Prolate spheroidal wave functions (PSWF's) provide a natural and effective tool for
computing with bandlimited functions defined on an interval. As demonstrated by
Slepian et. al., the so called generalized prolate spheroidal functions (GPSFs) extend
this apparatus to higher dimensions. While the analytical and numerical apparatus in
one dimension is fairly complete, the situation in higher dimensions is less satisfactory.
This report attempts to improve the situation by providing analytical and numerical
tools for GPSFs, including the efficient evaluation of eigenvalues, the construction
of quadratures, interpolation formulae, etc. Our results are illustrated with several
numerical examples. This report is a draft; a complete version will be published at a
later date.
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1 Introduction

2 Mathematical and Numerical Preliminaries

2.1 Spherical Harmonics

2.2 Zernike Polynomials

In this section we describe the properties of the Zernike polynomials, which are a sequence
of orthogonal polynomials on the unit ball in RP*™2. Zernike polynomials are defined via
the formula

Zyn(7) = Ry a(ll2]) Sy (z/ll2]), (1)

for all z € RP*? such that ||z|| < 1, where N and n are nonnegative integers, S%; are the
orthonormal surface harmonics of degree N (see Section 77), and Ry, are polynomials
of degree 2n + N defined via the formula

Brate) = S (IR (M-

for all 0 <z < 1. The polynomials Ry, satisfy the relation
Rynn(1) =1, (3)
and are orthogonal with respect to the weight function w(x) = zP*1, so that

5n,m
22n+ N+241)

1
/ Ry (2) By g (7) 2P dx =
0

where
1 if n=m,
6”””_{ 0 if n#m. 5)
We define the polynomials ENH via the formula
Rya(r) =220+ N +p/2 +1)Ry.(2), (6)
so that

| Ra@)artt e =1 M)

where N and n are nonnegative integers. In an abuse of notation, we refer to both
the polynomials Z]{,’n and the radial polynomials Ry ,, as Zernike polynomials where the
meaning is obvious.



Remark 2.1 When p = —1, the Zernike polynomaials take the form
Zy (%) = Ron(|z]) = Pon(), (8)
Z3 () = sgu(@) - Rin(|2]) = Popga (), (9)

for —1 < x <1 and nonnegative integer n, where P, denotes the Legendre polynomial of
degree n and

1 ifz >0,
sgn(z) =< 0 ifz =0, (10)
-1 ifx <0,

for all real x.
Remark 2.2 When p =0, the Zernike polynomials take the form

Zy (@1, 22) = Ry n(r) cos(NO), (11)
Z3 (@1, m2) = Ry (1) sin(N6), (12)

where x1 = rcos(f), xo = rsin(f), and N and n are nonnegative integers.

2.2.1 Other Notational Conventions

Some authors index the Zernike polynomials by their degree. In the case p = 0, Born
and Wolf [6] represent the Zernike polynomial

RN,n (T) (13)
by the notation
Ry (1) (14)

2.2.2 Special Values

The following formulas are valid for all nonnegative integers N and n, and for all 0 <
r < 1.

Rypo(x) = a7, (15)
Ryi(z) =2 (N +p/2+2)2° — (N +p/2+ 1)), (16)
Rya(l) =1, (17)
RV (0)=0 fork=0,1,...,N 1, (18)
R0 = ("R (19)



2.2.3 Hypergeometric Function

The polynomials Ry, are related to the hypergeometric function oF; (see [3]) by the
formula

N b
Ry(z) = (—1)" (” A Q)JUNgFl(—n,n FN+E LN+ na?), )
n

where 0 < x <1, and N and n are nonnegative integers.

2.2.4 Interrelations
The polynomials Ry, are related to the Jacobi polynomials via the formula

N+§,0)(

Ryn(z) = (=1)"2V P} 1 - 227), (21)

where 0 < x < 1, N and n are nonnegative integers, and ples ), a, f > —1, denotes the
Jacobi polynomials of degree n (see [3]).

When p = —1, the polynomials Ry, are related to the Legendre polynomials via the
formulas

Ron(z) = Py (), (22)
Rl,n(x) = P2n+1($), (23)

where 0 < z < 1, n is a nonnegative integer, and P, denotes the Legendre polynomial
of degree n (see [3]).
2.2.5 Limit Relations

The asymptotic behavior of the Zernike polynomials near 0 as the index n tends to
infinity is described by the formula

lim <_1)nRN,n(%) o JN+p/2(I)
n—00 (Qn)p/Q o xp/Q !

(24)

where 0 < z < 1, N is a nonnegative integer, and J, denotes the Bessel functions of the
first kind (see [3]).

