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ABSTRACT. Let (2,)22; be a sequence on the torus T (normalized to length 1). We show that
if there exists a sequence of positive real numbers (¢,)52 ; converging to 0 such that

SRR 1
lim — —— exp (——(mm — :vn)2) =7
N—oo N2 m,;:l ViN tN ’
then (z5)52, is uniformly distributed. This is especially interesting when ¢y ~ N~2 since the
size of the sum is then essentially determined exclusively by local gaps at scale ~ N—!. This can
be used to show equidistribution of sequences with Poissonian pair correlation, which recovers a
recent result of Aistleitner, Lachmann & Pausinger and Grepstad & Larcher. The general form
of the result is proven on arbitrary compact manifolds (M, g) where the role of the exponential
function is played by the heat kernel etd: forall z1,...,xy € M and all t > 0
N

1 A 1
E Oz n) >
N2 le ml(@n) 2 vol(M)

and equality is attained as N — oo if and only if (2,)52; equidistributes.

1. INTRODUCTION

1.1. Introduction. Let (z,,)22; be a sequence on [0, 1]. A naturally associated object of interest
is the behavior of gaps on a local scale. If the sequence is comprised of independently and uniformly
distributed random variables, then

1
lim N#{l§m7én§N:|xmfxn|§%}:2$ almost surely.

N—o00
Whenever a deterministic sequence (z,)% ; has the same property, we say it has Poissonian pair
correlation; this notion of pseudorandomness has been intensively investigated, see e.g. [5, 8, 9,
10]. Recently, Aistleitner, Lachmann & Pausinger [1] and Grepstad & Larcher [4] independently
established that sequences with Poissonian pair correlation are uniformly distributed on [0, 1].

Theorem (Aistleitner-Lachmann-Pausinger [1], Grepstad-Larcher [4]). Let (,)52; be a sequence
on [0,1] and assume that for all s > 0
1 S
i ~ < < T — | S = = )
ngnooN#{l_m#n_N | T — X N} 2s a.s
then the sequence is uniformly distributed.

An intuitive explanation is that any type of clustering produces many pairs (Z,,,,) which are
close to each other — the two available proofs are very different; the proof in [4] also implies a
quantitative estimate on discrepancy. The purpose of this paper is to embed this result into an
entire family of criteria that imply uniform distribution — this family of criteria strenghten the
result cited above and are applicable on general compact manifolds.

1.2. Qualitative Results on the Torus. We start by formulating our result in the special case
of the one-dimensional torus T (normalized to have length 1): let

Oi(x) =1+2 Z e~ 4t cog (2mnx) denote the Jacobi §#—function.
n=1
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We observe that 6;(z) > 0, 0:(x) = 6,(1 — x),
' <
/ Oy (x)dx =1 and O¢(x) ~ {(1)/\/% for x| < V1t
0

otherwise.

It looks roughly like a Gaussian centered at 0 with standard deviation ~ t'/2 (the profile indeed
converges to that of a Gaussian as ¢ — 0). Note that the property 6;(x) = 6;(1 — ) implies that
we never have to distinguish between points on the unit interval [0, 1] and points on the torus T of
length 1. Our main result, when applied to the one-dimensional torus T, can be stated as follows.

Corollary. Let (x,)22, be a sequence on T. If there exists a sequence (t,)22 of positive and
bounded real numbers such that

N
. 1
(R DU NCEESES

then (,,)22 is uniformly distributed on T.

We see that the summands are roughly of order ~ t5' whenever |z, — y,| < ty and extremely
small in all other cases, which corresponds to working on one single scale ~ tj_vl. If the sequence
(tn)22; additionally converges to 0, then we can simplify the criterion by replacing the Jacobi
f#—function with a suitable scaled Gaussian: indeed, if ty — 0, then

. 1 2
Jim Z re’(p( (”fm‘x“)):ﬁ
immediately implies

e 3 o) =1

m,n=1

FicUure 1. Highly localized Gaussians evaluated at neighboring points.

It is not difficult to see (and will be established as part of our argument) that for any 0 < s < ¢
and any x1,2zs,...,2y € T

| X
N2 Z Os(xp, — ) > N2 Z Ot (xy, — ) > 1.

m,n=1 m,n=1

This shows that the criterion becomes more restrictive if the sequence of scales (¢,,)22; is made
smaller. Conversely, if that sequence is taken to be the constant sequence, ¢, = 1 for all n € N,
the criterion becomes sharp and characterizes uniform distribution.

