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1 Introduction

During the last several decades, the inverse scattering problems for the Helmholtz
equation have enjoyed a remarkable degree of popularity, both in pure and applied
contexts (see, e.g., [2], [3]). A number of algorithms have been proposed for
the numerical treatment of these problems, in such environments as medical
diagnostics, non-destructive testing, anti-submarine warfare, oil exploration, etc.
In the design of such a scheme, three major problems have to be overcome.

1. The problem is highly non-linear, even in its purely mathematical form. In
the one-dimensional case, the problem can be reduced to a linear one, but the
procedure is not stable numerically.

2. Once a mathematically valid inversion scheme is constructed, it may or may
not be stable numerically. In fact, no numerically robust schemes seem to exist
at this time, except in one dimension.

3. The cost of applying the scheme on the computer tends to be extremely high,
except in the one-dimensional case.

The existing attempts to solve inverse scattering problems for the Helmholtz
equation can be roughly subdivided into four groups.

1. Linearized inversion schemes, attempting to approximate the inverse scattering
problem by the problem of inverting an appropriately chosen linear operator (see,
for example, [3]).

2. Methods based on non-linear optimization techniques, attempting to recover
the parameters of the problem iteratively, by solving a sequence of forward scat-
tering problems (see, for example, [4], [5], [6]).

3. Gel'fand-Levitan and related techniques, converting the Helmholtz equation
into the Schrodinger equation, the inverse problem for the latter being reducible
to the solution of a linear Volterra integral equation (see, for example, [2], [7]).

4. Techniques based on the trace formulae, connecting the high-frequency be-
havior of the solutions of the Helmholtz equation with the local values of the
parameters to be recovered (see, for example, [10], [11], [12]).

From the mathematical viewpoint, the one-dimensional problem was satisfac-
torily solved in the early fifties (see (7], [8]). However, procedures of the type
described in [7] and [8] do not lead to stable numerical algorithms. Existing
stable and efficient schemes in one dimension are based on the trace formulae.
They consist of constructing a Riccati equation for some function of the solution
of the Helmholtz equation (such as the impedance or the scattering coeflicient),
and combining it with a trace formula. The result is a system of ordinary differ-
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ential equations that can be solved numerically, and a proper choice of the trace
formula ensures stability and rapid convergence of the process (see, for example,

[10], [11], and [16]).

Attempts to generalize this approach to higher dimensions have not lead to
effective numerical procedures; however, a collection of powerful mathematical
apparatus has been developed (see [9] and [10] for quantum scattering in one
dimension; [13], [14] and [17] for electrical impedance scattering; and [15] for
Schrodinger scattering in three dimensions). One of the more promising tools
developed to-date is the concept of the scattering matrix (or of the Dirichlet-to-
Neumann map) and the differential equations governing it (see [13], [14], [17]).

The present work is the beginning of a series of papers addressing the solution
of the inverse scattering problem for the Helmholtz equation in two dimensions.
In this paper, our goal is to derive a system of differential equations for the
scattering matrices which

1. Directly governs the whole behavior of the scattering problem,

2. Can be easily implemented numerically with any prescribed precision.

In the subsequent papers, we will use this apparatus to design the inversion
algorithms. Specifically, in the second paper, we will present an inverse scattering
scheme based on the trace formula which is a direct extension to the one employed
in [16]. The algorithm is quite satisfactory analytically, but requires excessive
amounts of CPU time. Finally, in the third paper to be published, we will present
a much accelerated version of the algorithm.

The principal results of the paper are the Riccati equations for the scattering
matrices in cylindrical coordinates. The paper is organized as follows. In Sec-
tion 2, we summarize the relevant properties of the Helmholtz equation in two
dimensions, and introduce the scattering matrices. In Section 3, we derive the
differential equations which the scattering matrices satisfy.

2 Mathematical Preliminaries

In this section, we will discuss the Helmholtz equation and its associated scatter-
ing problems. First in Section 2.1, we introduce common and special usages of
notation in this paper. In Section 2.2, properties of the Bessel functions are pre-
sented. Section 2.3 is then devoted to the scattering problems for the Helmholtz
equation. Finally in Sections 2.5 and 2.6, we define scattering matrices corre-
sponding to three special scattering problems.
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2.1 Notation

We will denote by C'* the set of all complex numbers with nonnegative imaginary
part, and by S* C C the unit circle in the complex plane defined by the formula

|z |=1; (1)

we will assume that S? is parameterized by its arc length. We will define ¢ as
the linear space of all two-sided sequences of complex numbers

€={{£m}’m=07i1’i2a} (2)
In agreement with standard practice, we will denote by £? the subspace of £

consisting of all sequences ¢ such that

oo

> | P< oo, (3)

m=-—00

and by £*° the subspace of ¢ consisting of all sequences £ such that

sup | m < co. (4)

Let F' : L*(S') — £* denote the Fourier transform converting a square
integrable function on the circle S* into its Fourier series, so that the expression

f(6) = Z éme (5)

m=—00

can be written in the matrix form
f=F. (6)

When it is necessary to explicitly show the dependence of F~1¢ on the variable 6,
the subscript § will be suffixed to the linear mapping F~!; therefore the expression
(6) can be rewritten as

f(0) = Fy'¢. (7)

In agreement with standard practice, we denote by J,, the Bessel function
of the first kind of order m, and by H,, the Hankel function of the first kind of
order m. We will denote by J,, H, the infinite diagonal matrices