2.2.6 Zeros

The asymptotic behavior of the zeros of the polynomials Ry, as n tends to infinity
is described by the following relation. Let xg\?)m be the mth positive zero of Ry, so



that 0 < :1:5\77)1 < xg\% < .... Likewise, let j,,, be the mth positive zero of .J,, so that
0 < Ju1 < Ju2 < ..., where J, denotes the Bessel functions of the first kind (see [3]).
Then

lim 20a), = jxsp2m, (25)

for any nonnegative integer N.

2.2.7 Inequalities
The inequality

n+ N+ 2

TR G (26)
holds for 0 < x <1 and nonnegative integer N and n.
2.2.8 Integrals
The polynomials Ry, satify the relation

1
INtp/2(2Y) +1 (—=1)"JIN+p/2r2n+1()
/0 WRN,n(y)yp dy = P/ ) (27)

where x > 0, N and n are nonnegative integers, and .J, denotes the Bessel functions of
the first kind.

2.2.9 Generating Function

The generating function associated with the polynomials Ry, is given by the formula

“*“V”%@4ﬂ+w“m—i3<>" (28)
(2z2)N+2/202/2 /1 + 22(1 — 222) 4 22 N Nn\L)Z

n=0

where 0 < z < 1is real, z is a complex number such that |z| < 1, and N is a nonnegative
integer.

2.2.10 Differential Equation

The polynomials Ry, satisfy the differential equation

(1 —2%)y"(z) — 22y (z) + (XN,n + M;[—2+%)))y(x) =0, (29)
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where

Xvn=(N+2+2n+ (N +2+42n+3), (30)
and

y(z) = 2" Ry, (x), (31)

for all 0 < x < 1 and nonnegative integers N and n.

2.2.11 Recurrence Relations

The polynomials Ry, satisfy the recurrence relation

2+ 1)(n+N+E5+1)2n+ N+ 5)Rypny1(2)
= —(2n+ N+5+1)(N+5)°+ (2n+ N + 5)3(1 — 22%)) Ry o (2)
—2n(n+N+5)2n+ N +2+2)Ryp1(z), (32)

where 0 < z < 1, N is a nonnegative integer, n is a positive integer, and (-),, is defined
via the formula

(@) =2(x+1)(z+2)...(x+n—1), (33)

for real  and nonnegative integer n. The polynomials Ry, also satisfy the recurrence
relations

(2n+ N+ 2 +2)xRyi10(x) = (n+ N+ 2+ 1)Ry,(2) + (n + 1) Ry g (2),  (34)
for nonnegative integers N and n, and
2n+ N+ 8) xRy _1n(x) = (n+ N + 5)Rypn(z) + nRy o1 (), (35)

for integers N > 1 and n > 0, where 0 < x < 1.

2.2.12 Differential Relations

The Zernike polynomials satisfy the differential relation given by the formula

d
(2n+ N+ 5)x(1 - ZE2)%RNW($)

= (N2n+N+28)+2n>— (2n+ N)(2n+ N + 2)2°) Ry ()
+2n(n+ N+ 8)Rypn-1(2), (36)

where 0 < z < 1, N is a nonnegative integer, and n is a positive integer.

8



2.2.13 Spectral Differentiation

2.3 Generalized Prolate Spheroidal Functions
2.3.1 Basic Facts

In this section, we summarize several facts about generalized prolate spheroidal functions
(GPSFs). Let B denote the closed unit ball in RP*2. Given a real number ¢ > 0, we
define the operator F.: L*(B) — L*(B) via the formula

Fl)(z) = /B Bty dt, (37)

for all z € B, where (-,-) denotes the inner product on RP™2. Clearly, F, is compact.
Obviously, F, is also normal, but not self-adjoint. We denote the eigenvalues of F, by
A0s A1y e oy Ay ..., and assume that |\;| > |Aj41]| for each non-negative integer j. For
each non-negative integer j, we denote by 1; the eigenfunction corresponding to A;, so
that

Ajtj() :/Biﬁj(t)eim’t> dt, (38)

for all z € B. We assume that ||¢;]|2(z) = 1 for each j. The following theorem is proved
in [1] and describes the eigenfunctions and eigenvalues of F..

Theorem 2.1 Suppose that ¢ > 0 is a real number and that F,. is defined by (37). Then
the eigenfunctions 1o, Y1, ..., Un, ... of F. are real, orthonormal, and complete in L*(B).
For each j, the eigenfunction v; is either even, in the sense that V;(—x) = ;(z) for
all x € B, or odd, in the sense that ¢;(—x) = —,(x) for all x € B. The eigenvalues
corresponding to even eigenfunctions are real, and the eigenvalues corresponding to odd
eigenfunctions are purely imaginary. The domain on which the eigenfunctions are defined
can be extended from B to RP™ by requiring that (38) hold for all x € RPY2; the
eigenfunctions will then be orthogonal on RP*2 and complete in the class of band-limited
functions with bandlimit c.