Corollary. A sequence (x,,)52, is uniformly distributed on [0,1] or T if and only if

1 N
M xm 2 Gilen —am) =1
m,n=

There is nothing special about ¢ = 1 and the result holds if 6, is replaced by 6. for any fixed ¢ > 0.
Our proof givcs a little bit more information and shows that we could replace 6; by any function
¢ € C(T) satistying

/qb 1, ¢(x) =¢(1 —x) and /Td)(m)ezmkxdx >0 forall keN.



This result is strongly related to the classical Bochner-Herglotz theorem and variants exist on other
topological groups (see e.g. [6]). We emphasize that our Corollary, using the Jacobi §—function,
is a consequence of a result on general compact manifolds that does not assume any type of group
structure.

1.3. Application to pair correlation. The result cited above states that if for all s > 0
1 s
i -~ < < | m — Tn < == 3
]\}E){l)oN#{l_m7én_N & x"N} 2

then the sequence is uniformly distributed. A natural question is whether it is truly necessary to
require the limit relation to hold for all s > 0. We can use our criterion from above to show that
it suffices to know it for all s € N (slightly sharper results could be obtained but this is not the
focus of this paper). This should still be far from optimal and sharper criteria could be of interest.

Corollary (Pair correlation). Let (x,)5% be a sequence on [0,1] and assume that for all s € N

N —o0

1
lim —#{1<m#n< N fan 2| < 2} =25,
then the sequence is uniformly distributed.

The criterion cannot be directly applied to use pair correlation: for that we would be required to
work on the scale ty ~ N2 and it is not too difficult to see that this is where the criterion has
to stop working because the diagonal terms are already too large

N N
! 1 0:, (0) 1
N2 Z etN(In*Im)z W;Gthj(zn—zn):“’TN

m,n=1

5 < L
Nl

However, it is fairly easy to see that it is possible to make a slight adaption to the scale, essentially
tny ~ f(N)N~2 for some suitably chosen and very slowly growing unbounded sequence f(IV)
(growing at a speed depending on the speed of convergence of the pair correlation function).
Many variants are conceivable, we prove the following natural generalization.

Corollary (Weak Pair correlation). Let (x,,)22; be a sequence on [0,1], let 0 < o < 1 and assume
that for all s > 0

1
lim m#{lgm#nSN:\xm—xdgﬁ}:% a.s.,

N—o00

then the sequence is uniformly distributed.

We emphasize that this result is more widely applicable since the requirement of weak pair corre-
lation is less stringent. Consider, for example, a sequence (z,)52 ; obtained by taking xa,_1 to be
i.i.d. uniformly chosen random variables on [0, 1] and x2,, = z3,—1. This sequence does not have
Poissonian pair correlation but satisfies the notion of weak pair correlation for all 0 < a < 1 a.s.
The argument naturally generalizes to other geometric spaces and can be roughly summarized as
saying that whenever

#{1<mn<N:|zm—zn] <s-tn} for some ty — 0andall s >0

behaves as it would for Poissonian random variables, then the sequence is uniformly distributed
since criteria of this type can be used to determine the validity of the limit relation in our criterion.

1.4. A quantitative result. Our method is flexible enough to allow for the derivation of quanti-
tative results. We only discuss the simplest case, the method applies to fairly general discrepancy
systems on compact manifolds. Let now z1,x2,...,2zx € T. Discrepancy is defined as the maxi-
mum deviation of uniform and empirical distribution on the set of all intervals J C T

1<i<N:mield
Dy({z1,...,2zN}) = sup #{1< 7N }
JCT

= 1.



It is easy to see that Dy tends to 0 as N — oo if and only if the sequence is uniformly distributed.
We recall that for all zq,..., 2y € T

~ Z O(xp — ) >1 and decreases monotonically in ¢.

m,n=1

Corollary (Discrepancy bound). There ezxists a universal constant ¢ > 0 such that for any
xl,wg,...7wN€’]I'

D2 <c<N2 Z 97 D2, (Jjn—a?m)—1>
clogDN

m,n=1

We believe the result to be somewhat amusing but do not know whether it can be useful in a
more general context. We note that the §—function operates on spatial scale ~ Dy (log D N)_l/ 2,
Similar results can be obtained on general manifolds using the same argument. We point out a
connection to crystallization problems: given N points on a manifold interacting via a nonlocal
energy, minimizing configuration often arrange themselves into periodic structures (we refer to [3]

for an introduction and to [2, 7] for results involving the Jacobi §—function).