J. = diag{...,J1(2), Jo(2), J1(2), ...}, (8)
H, = diag{...,H1(2), Ho(z), Hi(z),...}. 9)
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Given R > 0, we will denote by D(R) the disk
| D(R)={(r,0) | r<R}, (10)
by E(R) the exterior of D(R)
E(R)={(n0) | r2R}, (11)
and by A(R, h) for h > 0 the annulus
AR,B)={(r0) | R<r<R+h} (12)

Further, for an arbitrary z € R?, we will denote by D(z, R) the disk of radius R
centered at z. For a continuous function ¢ € C(D(R)), and a real number r < R,

we define the mapping Q, : C(S?) — C(S?) by the formula
(@ - £)(6) = q(r,0) - £(6). (13)

Given a function ¢ : R? — R!, and a set A C R?, we will define the function
g4, the restriction of ¢ on A, via the formula

q4(z) = q(z) - x(A), (14)

with x(A) the characteristic function of A.
For an arbitrary z € C, we will denote by X, the linear space of all two-sided
complex sequences {f,,} such that for some ¢ > 0,

o T (2

for all integer m. We will denote by Y, the linear space of all two-sided complex
sequences {ay, } such that for some ¢ > 0,

e Tl (552 < (16

)Im' <c (15)

for all integer m.

2.2 Several Classical Lemmas

In this subsection, we summarize several classical results describing the behavior
of certain special solutions of the Helmholtz equation. The following lemma can
be found, for example, in [21].




Lemma 2.1 Let m be an integer. Suppose that J,, is the Bessel function of
order m, and Y,, is Neumann function of order m. Suppose further that Hp, is

the first kind Hankel function of order m defined by the formula
Hyp=Jdn+1t Yn.
Then
(1) J = (=1)"J_mm, and Hp, = (-1)"H_,.
(Il) For any z € C*,
oE) = % ((;!1)): (—;—)2

us

) = (5 e}

with v = 0.5772... the Euler constant.
(IIT) For any z € C™,

i Jn(2) VI () =1

Jim Hole) 5 (5) =+

In other words, for a fired z € C* as m increases, Jn,(z) decays as

and

1 e-z\™
Jm(z) ~ /_.27rm : (%) )

and H,,(z) grows as

Hy(z) ~ —i - 2. (2_m>m

m™Tm €.z

(IV) For a fired m and large z € C¥,

In(2) = \/g{cos (z - mg— - %) + O(Z_l)} )

H,(z) = \/%{exp [z : (z - mg - Z—)] + O(z‘l)} :

More specifically, for z € Ct and |z| > 2,

Ho(2) = \/g{ei(z'"/4) + e(z)}
)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(26)




with
1

8-z’

le(2)] < (27)

The following lemma provides an upper bound for the Hankel function Hj.

Lemma 2.2 Suppose that z € C* is a complex number in the upper half of the
complex plane. Then

| Ho(2) |< 2 (28)

forall| z|>2, and
| Ho(2) [< 2+ [ In(] 2/2 ) | (29)

forall| z |< 2.

Proof. For |z| > 2, formula (28) follows directly from (26). For |z| < 2, formula
(29) follows directly from the combination of (17), (18) and (19). O

For a domain  C R?, a point z € R?, and a positive number k, we will denote
by || the area of 2, and by P(z,Q) the real number defined by the formula

P, = [ | In(k|lz - ) | de. (30)

QND(z,1/k)

The following technical lemmas provide estimates for P(z, ).

Lemma 2.3 For arbitrary domain ! C R?, point x € R?, and positive number
ke R,

! (1:,&2) < (a:,D(:c,p)) (31)
provided that
1 1
e —_—<<
P A (32)

Proof. It obviously follow from (32) that

1. The domain (2 and the disk D(z, p) have the same area,
2. D(z,p) is contained in D(z,1/k)

Assuming that {2 does not coincide with D(z, p), that is, assuming that the two
domains

A = Q\ D(z,p), (33)
B = D(z,p)\Q (34)
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have non-zero areas |A| = |B|, we intend to show that

P(z,Q) < P(z,D (z, l—gl ). (35)

Without loss of generality, we may assume that  is contained in D(z,1/k). It
follows from (32) that for any & € A C D(z,1/k) and ¢; € B C D(z,1/k)

kle— &l <k-p<klle—&l <1, (36)
we have
[z = &l < llz =&l (37)
Therefore,
| In(k|lz — &) I<| In(k]lz — &) | (38)

which establishes (31). O

Lemma 2.4 For arbitrary domain Q C R? and point z € R?,

ln(|k| it } (39)

Ea
Proof. We first consider the case when the area of € is no less than that of the
disk D(z,1/k), that is,

P(z,0) < m?l {1 +

i
12| > 7z (40)

Under this assumption, it immediately follows from (30) that
P(z,Q) < / In(k||z — €]]/2) | d
@ < [ |-l |de

_ /0 " /0 Y (k) rdrdd

T 1
— <
2k = 27 (41)

I

from which (39) follows. Now, we consider the case when the area of § is less
than that of the disk D(z,1/k), that is,

19| < % | (42)

p= \/'21 (43)
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According to Lemma 2.3,

P(2,9) < P@D(p)= [ |In(klz - ¢l) | d¢

- /0 " /0 *In(kr)rdrdo
}. (44)

Q 9]
= |-—I{l-}-2-ln(|k| L
2 s
Definition 2.5 In agreement with standard usage, we will refer to the function
f:R*— C in the Helmholtz equation

A+ k¢=f (45)

O

as the source, and to the solution ¢ : R? — C as the field generated by the source.

The following two lemmas can be found, for example, in [1].