We define the self-adjoint operator Q.: L*(B) — L*(B) via the formula
R 39
%=(3) F P (39)

Since F, is normal, it follows that (). has the same eigenfunctions as F,., and that the
Jth eigenvalue p; of (). is connected to A; via the formula

w= (=) P (10)

o



We also observe that

e\ [y (el — 1]
. — (= t)dt, 41
) = (5)" [ (41)
for all x € RP™2, where J, denotes the Bessel functions of the first kind and || - || denotes

Euclidean distance in RP*? (see Appendix A for a proof).
We observe that

QclW](z) = 1p(x) - F~H [Lpe(t) - FI()] (@), (42)

where F: L?*(RP™?) — L?(RP™) is the (p + 2)-dimensional Fourier transform, B(c)
denotes the set {z € RP™ : ||z|| < ¢}, and 14 is defined via the formula

1 ifz e A,
Lae) = { 0 ifzg A (43)
From (42) it follows that p; < 1 for all j.
We observe further that Q. is closely related to the operator P.: L*(RP*?) — L?(RF*?),
defined via the formula

Pl (z) = ( c )P/2+1 /]Rp+2 T2 (cllo — t”)w(t) dt, (44)

2r lz — tjpr+t

which is the orthogonal projection onto the space of bandlimited functions on RP™2 with
bandlimit ¢ > 0.
2.3.2 Eigenfunctions and Eigenvalues of F,

In this section we describe the eigenvectors and eigenvalues of the operator F,., defined
in (37). Suppose that 1 is some eigenfunction of the integral operator F., with corre-
sponding complex eigenvalue A, so that

M (x) = /B Y(t)e ™ dt, (45)

for all z € B (see Theorem 2.1).

Observation 2.3 The operator F,, defined by (37), is spherically symmetric in the sense
that, for any (p + 2) X (p + 2) orthogonal matriz U, F. commutes with the operator
U: L*(B) — L*(B), defined via the formula

UlY)(z) = v(Uz), (46)

for all x € B. Hence, the problem of finding the eigenfunctions and eigenvalues of F, is
amenable to the separation of variables.

10



Suppose that

(x) = P (I|=[) Sk (=/ 1], (47)

where S, £ = 0,1,...,h(N,p) denotes the spherical harmonics of degree N (see Sec-
tion ?7?7), and ®4(r) is a real-valued function defined on the interval [0,1]. We observe
that

et o N2 oz I (elzllIED e
N=0 /=1

where z,t € B, and where J,, denotes the Bessel functions of the first kind (see Section VII
of [1] for a proof). Substituting (47) and (48) into (45), we find that

1
, Inapsa(crp)
M) = ZN(Q”)WH/U oy OV dp (49)

for all 0 < r < 1. We define the operator Hy,.: L*([0,1], o™ dp) — L2([0,1], p*™* dp)
via the formula

Hyalr) = [ P2 o) (50)

where 0 < r <1, and observe that Hy . is clearly compact and self-adjoint, and does not
depend on ¢. Dropping the index ¢, we denote by By, Bn1,-- -, BNn, - - . the eigenvalues
of Hy,., and assume that |Sy,| > |Onnt1| for each nonnegative integer n. For each
nonnegative integer n, we let ®y, denote the eigenvector corresponding to eigenvalue
BNn, so that

L
Bratalr) = [ P20 (o) (1)

for all 0 < r < 1. Clearly, the eigenfunctions ®y, are purely real. We assume that
1P x.nll22(j0,1),p7+1 dp) = 1 and that @y, (1) > 0 for each nonnegative integer N and n (see
Theorem 9.6). It follows from (51) and (49) that the eigenvectors and eigenvalues of F.
are given by the formulas

Vn(®) = Pun(llz]) Sy (/). (52)

and
Xy = iV 20" By, (53)

11



respectively, where x € B, N and n are nonnegative integers, and ¢ is an integer so that
1 < ¢ < h(N,p) (see Section ?77). We note in formula (53) the expected degeneracy
of eigenvalues due to the spherical symmetry of the integral operator F. (see Observa-
tion 2.3); we denote Ay, by A, where the meaning is clear. We also make the following
observation.

Observation 2.4 The domain on which the functions ®n ,, are defined may be extended
from the interval [0, 1] to the complex plane C by requiring that (45) hold for all r € C.
Moreover, the functions @y ,,, extended in this way, are entire.