1.5. The general result. Let (M, g) be a smooth compact manifold. We use 2 to denote the
heat kernel, i.e. the semigroup that allows to solve the heat equation

(0 — Ag)ePug =0 on M x [0, o0]

and will apply it mostly to Dirac § functions located on the manifold. Note that classical short-time

aSymptOtiCS show
d(l’ y)2
tA —d/2 ’
e (5 ~ t ex _ s

where d(z,y) is the geodesic distance: we are therefore, for ¢ sufficiently small, essentially dealing
with Gaussians centered at . We will prove the general inequality

1
tA
e Z %) (¥n) 2 S0

m,n=1

and show that asymptotic sharpness characterizes uniform distribution of (z,)2%.

FIGURE 2. [eméw] (y) behaves like a Gaussian centered at y and scale ~ /.

Theorem. Let (M,g) be a smooth compact manifold and let (x,)22; be a sequence on M. If
there exists a bounded sequence of times 0 <ty < C such that

1
lim — tfv% -
N5 N2 Z #u) () vol(M)’
m,n=1
then the sequence is uniformly distributed on (M,g). Moreover, if txy = ¢ > 0 is constant, then
this limit relation holds if and only if (x,)52, is uniformly distributed.
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It is immediately clear that on special manifolds such as T¢ or S~ (where explicit formulas for
the heat kernel are available), the result could be simplified and put into a similar form as the
corollaries above on [0, 1] or T. It is also not difficult to see that the condition in the Theorem can
never be satisfied if ¢y decays faster than N—2/¢ since

N
1 1 _
tnA }: tnA d/2
sz €0 ( ")ZNszl(EN Oan) (7m) 2 JtN"

m,n=1

which is ~ 1 for ty ~ N~2/4. We quickly sketch what happens if we apply the result on the torus:
the heat kernel has the explicit form

[€"2(8:)1(y) = Ou(a — ).
The comparison between the Jacobi §—function 6:(x) for ¢ small comes from the asymptotic
estimate

1 z?
9t(x)~\/mexp 1)

It is easy to see the incurred error is small (indeed, many orders smaller than would be required).

2. PROOF OF THE MAIN THEOREM

2.1. Warming up. Before going into details, we give a very simple argument for the monotonicity

formula in the simplest case and prove that for any 0 < s < t and any z1,22,..., 2y € T
1 XN
LS ) 2 3 B 21
m,n=1 m,n=1

The proof is straightforward: first, we rewrite the expression as

% i 0, (2, —mm)f/H % <N25%><§:6%>d;ﬂ.

m,n=1

The Plancherel identity yields

L | T\N ) N
/Tes * (N > 5%,) <N > 5%>dx =Y 0, (N > 595”) () (N > 5%) (0)dz.
n=1 n=1 LEZ n=1 n=1
We note that - -
1 & ~ 1 &
and note that we can expand
1 & ,
N Z 5En — Z azeQ‘m@I
n=1 LEL
with ay = a_y and ag = 1. We also note that
é\s — Z 674772Z2t62ﬂ'i41
L€
and thus
N N
/9 * (Z M) (Z M)dx— 2674’” ¢ lag® = 1—|—2:ef47r v flag|?,
N =1 N =1 (e ez

which is monotonically decreasing in ¢t. On general manifolds, we will repeat the argument with
the Fourier basis of L? being replaced by eigenfunctions of —A,. The semigroup properties of the
heat kernel serve as a substitute for the behavior of convolution under Fourier transform.
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2.2. Structure of the Argument. We quickly outline the overall structure of the argument and
will then divide the proof accordingly. The proof has five steps.

(1)

2.

k<No

()

We will start by showing that

N
1
N2 Z (emézm) (zn) is monotonically decreasing in ¢.
m,n=1

Since we are dealing with a bounded sequence of times 0 < ¢y < C, monotonicity implies
that it suffices to prove the main result only for ¢, = C.

If the sequence is not uniformly distributed, there exists a ball B and € > 0 such that for
infinitely many N there are (|B| + ¢)N/ vol(M) out of the first N elements contained in
the ball B. We then consider, for a sufficiently small but fixed time § = dp . > 0, the
function

6A 1 Z(s’rm

and prove that the average value of the function in a small neighborhood of B is bigger
than vol(M)~! + ¢, 5 g for some fixed c. 5 5 > 0 and infinitely many N € N.
The Cauchy-Schwarz inequality then implies
N
1 1
A= 1)

N 2 =0~ Sol(M) > c; 5 p for infinitely many N € N.

