u, and u)
con the stability results, which arise in many applications. If we adopt the slightly weaker definition
of stability (2.1), under which the necessary and sufficient stability conditions given in Table 1 are
still sufficient, then it can be shown [29] that, when lower order terms are present, these conditions
remain sufficient to insure convergence of the numerical solution in the limit as £ and A tend tc
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Scheme Error Stability Condition
Leap-Frog
O(k?, h?) all a; = 0 and
"oy m at1 E< '
= ,=E1A‘ Diiu = max{B,, By}’
where By = Y {&, By= Y l}:{,l.
o6>0 ! b<o !
Du-fort Frankel
o (1,1,(4)°) stable
a2 _ n m
:i—fl:l_ = ‘Z:l A DF;!:"Hu
Backward Difference
O(k2 1h2) stable
e _y? noy! m
s(17E) -3 (55) - Eange
2-level Real System Scheme
vt} = n L 2 1
e M ‘_}:l a;Dj,,v - ‘Z:l b;D;-",w O(k, h?) k< _

wtlogn m a1 m n
—“—‘—J‘ = l=21 b[D’J v+ lg ale,lw

EGERHE

J=1

)

Du-fort Frankel-Leap Frog
Real System Scheme

A

Lt —= aDF}‘v - bD;-'w

w oyt

L= bD;-"“v +aDF}w

%) (kz, K2, (,'g)’)

a=0: "SZ[IS[
b= 0: stable

a # 0 and b # 0 : unstable

Table 1: Continued

zero (assuming the scheme is consistent). However, for fized k and h, the numerical solution may
grow with each time step while the exact solution decays with time. We plan to further investigate
the practical stability of these schemes in the presence of lower order terms.

Stability results are important for at least two reasons: to ensure convergence of the numerical
solution to the exact solution as k and A tend to zero, and to ensure that the numerical scheme is
insensitive to round-off errors for fixed k and k. The choice of a numerica!l scheme for a particular
application depends on more than just the stability property. In practice, accuracy and efficiency
are often the controlling factors. The optimal choice can often only be detemined empirically with

some experimentation.
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While we have limited ourselves to second order centered finite difference schemes for the spa-
tial discretization, and have not considered the use of higher order and finite element and spectral
methods, the framework used here can be used to derive thses schemes and their corresponding
stability results as well.

10. Appendix: Proof of Theorem 3.3

Proof. The amplification factor is given by

R=1-) b fim - (a+if)nf]

I=1
h
where ] E
1= h'z ’
and
m = 4sin® -02—‘ °
Stability requires ‘
m 2 m 2
|R]> = [l +)_ abirn? ] +IZ(bmm - Bbirin} )] <L
=1 =1
i.e. . . . - .
2 E abrn? + o (Z birinf ) + [Z(bmm - Bbirinf )] <o.
I=1 I=1 =1
If we define
aoh
| = hlz’

then this condition can be written as

m m 2 m m 2
2ay finf + o®k (E fm?) +k (Z fim - ﬂme?) <o,
=1

=1 =1 =1
or m
2e 3 finf
k<G(n, - nm) =~ -~ 3 l=lm — 7.
at (£ i) + (s ot - £ sim)
Let
p= (qlﬁ"""m)
and define

D={p; 0<m<4,1l=1,,m}

Dx={p; p€D and ZﬁmSﬂmef}

=1 =1

Dz={p; pED and Zﬁm>ﬁ§:ﬁn?}-

=1 =1



Clearly, D = D, U Ds.
We separate the two cases: § > 1 and § < §.

CaseL f 2> }

1.In Dl
Since

Y fm<BY fimf and 0Sm<4,

0<BY finf - Y fim < BY fink — 3 3 fin?

= (ﬂ - i) Y finf,

we have

and therefore

2a Y finf

2 - F3 Z 2

a? (X finf)™ + (8- 3)" (X finf)
- 2o ‘
T+ (-1 T fm?

>- .
T 82+ (8-l A
On the other hand, in the case 8 > §, (4,---,4) € Dy, and

a

T8+ (B- DAL A

Hence .

G(4,++,4) =

) a
Bl Glm, ) = = T T G- A

2.In D,

Since

> s (X0)} (S ),
0< S sim- 83 fnt < (2 5)* (X fink)

we have

[N

“ﬂZﬁ"lzv

and therefore
2a

G- . ‘ 5.
o2(E find) + (T f)E - B(E finf)?]
Letting I
o= (Y fmf)*,
we have
G2 S(w)= - 2a

a’w? + [(): f)E - ﬂw]2 .
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(10.1)
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It is easy to see
infw=0,
D2

and if we define
w® = supw,
D3

then clearly,

v <o=w(4,--,4) =4 )%

Because of the form of S(w), it achieves its minimum at the end points of the range of w and

s0
G2 min(S(O), S(W‘))

= min( T S(w‘))

i,x,:gc(m,---,nm)min( s Sl ')) (102)

Hence

From (10.1),(10.2), we have

. o ’
ksmln("’s[az_*_(ﬂ__%)qzﬁ Zﬂ S(w ))

Since

S")>S6) = ~ T G R

we have the following stability condition when 8 > 4,

. «a 2a
£ < min (’8[a2+w—%)=]2:fz’ “Zﬁ)'

(10.3)

CaseIL. f < §
Clearly, D, is empty and D = D,. It is easy to see that

G 2 min (S(O)’S (4 (Zf‘)%))

. 20 «a
- m (’zfz”{auw—%w]:f,)'

The general stability condition is therefore (10.3). Clearly, we must have a < 0. To choose a and
B such that the stability condition is the least restrictive, we should take g = % so that we have

"Smi“('saé:ﬁ’ '&)

To maximize the right hand side, we should take

a=-—

| e
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and the stability condition becomes

k<

"221'4 E—‘%
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