Lemma 2.6 Suppose that k € C* is a complex number. Then the Green’s func-
tion for the homogeneous Helmholtz equation

Ad+ ko =0 (46)

subject to the Sommerfeld radiation condition

lim VT (%g - iqu) =0 (47)
is given by the formula
Gi(,€) = — 7 Ho(kl|z - €]l), (48)

where £ = (r,0) and € = (r',8') are arbitrary distinct points in R?.

Lemma 2.7 (Graf’s Addition Formula) Suppose that the positive numbers u, v,
w, a are such that u > v, and that

w? = u? 4+ v? — 2uv cos(a). (49)

Then -
Ho(w) = Y Hp(u)Jm(v)e™. (50)

m=-—00




The following lemma is an immediate consequence of Lemma 2.7.

Lemma 2.8 Suppose that =, £ are two points in R? such that ||z|| > ||¢||. Sup-
pose further that (r,0) and (r',0") are the polar coordinates of the vectors z, €,
respectively. Then

Hokllo =€) = 3> Ho(kr) o (kr')e ™). (51)

m=-—00

The following lemma is a direct result of Lemmas 2.6 and 2.2.

Lemma 2.9 Suppose that k € C* is non-zero, and that Q C R? is a domain of

area u. Then W
54 lln (., /e
/QIGk(x,é)Id€< 2+|n(42 \/;)|” (52)

for all z € R2.

Proof. Introducing the notation

I(z) = [ | Gula,€) | de (53)
and using (48), we have
1
16 = 3 ([ oy | o [, 1) 1) (o1

with z = k||z — £||/2. Combining (28) and (29) with (54), we immediately obtain

the estimate .
1@ < g (2 [, 002D i) (55)

for all z € R?. Now the lemma follows immediately from (55) and Lemma 2.4.
]

Remark 2.10 Denoting by G the linear operator C(Q) — C(Q) defined by
the the formula

(Gra-¥)@) = [ Gule, (1), (56)
for all y € C(Q2), we can rewrite (52) in the form
5 +11 LI —m
IGralle = 2 L (42 \/:)'u (57)




The following lemma provides a sharper upper bound for |Gk q||c When Q is the
annulus A(R, k) (see (12)). Its proof is nearly identical to that of Lemma 2.9
and is omitted.

Lemma 2.11 Suppose that R > 0, h > 0 are two real numbers, and that k € C*t
is non-zero. Then for all z € R*

Lo | Gl €) 1 d < (58)
where p = h -7 (2R + h) is the area of the annulus A(R, h).

Remark 2.12 The preceding two lemmas show that there are two types of esti-
mates (see formulae (52) and (58)) on ||Gkallw, depending on the shape of the
domain. When the domain is a disk, the estimate is of the form

|Gralleo < c-[In(u)] - p, (59)
whereas when the domain a annulus, the estimate is of the form
[Gralles < c- p. (60)

Definition 2.13 A function ¢ is said to be a radiation field in a bounded domain
Q0 if and only if ¢ is a solution of the homogeneous Helmholtz equation (46) in
Q; a function ¢ is said to be a radiation field outside a bounded domain Q if and
only if ¢ is a solution of the homogeneous Helmholtz equation (46) subject to the
Sommerfeld radiation condition (47).

Lemma 2.14 Suppose that k is an arbitrary complez number, R is a positive
real number, and ¢ : D(R) — C is a radiation field in D(R). Then there exists
a sequence of complex numbers { o }, j =0,£1,+2,..., such that

o(r,0)= Y andn(kr)e™ = Fy ke, (61)

m=-—00

forallr < R and 0 < 6 < 27.

The following two lemmas are widely known. They can be found, for example,
in [1].

Lemma 2.15 Suppose that k is an arbitrary complex number, R is a positive
real number, and ¢ : R?*\ D(R) — C is a radiation field outside D(R). Then
there exists a sequence of complex numbers { a; }, j = 0,£1,42,..., such that

(r,0) = Z B Ho(kr)e™ = F7UH, B, (62)

m=-—00

forallr < R and 0 < 6 < 2r.
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Remark 2.16 [t immediately follows from Lemma 2.1 that the series (61) con-
verges inside D(R) if and only if a € Yigr, and the series (62) converges outside
D(R) if and only if B € Xkr.

2.3 Scattering Problems
The subject of this paper is the Helmholtz equation

A¢+ k(1 + q)¢ = 0. (63)

In (63), we assume that k is a complex number such that Im(k) > 0, and
q : R? — R! is a smooth function; we will be referring to the function ¢ as the
scatterer. We further assume that the support of ¢ is a bounded domain {2, and
that q(z) > —1 for all z € R?. We will be considering solutions ¢ : & — C of
Equation (63) of the form

with @o a radiation field in , and  : R? — C a radiation field outside 2. We
will be referring to ¢ as the total field, to ¢y as the incoming field, and to ¢ as
the scattered field. Furthermore, we will be referring to the determination of the

scattered field from a given incoming field as the (forward) scattering problem.
It is easy to verify that v (z) satisfies the equation

A+ k% = —kq(do + ¥) (65)

for all z € R?.

Remark 2.17 It is well-known (see, for ezample, [19], [18], [20]) that the for-
ward scattering problem is well-posed. More specifically, the problem can be re-
formulated as the so-called Lippmann-Schwinger equation

v(e) + [ Gula,0a(€)0(©)de = = [ Cule,a(O)u()de.  (66)

for the scattered field, or as the Lippmann-Schwinger equation

#(2) + K [ Gula,0a(§)9(6)dE = do(a) (67)

for the total field, for all x € R?; either of the second kind integral operators (66),
(67) is invertible, and the mazimum norm of the inverse operator is bounded.
That is to say, for k € Ct and q¢ € C(R?) having the compact support §, an
incoming field ¢o determines uniquely a scattered field ¢, and i depends contin-
uously on ¢o in mazimum norm.
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Defining the linear operator G} : C(Q2) — C(R?) by the formula

(G- 9)=) = K [ Gl O)a(€)b(O)de, (68)
we can rewrite (66) in the form
b+ Gip =g, (69)
with g € C(R?) defined by the formula
9 = Gio. (70)
When
IGilleo < 1, (71)

the equation (69) can be solved via the fixed-point iteration

¢0 = 07 (72)
¢m+l = g- Gz"/)m (73)
It follows from Lemma 2.9 that the condition (71) is met whenever the area of

the domain 2 is sufficiently small. The above discussion is formalized in the
following lemma whose simple proof we omit.