2.3.3 The Dual Nature of GPSFs

In this section, we observe that the eigenfunctions ®x o, Pn1,..., Py, ... of the inte-
gral operator Hy ., defined in (50), are also the eigenfunctions of a certain differential
operator.

Let By, denote the eigenvalue corresponding to the eigenfunction ®y ,, for all non-
negative integers N and n, so that

/1 INpy2(crp)
0

L o) i, (54

ﬁN,nq)N,n(r) =

where 0 < r < 1, N and n are nonnegative integers, and J, denotes the Bessel functions
of the first kind (see (51)). Making the substitutions

onn(r) = P28y (1), (55)
and

YNn = C(p+1)/2ﬁN,na (56)

we observe that

1
P)/N,nQON,n(T) - / JN+p/2(Crp) VErp ¢N,n<p) dp> (57)
0

where 0 < r < 1, and N and n are arbitrary nonnegative integers. We define the operator
My .: L*([0,1]) — L*([0,1]) via the formula

M lgl(r) = / Inep2erp) TP o(p) dp, (58)

where 0 < r <1, and N is an arbitrary nonnegative integer. Obviously, My . is compact
and self-adjoint. Clearly, the eigenvalues of My . are v o, YN 15 -+, YNms - - -, and @, is
the eigenfunction corresponding to eigenvalue vy ,, for each nonnegative integer n.

12



We define the differential operator Ly . via the formula
d d T—(N+5)?
Ludelle) = (0= Ew) + (5 -, o)

where 0 < z < 1, N is a nonnegative integer, and ¢ is twice continuously differentiable.
Let C' be the class of functions ¢ which are bounded and twice continuously differentiable
on the interval (0, 1), such that ¢’'(0) =0if p= —1 and N = 0, and ¢(0) = 0 otherwise.
Then it is easy to show that, operating on function in class C', Ly . is self-adjoint. From
Sturmian theory we obtain the following theorem (see [1]).

Theorem 2.2 Suppose that ¢ > 0, N is a nonnegative integer, and Ly . is defined
via (59). Then there ezists a strictly increasing unbounded sequence of positive numbers
XNo < XN < ... such that for each nonnegative integer n, the differential equation

Ly c[#](x) + xnnp(z) =0 (60)

has a solution which is bounded and twice continuously differentiable on the interval
(0,1), so that ¢'(0) =0 if p=—1 and N =0, and ¢(0) = 0 otherwise.

The following theorem is proved in [1].

Theorem 2.3 Suppose that ¢ > 0, N is a nonnegative integer, and the operators My .
and Ly . are defined via (58) and (59) respectively. Suppose also that ¢: (0,1) — R is in
L*([0,1]), is twice differentiable, and that ©'(0) =0 if p=—1 and N =0, and ¢(0) =0

otherwise. Then

LN,C [MN,C[(;OH (J]) = MN,C [LN,C[QOH (ZL’), (61)
forall0 <z < 1.

Since Theorem 2.2 shows that the eigenvalues of Ly, are not degenerate, Theorem 2.3
implies that Ly, and My . have the same eigenvectors.

2.3.4 Bandlimited Functions and GPSFs

2.3.5 Zernike Polynomials and GPSFs

In this section we describe the relationship between Zernike polynomials and GPSFs. We
use Yy ,, where ¢ > 0 and N and n are arbitrary nonnegative integers, to denote the nth
eigenfunction of Ly ., defined in (59); we denote by xn.,(c) the eigenvalue corresponding
to eigenfunction ¢f .

13



For ¢ = 0, the eigenfunctions and eigenvalues of the differential operator Ly ., defined
in (59), are given by the formulas

Tnn(z) = x(pﬂ)/QRN,n(x), (62)
and
Xnn(0)=(N+E24+2n+ (N +L+2n+3), (63)

respectively, where 0 <z <1, N and n are arbitrary nonnegative integers, and Ry, are
Zernike polynomials defined by (2). We define the functions 7'y, via the formula

Tnn(z) = x(p+1)/2}_%N7n($), (64)

where 0 < x < 1, N and n are nonnegative integers, and }_%N’n are the normalized Zernike
polynomials defined by (6), so that

/0 (Tyn(z)) de =1, (65)

for all nonnegative integers N and n.
For small ¢ > 0, the connection between Zernike polynomials and GPSFs is given by
the formulas

Pin(2) = Tnn() +o(c?), (66)
and
Xnn(€) = xnm(0) + o(c?), (67)

as ¢ — 0, where 0 < x <1 and N and n are arbitrary nonnegative integers (see [1]).
For ¢ > 0, the functions T}, are also related to the integral operator My ., defined
in (58), via the formula

! (=1)"JInypj2+ant1(cr)

MN,C[TN,n] (z) :/o INp2(cay)y/ery T, (y) dy = NG , (68)

where x > 0 and N and n are arbitrary nonnegative integers (see (27)).