L2(M)

We use the spectral theorem, the eigenfunctions (¢5)72, of the Laplace-Beltrami operator
—A, and inequalities related to the compactness 2 : L'(M) — H*(M) to conclude that
there exists a constant Ny € N, depending only on B,e,d such that for all N and all
T1,...,N €M

Z <65A1§:5 _ ¢>
N =~ o vol( vol(M)’ ¥

k<Np m=

2 2

N

1 1
VAN -
N Z O vol(M)

>
-2

L2 (M)

Combining these last two steps implies the existence of infinitely many N € N such that

s i)

k<N
and, finally, we can use this to show that

1 1
CA ~ -
<e NmZ:15mm vol(M)’¢k>

We conclude by arguing that

1
<2CA Z(sxm,NZ(sxm>_M+Z

k<No

2

1
Z 5 (C;(;)B)z >0

2

> s B.Ny,.c > 0 for infinitely many N € N.

2

1 N
<6 N Z acmad)k>

from which the result then follows when using that

N

N
1 1
BT D ba 7¢k> <eCAZ<Sx 7¢k> for all k > 1
< N~ Vol( ) N &

m=

because these eigenfunctions are orthogonal to ¢g(z) = vol(M)~1/2,



2.3. Proof of Theorem 2.

Proof. Let (M, g) be given and let us consider the L2—normalized Laplacian eigenfunctions
_Ag(bn = /\n¢n

as a basis of L?(M). Observe that Ao = 0 and ¢g = vol(M)~'/2 is a constant function.
Step 1. We can rewrite the expression as

A afl - Ly
b oo (o (5 (1)

m,n=1 m=1 m=1

This particular algebraic structure behaves well under the heat flow: for any f € C*°(M), we can
write

F=Y (for) e and e f =ML, 1) o
k=0 k=0
and thus

(e 1, 1) Z e M (f, k)’

This quantity is obviously monotonically decreasmg in t. Note that

N ) 1 2 1 ?
tlg{.lo@ f7f>:<f7¢0> _<f’vol(]\4)1/2> _vol(]\/[)</Mfdg> )

which immediately implies, using a density argument, that for all £ > 0

A iNcS iNa > 1
c NmZ::1 o ) Nmz:%” = Vol(M)~

oo
n=1

Step 2. Let us now assume that the sequence (x,) is not uniformly distributed but that

nonetheless

1
. . tNA —
N, N2 Z o) (2n) vol(M)

m,n=1
The monotonicity of the expression under the heat flow implies that also

N

lim o 37 () () =

vol(M)’

where C'is the uniform upper bound on the sequence of times ¢ . Not being uniformly distributed
means there exists a geodesic ball B C M and ¢¢ > 0 such that

1<m<N:z, cB B o
#{ 7m7N Tm € }_VOI(M)‘ > £ for infinitely many N.

‘We shall assume that

1<m<N:x,€B B .
#1 _m_N Tm € }v0|1(]14)250 for infinitely many N

because the other case implies the same estimate for another ball B’ C M \ B (possibly with a
different value of €y). We may assume without loss of generality (by possibly making o smaller)
that |B| < 1/2. Let Bs denote the d—neighborhood of B and let § > 0 be chosen so small that
|Bs|
<14 =9
B =" 00

and let £y > 0 be chosen so small that

inf 085 (z)de > 1 — —%
in /35[6 2| (@)da 100
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These two facts imply that for infinitely many N

N

/ [Ml 25%1 dx>(1—ﬁ>(|3|+£o)ﬁ.

This means that the average value satisfies

L/ etoAi g: ) (z)dz >
|Bs| J B, N = " B

1- Eo>|B|+EO 1

( 100 |Bs|  vol(M)
&0 |B| €0 1
>(1-—2) (= + ==
= ( 100) <|B(;| B,s) vol(M)
> ( +

90 1

.