Lemma 2.18 Suppose that k € C* is a complez number, ¢ € C(R?), and Q C
R? is a domain of area . Suppose further that

5 lin (1 k- /E
5=2+|n(|4 | \/:)llklz-llqlloo-ﬂ- (74)

Finally, suppose that p is sufficiently small so that
§< 1. (75)

Then the fired-point iteration (72), (73) converges to the solution of Lippmann-
Schwinger equation (69). Moreover,

| (2) = Pm(z) |< 6™ (76)

for all integer m > 0, and z € R2.

When Q is an annulus A(R,h) with h small, Lemma 2.18 assumes the form
provided by the following lemma.
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Lemma 2.19 Suppose that R > 0 and h > 0 are two real numbers. Suppose
further that k € C* is a complex number, ¢ € C(R?), and ) = A(R,hR) is an
annulus of width h. Finally, suppose that h is less that 1, and that

1
h < , 7
T TR aCR+ 1) ()

Then the fized-point iteration (72), (73) converges to the solution of Lippmann-
Schwinger equation (69). Moreover,

| $(2) = ¥m(2) IS (7 | & P lgllo(2R + 1) - B)"™ (78)

for all integer m > 0, and z € R?.

2.4 Scattering in Circular Geometry

In the remainder of this paper, we will be interested in two special cases of the
scattering problem: in the first case, the compact support of the scatterer q is
a disk D(p) with some p > 0; in the second case, the compact support of the
scatterer is a domain 2 lying outside the disk D(p), that is, @ C R?\ D(p), see
Figure 1.

In this subsection, we construct simple analytical expressions for the incoming
and the scattered fields in each of these two cases. Clearly, in the first case, the
incoming field ¢, is a radiation field inside D(p), and is therefore generated by
sources located outside D(p); the scattered field ¢ is a radiation field outside
D(p), and is therefore generated by sources inside D(p). We will be referring to
this scattering problem as the interior scattering problem (see Figure 1:(a)). The
following lemma is a direct consequence of Lemmas 2.14, 2.15.

Lemma 2.20 Suppose that p is a positive real number, and that the scatterer g
has the compact support D(p). Then

(1) If the function ¢o : D(p) — C is an incoming field to the scatterer q, then
there exists a sequence o € Yi,, such that for all (r,60) € D(p),

oo

¢(r,0) = . andn(kr)e™ = F;lJ,a; (79)

m=—00

(II) If the function v : R? — C is a scattered field from the scatterer q, then
there exists a sequence B € Xi,, such that for all (r,0) € R?\ D(p),

$(r,0) = S BHn(kr)e™ = Fr1H, . (80)

m=-—0o0
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(a) (b)

Figure 1: (a) Interior scattering where scatterer occupies the entire disk D(p).
(b) Exterior scattering where the scatterer is located outside the disk D(p).

In the second case of interest to us, we consider incoming field generated inside
the disk D(p), and therefore the incoming field is a radiation field outside the disk.
Since the scattered field 1 is a radiation field outside 0, it is a radiation field inside
D(p). We will be referring to this scattering problem as the exterior scattering
problem (see Figure 1:(b)). The following lemma is a direct consequence of
Lemmas 2.14, 2.15.

Lemma 2.21 Suppose that p is a positive real number, and that the scatterer g
has a compact support outside D(p). Then

(1) If the function ¢o : R?*\ D(p) — C is an incoming field to the scatterer g,
then there exists a sequence B € Xy,, such that for all (r,0) € R*\ D(p),

¢0(T, 0) = i ﬂmHm(kT)eime = Fg—lHkrﬂ; . (81)

m=—00

(1) If the function ¢ : R? — C is a scattered field of the exterior scattering
problem, then there exists a sequence o € Yx,, such that for all (r,0) € D(p),

P(r,0) = Y andn(kr)e™ = Fyla. (82)

2.5 Scattering Matrices

One of principal analytical tools used in this paper are the scattering matrices;
a scattering matrix is the linear mapping converting the incoming field into the
scattered field, for a specified scatterer. For technical reasons, it is convenient to
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have slightly different definitions of the scattering matrices for the interior and
exterior scattering problems; thus, we define the interior and exterior scattering
matrices separately.

Definition 2.22 Under the conditions of Lemma 2.20, any a € Yig, defines an
incoming field ¢o via (79); the resulting scattered field 1 can be represented in the
form (80), with B € Xyr,. Thus, there exists a linear mapping S} : Yir, — Xkg,
such that

p= SIZ *Q, (83)

for all o € Yig,, and we will refer to S{ as the interior scattering matriz corre-
sponding to the scatterer q¢ and frequency k.

Remark 2.23 Obviously, for a fized k € C*, the scattering matriz contains all
the information that can be acquired by any scattering experiments performed
outside the scatterer; we will refer to the collection of the scattering matrices

{8} | ke R} (84)
as the complete scattering data.