2.4 Miscellaneous Analytical Facts

The following theorem is an identity involving the incomplete beta function.

14



Theorem 2.4 Suppose that a,b > 0 are real numbers and n is a nonnegative integer.
Then

B.(a+n,b) =

['(a+n) <Fm+m ”Fm+b+k—nxﬁkﬁ

Ta+b+n)\ IL(a) B“<“’b)_<1_“")b; T(a+ k)

(69)
for all 0 <z <1, where B,(a,b) denotes the incomplete beta function.

The following lemma is an identity involving the gamma function.

Lemma 2.5 Suppose that n is a nonnegative integer. Then

“T(k+3) 20(n+3)
ﬁJr;F(kJrl)_ P(n+1)° (70)

The following two lemmas are identities involving the incomplete beta function.
Lemma 2.6 Suppose that 0 < r < 1. Then

Bi_2(1, 1)y =2(1 —r). (71)

12
Lemma 2.7 Suppose that 0 <r < 1. Then

Bi_,2(3,3) = 2arccos(r). (72)

2.4.1 The Area and Volume of a Hypersphere

The following theorem provides formulas for the volume and area of a (p+2)-dimensional
hypersphere.

Theorem 2.8 Suppose that SP**(r) = {x € R : |jz|| = r} denotes the (p + 2)-
dimensional hypersphere of radius r > 0. Suppose further that A,.+(r) denotes the area
of SP*2(r) and V,2(r) denotes the volume enclosed by SP*2(r). Then

27Tp/2+1

= =yt
Ap+2(7") F(g + ]_)T 9 (73)
and
P/2+1
— _—_ ppt2

15



The following theorem provides a formula for the volume of the intersection of two
(p + 2)-dimensional hyperspheres (see, for example, [4]).

Theorem 2.9 Suppose that p > —1 is an integer, let B denote the closed unit ball in
RP™2 and let B(c) denote the set {x € RP™? : ||z|| < ¢}, where ¢ > 0. Then

By _juy2/a(2 + 32,1
/ L — t)Lp(0) dt = V(1) 215+ 5:3)
o 53)

75
B<§+ 7% Y ( )

for allu € B(2), where B(a,b) denotes the beta function, B(a,b) denotes the incomplete
beta function, V1o is defined by (74), and 14 is defined via the formula

@ ={ 5 Jreh o)

2.4.2 Bessel Functions

The primary analytical tool of this subsection is Theorem 2.15.
The following lemmas 2.10, 2.11, 2.12, 2.13, 2.14 describe the limiting behavior of
certain integrals involving Bessel functions.

Lemma 2.10 Suppose that v > 0. Then

/OI(JZ,(QCT))2% dr — % + 0(1), (77)
as ¢ — Q.

Lemma 2.11 Suppose that v > 0. Then

[ taenyar = L8Oy (080 (78)

as ¢ — OQ.

Lemma 2.12 Suppose that v > 0 is real and k is a positive integer. Then

/0 (o (200t dr = 0(1), (79)

c

as ¢ — 0Q.
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Lemma 2.13 Suppose that n is a positive integer. Then

/1 MLzt arccos(r) dr = —— — 1 log(c) + 0<10g(c)>
0 r i a

: (80)
as ¢ — 0Q.

Lemma 2.14 Suppose that n and k are positive integers. Then

/ 1(Jn(2c7"))2(1 _yed g = L1080 o(log(c>), (81)

2T ¢ c
as ¢ — 00.

The following theorem describes the limiting behavior of a certain integral involving
a Bessel function and the incomplete beta function.

Theorem 2.15 Suppose that p > —1 is an integer. Then

b (Jpj21(2er))? b 31y, VTLG+3)  1log(e) log(c)
/0 T B =iy T +o(=7) e

as ¢ — 0o, where B,(a,b) denotes the incomplete beta function.