100) ( 100 60) vol(M)
98¢0 99¢; 1 1

>

= (1 100 10000) Vol(M) ~ vol(M)

Step 3. The Cauchy-Schwarz inequality implies, for general functions f that
1 1 1
_ - | = = \d
| = |y, U~ ey
1/2

fdx —
< (0 m) )

and therefore there exists a constant €; > 0 (depending only on €g and | Bs|) such that for infinitely
many N € N

| Bs|

|Bs| /s,

> £1.

a1 & 5 1
¢ NZ om (x)ivol(M)

m=1 L2(M)

Step 4. We will now prove that for any tg > 0, any N € N and any set of points zg,x1,..., TN

N
vetod L > o
N m=1 o

for some implicit constant that is both independent of N and the actual set of points. It is easy
to see that

Sto,(M,g) 1

L2 (M)

N

VetOA Z Oz, % Z VetOAézm
nL 1 Lo (M) m=1 Lo (M)
1 N

< Eg\% HvetoA(;zHLw(M) S(Mg)te 1

which follows from the regularity of the Green’s function. By the same token

A 1 Y

N 2_:1 6wm Z 63:,,1
1 Z e0A g,
N m=1 "

< up 1925 1y S

< vol(M)Y/?
L1 (M)

L2 (M)

S(M,9)

L2(M)



We can now use the spectral theorem to write

1 & ’ 1 &
vetoAN Z 6zm )\k <etoAN Z 5zm;¢k>
m=1 m=1

However, at the same time, the eigenvalues of the Laplace-Beltrami operator are monotonically
increasing and unbounded

2
00

-

L2(M) k=0

1 2 (M,9),t0

O< A <A< — o0
Weyl’s law would give the asymptotic growth but that is not necessary. Recall that we have that

for mﬁmtely many N eN
Z 1
Tm VOI(IM )

m=1

> 1.

L2(M)
We can now argue that for Ny > 1
2

1 1
2 toA
51§ [60 N26w7n] (I)—W
m=1 L2(M)
1 ’ 1 & ’
STD (3 SLARTS| D oy (. ST Ay
0<A A, <Ny m=1 A >Ny m=1
1 Y o 1 ’
S <etoAstzm,¢k> Ly <etoAst$m,¢k>
0<AL<N; m=1 L xSV m=1
1 o 1 & ’
fA to A
e S S i
0<AL <Ny m=1 L2(M)

Step 4 implies that this final gradient term is uniformly bounded for all N and all z1,..., 2y € T.
This means, that there exists N1 € N and €9 > 0 depending only on (M, g), to,e1 such that, for

infinitely many NNV,
1 & ’
toA
<e0 Nzamm7¢>k>
0< A <N7 m=1

Step 5. Using representation in Fourier series, we easily get that for all s > t,

1 & ’

sA

3 |y )
0<Ae <Ny m=1

We conclude by arguing that, for infinitely many N € N,

(08 2 e Dot = (2 S e S )
N Tm - Tm Tm
m=1 m=1 m=1

=2
k=

1 N
=N b, ,<z>k>
0 < Nm:l

[e9) 1 N
= VOl +k§:1 < CANTnz_:ldxmv¢k>

1 1 &
vol(M) - Z Nmzz Oom: G

k<No
1 —N2(C—to)
1 (0]
vol(M) te

252.

2
> 6_N1 (5—t0)€2

2

2

2

v

£2.
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3. PROOF OF THE DISCREPANCY BOUND

Lemma. Lett > 0 and consider 0; : T — Ry given by.

O () =1+2 Z e~4mn’t cog (2mnx).
n=1
If e > 0 and
x> 2+/log (2/e)V/t, then / Oi(y)dy > 1 —¢.

Proof. A simple topological argument allows to compare the heat kernel on the torus with the
heat kernel on the real line: on the torus we have the possibility of looping around which we do
not have on the real line. Therefore, for all z € R and all ¢ > 0

s 2 2 1 z?
1+2 e~ cos (2nz) > e 4t
,; ( ) 4rt
The result then follows from the Chernoff bound
* 1 y2 =2
e 2dy<e 7.
| et
|
Proof of the Discrepancy Bound. Let x1,...,zxy € T be given and assume that
Dy({z1,...,2N}) =€
Then there exists an interval J C T such that
#{1<m<N:x,€J}
~ —J|| =e.
We distinguish two cases:
1<m<N:x, €J 1<m<N:x,€J
#UsmsN:am€J) . apg  #UEMSEN:zwedy 5
N N
We start with the first case, the second case is essentially identical. We set
1 g2

t= ———%——.
100 log (20/¢)

This choice guarantees, using the Lemma above, that

e/4 e
O:(y)dy > 1 — —.
/_5/4 ¢ 10

We will now consider the slightly larger interval J* given as the £/4—neighborhood of J. We see
that, for infinitely many N € N,