Remark 2.24 In an actual scattering experiment, measurements are obtained
at a finite collection of frequencies k;. Therefore, in a more realistic formula-
tion of the inverse scattering problem, the scatterer q is to be determined from
measurements of the scattering matrices at finite number of frequencies:

{SL1j=12...,N} (85)

In the remainder of this paper, we will assume that our scatterer ¢ has compact
support D(Ry) for some positive number Ry, so that

q(r,0) =0 (86)

for all 7 > Ro. Furthermore, for a positive number R, we will denote by Sg
the interior scattering matrix corresponding to the scatterer gp(r) (see (14)) and
frequency k; in other words,

Srx = SZD(R)- (87)

We will refer to the function gp(r) as the truncated scatterer. Obviously, at
R = 0, the truncated scatterer is zero; it therefore generates no scattered field;
in other words,

SO_,k = 0. (88)
Likewise, since gp(r) = ¢ for any R > Ry, we have
Shi =Sk (89)
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for all R > Ry.

Closely related to operators Sg , are the so-called exterior scattering matrices
associated with the scatterer qg(r) (see (11),(14)).

Definition 2.25 Under the conditions of Lemma 2.21, any § € Xir defines an
incoming field ¢o via (81); the resulting scattered field ¢ can be represented in
the form (82), with some a € Yin. Thus, there exists a linear mapping S§, :
Yir — Xir, such that

@ = SE,k B (90)

for all B € Xkr, and we will refer to S as the exterior scattering matriz corre-
sponding to the scatterer qg(r) and frequency k.

Remark 2.26 We will refer to qp(r) as the hollowed scatterer. Since the scat-
terer ¢ has compact support in D(Ry), the hollowed scatterer qg(r) is zero outside
D(Ry). Therefore,

Ste=0 (91)

for all R > Ry.

2.6 Scattering from an Annulus

Given a pair of real numbers R > 0 and A > 0, we will refer to a scatterer
¢ : R? = R! as an annular scatterer of inner radius R and width & if ¢(r,0) = 0
for all r < R or r > R+ h. Obviously, for any scatterer ¢, the scatterer g4(g,)
(see (12),(14)) is an annular scatterer.

Conceptually, the incoming field to the annular scatterer g4(r ) is generated
by sources both inside the disk D(R) and outside the disk D(R + k) since it is a
radiation field inside the annulus A(R, k). By the same token, the scattered field
from the annular scatterer g4(r ) is a radiation field outside the annulus A(R, h),
and therefore has the form (61) inside the disk D(R), and the form (62) outside
the disk D(R + h). The following two obvious lemmas formalize these facts.

Lemma 2.27 Suppose that R, h are two positive numbers, and that A(R,h) is
the annulus defined via (12). Then ¢o : A(R,h) — C is an incoming field to
A(R, k) if and only if there ezist two functions ¢(™) : D(R + k) — C, 0™ :
R?*\ D(R) — C such that

go = ¢t + 9™, (92)
where ¢(™) is a radiation field in D(R + h); in other words, there uniquely exists
a € Yi(rth), such that for all (r,6) € D(R + h),

™ (r,0) = F; o (93)
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and where Y™ is a radiation field outside D(R); in other words, there uniquely
exists § € Xir, such that for all (r,0) € R? \ D(R),

»(r,0) = F; 1 Hy, . (94)
Furthermore, the decomposition (92) is unique.

Lemma 2.28 Under the conditions of Lemma 2.27 Suppose that 1) : R* — C is
the scattered field generated by the annular scatterer A(R,h). Then there exist
two sequences & € Yirr and B € Xy(ryn) such that inside the disk D(R),

$(r,0) = F Jinds (95)
and outside the disk D(R + h),

¥(r,0) = F;7 Hy, B. (96)

Remark 2.29 Abusing the notation somewhat, we will be referring to the coef-
ficients o, in (93),(94) as the incoming potential, the coefficients &,B in (95),
(96) as the outgoing potential.

Obviously, given an annular scatterer g4(r ), the combination of Lemmas 2.27
and 2.28 defines a linear mapping Yiren) X Xkr = Xi(ren) X Yir converting

the incoming potential (a, 8) € Yir x Xir into the outgoing potential (B, &) €
Xir X Yir. Thus, we are led to the following definition.

Definition 2.30 For an annular scatterer qa(rp), the scattering matriz Sﬁ’k is
the mapping Yi(rin) X Xkr — Xi(ren) X Yir such that for any incoming potential
(a, B), the outgoing potential (B, &) is given by the formula

2-af3]

Remark 2.31 The scattering matric Sk, can obviously be partitioned into four
submatrices

Ssa S
Sk = [ S e ] (98)
so that
B Spat + SppP, (99)
& = Saact+ Sash. (100)
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2.7 Scattering from Two Disjoint Scatterers

When several disjoint scatterers are irradiated by an incoming field, we wish to
calculate the scattered field under the condition that we know how to solve the
scattering problem associated with each scatterer separately. In other words,
if we are given the scattering matrices of individual scatterers, we would like
to combine them and obtain the scattering matrix associated with the whole
ensemble of the scatterers. In this subsection, we build the necessary analytical
machinery. Although the discussion is confined to two disjoint scatterers, all
conclusions can easily be extended to the case of multiple scatterers.