. . . 1
Proof. Suppose that p > —1 is an odd integer, and let n = £ + 5. Then

Y 2 ? Y (n 2 ]
/ (Jp/21(2cr)) BHQ(%%,%)M:/ (Jus1j2(2er)) Bi_o(1+n Lydr. (83)
0 0

T r

By Theorem 2.4 and Lemma 2.6, we observe that

2
/1 (Jn+1/2(2c7")) Bi2(1+n,Y)dr
- r 92
0

- II:EZ_T: 2; /1 (‘]"+1/2r(2cr)) (gBl—ﬂ(l, %) - Tzn: ?EIZ j__ % (1-— 7“2)k> dr
_T(n+1) [ (Jn+1/2(207“))2 - F<_k +3) 2
_ F(n+%)/o a (ﬁ(l—r)—?“;m(l—r ) dr, (34)

where 0 < r < 1 and n is a nonnegative integer. By lemmas 2.10, 2.11, and 2.12, it
follows that

2
/1 (Jn+1/2(207“)) Bi2(1+n,1)dr
T r 92
0

n T = )\ log(c og(c
A L) ()




as ¢ — 00, where 0 < r <1 and n is a nonnegative integer. Applying Lemma 2.5,

/O(n+1/2(207')2 (14, Yy dr

)
(n n+ 3) log(c og(c
+1§<2n—|—1 i?nil)lgc()>+o(l gc())
(

\/_F n+1)  1log(c) +0<10g(0)>, (86)

- 2(n+3)(n+3) = ¢ c
as ¢ — oo, where 0 < r < 1 and n is a nonnegative integer. Therefore,
Fppn@en)? sy VAL ) llog(e)  rlog(c)
1*7’2(24_272) r= P +o0
0 r p+2)r5+2) w c

as ¢ — oo, for all 0 < r <1 and odd integers p > —1.
The proof in the case when p > 0 is an even integer is essentially identical.

3 Analytical Apparatus

3.1 Properties of GPSF's

The following theorem provides a formula for ratios of eigenvalues Sy, (see (51)), and
finds use in the numerical evaluation of By .

Theorem 3.1 Suppose that N is a nonnegative integer. Then
Brom _ Jo 2Pl (1) m(w)a? da
BNn fol @y (2) Py () 2P T dz’

for each nonnegative integers n and m.

(83)

3.2 Decay of the Expansion Coefficients of GPSF's into Zernike
Polynomials

Since the functions @y, are analytic on C for all nonnegative integers N and n (see

Observation 2.4), and @%ﬂ?n(O) =0fork=0,1,..., N—1 (see Theorem 9.5), the functions
¥y, are representable by series of Zernike polynomials of the form

D Z b Ry (7 (89)
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for all 0 < r < 1, where b, by, ..., by, ... are real numbers, and Ry, is defined by (6).
Theorem 77 in this section shows that the coefficients b, decay exponentially, and estab-
lishes a bound for the decay rate.

4 Dimension of the Class of Bandlimited Functions

In this section, we investigate the properties of the eigenvalues p, i1, ..., 1tj, ... of the
operator ()., defined via formula (39). We denote by A; the eigenvalues of operator F,
defined via formula (37), and let ¢); denote the eigenfunctions corresponding to A;, for
each nonnegative integer j.

The following two theorems evaluate the sums Z;io f; and Z;io ,u? respectively.

Theorem 4.1 Suppose that ¢ > 0. Then

cbT2

Z,u] o 20+20(2 4 2)2° (90)
Proof. From (38), we observe the identity

D Aty () = €, (91)

=0

for all x,t € B, where B is the closed unit ball in RP*2, and the sum on the left hand
side converges in the sense of L?*(B) ® L*(B). By taking the squared L?(B) @ L*(B)
norm of both sides and using (74), we obtain the formula

Sppe (92)
12 — ] 92
=0 ’ I'(§+2)
Since
B c \ pt+2 9
= (%) R¥I (93)

for all nonnegative integer j (see (38)), it follows that

Zﬂa T (L 4 2) (94)
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Theorem 4.2 Suppose that ¢ > 0. Then

P2 P log(c)
— cp-‘rll
i g~ S o o),

as ¢ — OQ.

Proof. By (41),

- e \P/2+1 Ty 041 (clle — t]|)
Sombion) = (5) e
j=0

(95)

(96)

for all x,¢ € B, where the sum on the left hand side converges in the sense of L*(B) ®
L?*(B), and where J, denotes the Bessel functions of the first kind. Taking the squared

L*(B) ® L*(B) norm of both sides, we obtain the formula
2
p“ Jp/2ra(cllz — )
dz dt
ZNJ 27r // ‘m_th+2 X

p+2 Jpj241(c H$+t”))
dz dt
27 / / [z + t][P+2 o

p”/ / Jyjan(ella + t))” 1L (2) L (£) da dt
27T RD JRD B B ’

[l + ¢][P+2

where 1 4 is defined via the formula

1 ifxe A,
L‘(x)_{ 0 ifzd A

Letting u = x 4 ¢, we observe that

2
p+2 Jpsara(cllul]))
Lg(u—t)15(¢) dudt
ZMJ 27r /RD /RD [ul[P2 B(u—1)1p(t) du
p” Tyjasr(clul))?
1 Lg(u—t)1g(t) dudt
27r /RD /RD o[ P2 B2)(uw)lp(u —t)1p(t) du