1 1 & ey 1 &
—[e®/2a 3" 5 >(17f) — %5
il Sl 205 e[ 2o
m=1 LY(J*) m=1 L1(J)
N
€ 1 1
> (1- = ~ 35,
—( 10)|J\+e/2 NZ
m=1 L(J)
ey |J|+e
>(1- =
—( 10)|J\+e/2
€ 1+e
>1_7)
*< 10/ 1+¢/2
1
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We use the Cauchy-Schwarz inequality in the form

( REE dx)2 < ( [ - 1>2da:) 77 < ( [ @ - 1>2dx)

to conclude that

L3(T)

L4 A
A ML T 7

FIGURE 3. Slightly too many points in an interval (bounded by straight lines)

implies slightly too much L' —mass of the heat kernel in a slightly larger interval
(bounded by curved lines).

An explicit computation shows that

g

m=1

2

/T[(t/m ZN: ] 2dz — 1

L3(T)

N N
(t/2)A (f/Q)Ai —
< Z Tm ) € N Tnz:1 693 m > 1

m:l
tAl N 1 N
:<e N;‘sxmﬁ;&"m 1
1 & _
_ e Z 0,
m,n=1

and we can conclude the result. The other case of not enough points follows analogously except
that J* is obtained from shrinking .J. ]

3.1. Proof of the Pair Correlation Corollaries.

Proof. This is a fairly straightforward diagonal argument. It is worthwhile to first study the
behavior of various objects at the critical scale ty = N2 corresponding to physical scale N 1.
We will only work with sequences of time scales (¢,,) ; that tend to 0 and will simplify exposition
by using the form of the criterion employing the exponential function, which has a nice dilation
symmetry. For any € > 0, there are constants K and (ay)f_,, (by)5_; such that for all N € N

eXp N2 2 Zakx‘yK by <e
L>(R)

)

where x denotes a characteristic function. This can be accomplished by the usual step function
approximation. This naturally implies that

) N 1 N K
— D Nexp(=N?(zp —20)°) Z DU Xy, <%

m,n=1 m,n 1k=1

1>
< =
- N




12

Assuming Poissonian pair correlation, we get

. k
NN D DN < = kzlakzv#{l Smn SN ol <

m,n=1k=1
K
=) ax(1+2bg).

k=1

At the same time

K K
> 2= [ S avvyends~ [ ew () dn=va
k=1 Rp=1 R

We see that the problem comes from the fact that our criterion sums over all pairs (z,,2,)
(including those for which m = n) while pair correlation only counts pairs (2, z,) with m # n.
At the same time, these diagonal terms have a nontrivial contribution in our theorem since

N
1
N2 Z Nexp (=N*(zp — 2n)?) = 1.

m=1

However, it is easily seen that for the diagonal terms to contribute substantially

1 &K1 1 ) 1
w 2 e (o) =
we do indeed require that ¢t ~ N~2. If it were to decay slightly slower, say ty = f(N)N~2 for
a monotonically increasing unbounded sequence f(N), then the diagonal terms disappear in the
limit. We now simply define a sequence of integers (s, )% ; by requiring them to have the property
that for all N > sy,

1

1
N#{lgm,nSNﬂxm—xﬂS%}—Qs —

< ok

for all s € {1,2,...,2’“}.

Clearly, the sequence (s,,)52; is monotonically increasing and unbounded. We can then pick the

times to be
Se

= ﬁ
and apply the criterion. O

tN where f{=max{keN:s, <N}

Finally, we show that weak pair correlation implies uniform distribution.

Proof. We observe that because of 0 < a < 1 (and thus N <« N 2_"‘) we may include identical
pairs (L, Tm) since there are only N of those and obtain

. 1 s
ngnoom#{lgm,ng]\fﬂxm—xdgm}:Qs.

The argument is now completely straightforward: if o > 0, we set the sequence of time scales to

be
1

= N2a

tn
and wish to estimate
N
1
N2 Z N%exp (—N?*(z,,, — 3,)?).
m,n=1

The condition of weak correlation then implies

N
1 oo
N2 g N®exp (—N?**(z,, — 3,)%) — / 2exp(—s?)ds = /7
0

m,n=1
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and we obtain the result. The missing steps (approximation of the Gaussian by a step function,
replacing the count of variables by the weak pair correlation condition) are standard and left to
the reader. If & = 0, then we may use the criterion directly and obtain that

1 N 1/2
N2 Z 01(xm — 2pn) — 2/ 01 (x)dx = 1.
l 0
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