2.7.1 Lippmann-Schwinger equation for a Part of the Scatterer

Suppose that the scatterer ¢ consists of two separate scatterers occupying two
disjoint domains {2, and ,:

mNO, = 0, (101)
Qqun, = O (102)

Then the Lippmann-Schwinger equation (67) can be rewritten either as

8(z) + 8 [ Cul@0a(©)8(O)d = ol@) = K [ Gu(z,)a(E)o(e)de,  (109)

or as
8(z) + 1 [ Gule,0a(©)8(O)d = wo@) = K [ Gu(z,)a(€)o(e)de.  (104)
Introducing the functions t; : R? + C and 1, : R? — C via the formulae

h(@) = -k [ Gilz. a8, (105)
va(e) = K [ Gulz,Oa(O)8()dk, (106)

we observe that (103) can be viewed as the Lippmann-Schwinger equation (see
(67)) on the domain §; for the total field ¢ corresponding to the incoming field

Po1 = ¢o + 2. (107)

Similarly, we observe that (104) can be viewed as the Lippfnann-Schwinger equa-
tion on the domain §2; for the total field ¢ corresponding to the incoming field

Po2 = ¢o + 1. (108)

The following obvious lemma formalizes the above discussion.
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Lemma 2.32 Suppose that the scatterer q consists of two separate scatterers
occupying two disjoint domains Q; and Q. Suppose further that ¢g : Q; U, —
C is the incoming field to the scatterer q and that ¢ : Oy U Qy — C is the
corresponding total field. Finally, suppose that the four functions ¢; : R* — C,
$oj : Q= C, for j = 1,2, are defined by the formulae (105)-(108). Then

(I) For j = 1,2, v; is the scattered field corresponding to the incoming field
®o; to the scatterer in §;.

(II) The incoming field to one of the scatterers is the superposition of the
original incoming field ¢y and the scattered field from the other scatterer:

$o1 = o+ o, (109)
$o2 = ¢o+ 1. (110)

(III) The total field is the superposition of the original incoming field and the
scattered fields from the two disjoint scatterers:

¢ = do + 1 + 2. ‘ (111)

2.7.2 Merging Two Scatterers

In this subsection, we examine the process by which the Lippmann-Schwinger
equations for the regions €, and {2, are merged, producing the Lippmann-
Schwinger equation for the domain Q; U Q,. It turns out that when the area
of ) is small, the result assumes a particularly simple form (see Lemmas 2.34
and 2.37).

Defining the linear operators G; : C(Q;) — C(R?) by the formula

(G5 ¥)e) = B [ Gule,a(€)h()de; (112)

for j = 1,2, and using the formula (111), we rewrite the Lippmann-Schwinger
equations (103), (104) in the form

(I+G1) 1+ Gr-¢ps = =Gy o, (113)
G thi1 +(I+Gs) ¢y = —Gy- do. (114)

The following lemma is an immediate consequence of Remark 2.17.

Lemma 2.33 Under the conditions of Lemma 2.32, suppose that the operators
P; : C(Qy;) = CR?), B; : C(Q;) — C(R?) are defined by the formulae

P o= (I+G))™, (115)
B = —-(I+G;)™"-Gj=~P;-Gj, (116)

for j = 1,2. Then each of the operators P,, P,, By, B is bounded in the
mazimum norm.
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Lemma 2.34 Under the conditions of Lemma 2.32, suppose that the estimate
(60) is valid on Qy; that is, there exists a constant ¢ such that

Gl < c-p, (117)

where p is the area of Qy. Then, for all sufficiently small pu, there exist unique
functions ¥y : R = C and 13 : R?> — C such that (113) and (114) are satisfied.

Furthermore,

Pi(z) = Bi-(I+ Bay)go+ O(p?), (118)
Yo(z) = By-{ 1+ B:-(I+B;) }do+O0(p*), (119)
Y1(z) +¢2(z) = { Ba+(I+ B;) By~ (I+ By) }¢o+ O(p?). (120)

Proof. Rewriting (113) and (114) in the form

Y1 = Bi(¥2 + o), (121)
Y2 = By( + o), (122)

and substituting (122) into (121), we obtain
(I - B1 . Bz)d)l - B](I + Bz)¢0. (123)

It immediately follows from the combination of (117), (112) that there exists a
constant ¢; > 0 such that

[1G1lloo < €1+ llgllos - 1, (124)

for all 4 > 0. Combining (124) with (116), we immediately see that there exist
positive constants c;, c3 such that

1Bl < e p, (125)
|Bi - Ba|| < ¢3-p, (126)

for all p > 0. Therefore, for all sufficiently small g,
(I-Bi-B))™ = > (B By)™. (127)

m=0
Combining (127) with (123), we have
Y1 = (E (By - BZ)m) By(I + Bz)éo. (128)
m=0

Finally, combining (128) with (125), (126), we obtain

. Py = Bi(I + By)¢o + O(p?), (129)
which proves (118). The substitution of (129) into (122) yeilds (119). O
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Remark 2.35 For any u € C(Q;), the function v € C(R?) defined by the for-
mula

v=—(I+Gj)'1-Gj~u=Bj-u (130)
is obviously a solution of the Lippmann-Schwinger equation
I+Gj) v=-Gj-u (131)

on the domain ;. In other words, for each of j = 1,2, B; is the operator
converting the incoming field into the scattered field.

Remark 2.36 Due to Remark 2.35, (120) can be interpreted to mean that the
total scattered field 1, + 1 is a superposition of five scattered fields

hrte =) vi+0(4?), (132)
j=1,5
where
v = Bl . ¢0, (133)
Vg = B2 . QSo, (134)
vs = B;: B - ¢, (135)
vy = B;i-By- ¢, (136)
Vs = Bz . Bl . B2 . ¢o. (137)

Each of the five scattered fields is generated in a scattering process described as
follows:

1. The incoming field ¢o gets scattered by the scatterer in €, generating the
scattered field vi. We denote this scattering process schematically by the chart

$o — U — vy; (138)

2. The incoming field ¢o gets scattered by the scatterer in )y, generating a scat-
tered field vo. We denote this process by the chart

Po — Sl — vy (139)

3. The scattered field vy enters the scatterer in Q, as an incoming field, generating
the scattered field vy. We denote this process by the chart

$o — O — v1 — Oy — wg; (140)

4. The scattered field vy enters the scatterer in Q) as an incoming field, and is
again scattered by §)y, generating a scattered field vs. This process is denoted by

b0 — Qg — vy — N — vy (141)
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5. The scattered field vs enters the scatterer in Q; as an incoming field, generating
the scattered field vs. This process is denoted by the chart

$o — Q2 — vy — N — vy — Uy — vs. (142)
The following lemma is a restatement of Lemma 2.34 in the special case when
Q) is the annulus A(R, h), and Q, is the disk D(R).