_ (%)”2 /B(Q) (J”/T;'(’ﬂg’m /}RD 1p(u — t)15(t) dt du.
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Combining (99) and (75),

00 2

2 [ C\PF? (Sps21(cllull)) Bi_jujz/a(5 + 35 3)
Z'“j ~\or +2 Vira(1) Py 3 1 du
s 2 B(2) [l [P B(5+3.3)

By jujz/a(§ + 5, 3) du

CNP2 Vo e (cllul))”
:< > V+(31)1 /B(Q)(J/ )

2n/ B(5+5:5) ][ P+2

_ ( c >p+2V (( )Ap+2() )/ ( p/2+1(cr))2B 2 (2 + 3 l)dr
2m —i—%,% 0 r T e
_ (;T)pwv ((_ )Ag,é()l)/o ( p/z+1r(207”))231_742(g+g,g)dr, (100)

where V),12(1) denotes the volume of the unit ball in RP™2, A,,5(1) denotes the area
of the unit sphere in RP*2, B(a,b) denotes the beta function, and B, (a,b) denotes the
incomplete beta function. Applying Theorem 2.8 to (100),

00 2
Z,uz. _ P2 /1 (Jp/2+1(267’)) B 2(2 n 3 l) dr
S AT (S DTG+ 3) o r 2 T

s | /1 (Jpja11(2¢r))”

~al(p+2 r
Combining (101) and (82),

P2 VTT(E+3) og(c) log(c)
Z“J - wl(p+2) ((p+2)1”(;+2> B %1 gc +O<g7)>

P2 P log(c)

Bi_2(2+ 3 1)dr. (101)

= — AR 102
P T(E 122 al(p+2) (" log(e)), (102)
as ¢ — 0.
[ |
The following corollary follows immediately from theorems 4.1 and 4.2.

Corollary 4.3 Suppose that ¢ > 0. Then
P llog(c

Z (1= ) = S B o o)), (103

m(p +2)

as ¢ — 0Q.
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From (90) and (103) we observe that the spectrum of Q. consists of three parts:

(104)
2PH2[ (B 4 2)2

eigenvalues close to 1;

T og(c)

7T (p+ 2) (105)

eigenvalues in the transition region; and the rest close to 0.

5 Numerical Evaluation of GPSF's

5.1 Numerical Evaluation of Eigenvalues ),

5.2 Numerical Evaluation of a Single Eigenvalue \;

6 Quadratures for Band-limited Functions
7 Interpolation via GPSF's
8 Numerical Results

9 Miscellaneous Properties of GPSF's

9.1 Growth and Oscillation Properties

9.2 Properties of the Derivatives of GPSFs
The following theorem follows immediately from (55) and (59).

Theorem 9.1 Let ¢ > 0. Then

a ((prrl B xp+3)%<x))

dz
1 f
+ (XmePH _ wmpﬂ — N(N +p)a?~t — Cpr+5) Oy p(z) =0,
(106)

where 0 < x <1 and N and n are arbitrary nonnegative integers.
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Corollary 9.2 Let ¢ > 0. Then

2*(1 =20, () + ((p+ Lo = (p + 3)2°) Py, (v)

+ <XN,n$2 - Wﬁ — N(N +p) — 02x4> Oy, (z) =0, (107)

where 0 < x <1 and N and n are arbitrary nonnegative integers.

The following lemma connects the values of the (k + 2)nd derivative of the function
Oy, with its derivatives of orders k — 4,k — 3,...,k + 1, and is obtained by repeated
differentiation of (107).

Lemma 9.3 Let ¢ > 0. Then
(22 — 2"\ () + ((2k + 1+ p)z — (4k + 3+ p)2®) o\ ()
+ (k(k +p) = NN+ )+ [xxn = 40+ 1)(p+3)
— 3k(2k + 1+ p)]a? — c2:c4> o) (x)
+ ([zk(XN,n — Yp+1)(p+3)) — k(k — 1)(4k + 1+ 3p)]z — 4l<:c2x3> oV (x)
(kO =1) (v =5 (0 1) (p4+8)) k(b —1) (k=2) (k++p) ~6k(k—1)c%* ) 0, (=)

— dk(k — 1)(k — 2)22dY, Y (x) — k(k — 1)(k — 2)(k — 3)2d Y (x) = 0,
(108)

where 0 < x < 1, N and n are arbitrary nonnegative integers, and k is an arbitrary
integer so that k > 4. Also,

(% = ah) P, () + ((p+ Dz — (p + 3)2°) Py, ()
+ <—N(N +p)+ [xnn — 10+ 1)(p+2)]2” — c2:1:4> Oy n(x) =0, (109)
and
(a* — 2O (@) + (0 + ) — (p+ 7)2*) B, ()
+ ((p—i— 1)=N(N+p)+ [XN,n — %(p—i— 1)(p+3) —3(p—|—3)]x2 —c2x4> CIDEVn(x)

n (2 Xy — L+ 1)(p+3)]z — 40%3)%7,1(95) —0, (110)
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and
(a2 = 2R (@) + ((p+5)a — (p+ 11)2%) 2, (z)
+ (20+2) = N(N+p)+ [xwn— Hp+1) (p+3) ~6(p-+5)]a* — 22 ) @), (2)
+ ([400wn = 30+ D(p +3)) = 6(p+ 3)] 2 — 8¢%° ) @)y, ()
+ (200w = 4+ D(p +3)) — 1262 Oy(@) = 0, (111)
and
(2% = 2")OF), (2) + ((p+ Tz = (p+ 15)2%) 0, (x)
+ (3(p+3) N(N+p)+ [xvn—1(p+1)(p+3)—9(p+7)] 2’ —02334) oY) ()
+ ([600xn — 20+ 1P +3)) = 6(3p+ 13)]w — 126%° )}, ()
+ (6(xwn = dp+ 1)(p+3)) = 6(p +3) — 36¢%%) @)y, (x)
— 242N, (z) = 0, (112)
where 0 < x < 1 and N and n are arbitrary nonnegative integers.

The following corollary and theorem are obtained immediately from Lemma 9.3.

Corollary 9.4 Let ¢ > 0. Then
(k(k+p) = N(N +p)) @, (0)
(k= 1) (o — S0+ 10+ 3)) = Kk = 1)(k = 2)(k + p) )27 (0)
— k(k — 1)(k — 2)(k — 3)@{, " (0) = 0, (113)

where N and n are arbitrary nonnegative integers, and k is an arbitrary integer so that
k> 4. Also,

N(N +p)®y,(0) =0, (114)
and

((p+1) = N(N + p)) Py ,(0) =0, (115)
and

(2(p+2) = N(N 4 p)) @3 n(0) +2(xnm — (0 +1)(p +3)) Pnn(0) =0,
(116)
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and
(3(p+3) = N(N + ), (0)
+ (6(xvn = 3+ 1)(p+3)) = 6(p+3) ) @y, (0) = 0,
where N and n are arbitrary nonnegative integers.
Theorem 9.5 If N =0, then
Py, (0) # 0,
where n is an arbitrary nonnegative integer. If N > 1, then

oM (0)=0 fork=01,...,N—1,

1

and
iy (0) # 0,
where n is an arbitrary nonnegative integer.
The following theorem follows directly from Theorem 77.

Theorem 9.6 Suppose that N and n are nonnegative integers. Then

Oy (1) #0.

(117)

(118)

(119)

(120)

(121)

9.3 Derivatives of GPSF's and Corresponding Eigenvalues With

Respect to c

The following two theorems establish formulas for the derivatives of the eigenvalues py ,,

(see (40)) and By, (see (51)) with respect to c.

Theorem 9.7 Suppose that ¢ > 0 is real and that N and n are nonnegative integers.

Then
O _ 5 @xall) = (p+2)
80 Nmn 26 )
and
a,uN,n_,U/N,n 2
i _ 10 (g, (1))~ (p+ 1)
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9.4 Integrals of Products of GPSFs and Their Derivatives
10 Appendix A

10.1 Derivation of the Integral Operator Q.

In this section we derive an explicit formula for the integral operator @, defined in (39).
Suppose that B denotes the closed unit ball in RP™. From (39),

Qe[v](z) = 27r p+2 / / ele=tulap(t) du dt, (124)

for all z € B. We observe that

et = 525 i ampren DR o st ooy, 29

for all u,v € B, where S§ denotes the spherical harmonics of degree N, and J,, denotes
Bessel functions of the first kind (see Section VII of [1]). Therefore,

¢ O )p/2+1 / Jopellvllp) ooy
/B - o (cllvflp)rr
_ @mprt )P/2H1 it
CENEE P (elole) dp
- () Tyana(cliol)

Y 126
) e 120
for all v € RP™2, where the last equality follows from formula 6.561(5) in [5]. Combin-
ing (124) and (126),

Q) = (2)"" /B J’”Tfj_ﬁ”'ﬁ@f”@(t) dt, (127)

for all x € RP*2,
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