Lemma 2.37 Suppose that R > 0, h > 0 are two real numbers and that k € C*.

Suppose further that ¢o : D(R+h) — C is an incoming field to the disk D(R+h);
in other words, there ezists o € Yi(nyn), such that

¢o(r,0) = Fg' - Jir - (143)

inside the disk D(R + k). Finally, suppose that ¢ : R? — C is the corresponding
scattered field from D(R + h). Then for sufficiently small h >0 andr > R+ h

¥(r,0) = Z v;(r,8) + O(h?), (144)
i=1,5
where

vi(r,0) = F;' Hg - Spo-, >R+, (145)
vy(r,0) = Fy'-Hg - Spi-a, r>R, (146)
v3(r,0) = F;'-Hy, - Spi Saa @, T>R, (147)
va(r,0) = F;j' Hy-Spp-Spi-a, r>R+h, (148)
vs(r,0) = Fy' Hig-Spy-Sep-Spi-a, r >R (149)

The following lemma is analogous to Lemma 2.37. it is a restatement of Lemma
2.34 in the special case when ), is the annulus A(R, ), and €, is the disk E(R).

Lemma 2.38 Suppose that R, h are two positive numbers and that k € C*.
Suppose further that ¢o : E(R) — C is an incoming field to the scatterer 4E(R),
and that ¢ : D(R) — C 1is the corresponding scattered field. Then

5
P(r,0) =D ¥;(r,0) + O(h?), r <R, (150)

j=1

with

Q»["l(r)a) = Fe._l"]kf'saﬁ'ﬂ, r <R, (151)
$o(r,0) = Fi'-Jiw-Shipi-B, r<R+h, (152)
Ps(r,0) = F[l 3 P Sg+h,k -Spg- B, r<R+h, (153)
Pa(r,0) = F;' T Sea- Stk B, T<R, (154)
Ys(ri0) = Fy'Jir - Shing - Spa- Shpns B, T <R+h  (155)

22




Remark 2.39 The five scattered fields ¢, j = 1,5 in (150)-(155) are generated
in the scattering process described as follows:

1) ¢o — A(R,h) — ¢, (156)
2) ¢o— E(R+h) — 9o, (157)
3) ¢o— A(R,h) = vy = E(R+ h) — i3, (158)
4) ¢o = E(R+ h) — 3 = A(R,h) — 4, (159)
5) ¢o— E(R+ h) — ¢y = A(R,h) = b4 = E(R+ h) — 5. (160)

3 Riccati Equations for Scattering Matrices

It turns out that the scattering matrices Sy and S}, viewed as functions of r,
satisfy certain matrix Riccati equations with respect to r. In this section, we
derive these Riccati equations.

3.1 Scattering Matrices for Thin Annuli

In this subsection, we obtain approximate expressions for the four submatrices
Sgas Spgy Saa and Sag of the matrix (98) when the annulus A(R, k) is thin (i.e.,
h is small). In this case, the scattering from (g s is weak, and Spa, Spg, Saa
and S,p assume a particularly simple form.

Lemma 3.1 (Born Approzimation) Suppose that R > 0, h > 0 are two real
numbers and that k € C*. Suppose further that ¢o : A(R,h) — C is an incoming
field to the annular scatterer q4(rr), and that @& is the restriction of ¢ on the
circle Cr C R?. Finally, suppose that ¢ : R* — C is the scattered field. Then
for small h,

i-h-k* -7 R

7 Fe_l ~JkT-HkR-F'QR'¢§+O(h2) (161)

¢(T, 0) =

forallr < R, and

i-h-k*- 7 R
2

P(r,0) = Fi'-Jir- Hir - F - Qr - ¢§ + O(R?) (162)

forallr > R+ h.

Proof. The scattered field 9 satisfies the Lippmann-Schwinger equation (see
Remark 2.17)

v+ |

A(R,h)

Gil(z, )a(O)p(€)de = =k [ Gule,€)a(€)do(€)de  (163)

A(R,h)
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whoes solution can be approximated by the sequence { ¥, m = 1,2,... }
generated by the fixed-point iteration (72), (73) so that

hiz) = K[ e 0a(E)ble)de (164)
Vmt1 = g""Gi"bm, m=1,2,...; ' (165)

usually, t; is referred to as the Born approximation to the scattered field .
According to Lemma 2.19, there exist positive numbers € > 0, ¢ > 0 such that

| p(z) = i(2) < - B2 (166)
for all h < ¢, z € R?. The combination of (164), (48) and (51) yeilds

1 h p2r
o) = K [ [T e 00600, 0) x

> Tm(kr)Hpy (kr')e™ =) dr' d (167)

m=—oo

for all r < R, and
— 12 Rth  ram ! pl i
w0 = 28 [ [T a0, 0060, 8) x

S Jn(kr')Hy (kr)e™ =)' dr' do, (168)

m=—0o

for all » > R + h. Obviously, for any function g € C*[0, ),

R+h
et =k (g(R)+ O(R), (169)

and combining (167), (168) with (169), we obtain

; ol LS ' ,
h(r6) = [FRR Y (Jm(kr)Hm(kR) / e-'moq(R,e')¢o(R,a')de') eim?

+0(R?). (170)
for all »r < R, and

1 o 2m . R
W(r0) = [FRR Y (Jm(kR)Hm(kr) /0 e"‘"‘”q(R,()’)qbo(R,G')dH') e

+O(h?). (171)

for all r > R + h. Using the notation introduced in Section 2.1, (170), (171) can
be rewritten in the form

di(r,0) = h£k227rR F7VJy - Her-F-Qr-¢R+0(RY),  (172)
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for all r < R, and
$i(r, ) = h%ka F;' - Jir-Hi - F-Qr- 62 +0(R),  (173)

for all r > R + h. Now, the lemma follows from the combination of (166), (172)
and (173). O

The following lemma provides the desired approximate expressions for the scat-
tering matrix Sk ;. It is a direct result of formulae (161) and (162).

Lemma 3.2 Suppose that under the conditions of Lemma 3.1, the four subma-
trices of the scattering matriz Sga, Spg, Saa and S,z defined by the formulae
(97), (98)). Then

St = WIKR-Jin-F-Qn- F™' - Jun + O(h?), (174)
Ses = h%rk2R-JkR-F-QR-F‘1-HkR-{-O(h"’), (175)
S = h%’k?R-HkR-F-QR-F-l.Jm+0(h2), (176)
Sup = h%rsz-HkR-F-QR-F‘l-HkR+O(h2). (177)

Proof. We will prove only formula (174), the proofs for the rest being similar.
According to Lemma 2.27, an incoming field ¢ to A(R, k) has the form

¢o = Fy {Jira + Hi, B}, (178)

with a € Yi(rtn), B € Xikr. Setting B = 0, and substituting (178) into (161), we
obtain the scattered field ¥ outside D(R + k) in the form

W(r,0) = F Hpf = h%’sz- Fy'Hyy iRFQRF ' Jipa + O(R?),  (179)

that is,
G = h%sz - eRFQrF~Wkna + O(h?). (180)

On the other hand, since § = 0, (99) assumes the form
B = Spac, (181)
and (174) follows from the combination of (180), (181). O
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3.2 A Riccati Equation for the Scattering Matrix S~

In this subsection, we demonstrate that the scattering matrix S; as a func-
tion of r is a solution of a Riccati equation. To this end, we calculate the
differenceSg,;, x — Sk, to second order in h, by observing that the scattered
field from the scatterer gp(r4n) is the result of combined effect from the two
scatterers gp(r) and qa(r,x)-

According to Lemma 2.20, an incoming field inside the disk D(R+ k) has the
form

o = FylJirar, (182)

with a € Yi(ryn). The corresponding scattered field outside the disk D(R + k)
has the form
¥ = Fy ' Hy. B, (183)

with 8 € Xyr4n). By the definition of the scattering matrix Sy, , (see (87),

(83))
B = Sgynie- (184)

The following result is an immediate consequence of Lemmas 2.37 and 3.2.

Lemma 3.3 Suppose that R > 0, h > 0 are two real numbers, that ¢ : D(R +
h) — C is an incoming field to the disk scatterer in D(R+h), and that ¢ : R* —
C' s the scattered field. Then

TR
5= {Sﬁ,k + bR (Jin + Si Hen) FQrF ™ (HynSi + JkR)} a+ O(h?).

The following theorem is an immediate consequence of (184) and Lemma 3.3.

Theorem 3.4 (Riccati Equation for the Scattering Matriz S~) For any k € C*
and all r > 0, the scattering matriz S;:k : Yir — Xk ts a solution of the Riccati

equation
ds, )
—E = S Sy + S Her )FQuF ™ (Hpr S5 + i), (185)

3.3 A Riccati Equation for the Scattering Matrix S*

In this subsection, we derive a Riccati equation for the exterior scattering matrix
S;': x defined in (90). We will only state the results, since their proofs are quite
similar to those for the interior scattering matrix in the preceding subsection.

According to Lemma 2.21, to E(R) (the exterior of the disk D(R)), an in-
coming field assumes the form

$o(r,0) = F; Hy, B, (186)
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with B € Xir. The corresponding scattered field inside the disk D(R) assumes
the form

¥(r,0) = FylJa, (187)
with o € Yir. By the definition of S, (see (90)),
o= Sk,p. (188)
Since
E(R) = E(R+ h)U A(R, h), (189)

the field i scattered by the scatterer qg(r) can be viewed as the field scattered
by the combination of scatterers in A(R, k) and E(R+ h). The following lemma
is analogous to Lemma 2.37, and is an immediate consequence of Lemmas 2.38
and 3.2.

Lemma 3.5 Suppose that R, h are two positive numbers and that k € C*.
Suppose further that ¢o : E(R) — C is an incoming field (186) to the scatterer
qe(R), and that i : D(R) — C is the corresponding scattered field (187). Then

im(R+ h _
B = {5§+h,k + h(—2-)-k2 (Hk(R+h) + 5§+h,ka(R+h)) FQrinF™'x
(Jkren) Shons + Herin ) } o+ O(R?). (190)

The following theorem is an immediate consequence of (188) and Lemma 3.5.

Theorem 3.6 (Riccati Equation for the Scattering Matriz S*) For any k € C*
and all r > 0, the exterior scattering matriz S;','k : Xir — Yir ts a solution of the
Riccati equation

dst '
—E = TR (Hir + S5k ) FQF 7 (Jar S + Hi). (191)
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