Abstract:

A compact and efficient algorithm for the calculation of least squares splines
is presented. Intended for use in interactive design of open and closed

free-form curves, the algorithm performs parts of the computation in parallel
to enable real-time curve-fitting. It employs the B;spline basis to form the
normal equations and solves the normal equations by an envelope of L D LT

factorization. A FORTRAN IV implementation is included.
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1. Introduction

The creation and manipulation of free-form curves is one of

the fundamental problems of computer aided geometric design.

For objects such as ship hulls, automobile bodies, shoe:
lasts, or television tﬁbes there are no canonical shapes:

the form of the object is unrestricted. A design system must
enable the designer to create, rapidly and accurately} the

curves which describe these objects.

In many design systems, measurements from the
~designer's sketch specify the desired curve. From those
measurements the design system should compute a compact and
faithful approximation to that curve. Too often this
approximation will include spurious oscillations not found
in the data, yet may not reproduce cusps and inflection
points that do exist in the data.

To overcome these difficulties, a combination of
spline regression and B-spline Bezier curves may be employed
[12]. The least squares spline provides a good initial
approXimation to the drawn curve and the Bezier polygon for
this spline curve provides a convenient means for correcting
defects in the approximation and for changing the curve.

The theory and applications of Bezier curves are described
~elsewhere [8,10,12]; here the goal is an algorithm for the

calculation of least squares splines in interactive



design systems.

In an interactive system the cﬁrve data are obtained
from a graphics input device (typically a tablet) while the
designer draws the curve. In such a system the least squares
approximation to the curve should be displayed within seconds
of the curve's completion, and if possible, that fit should
be displayed while the curve is being drawn. In addition,
the fitting program should be small enough for a local
graphics processor.

-This paper describes a least squares algorithm which
méets these goals. Parts of the computation are overlapped
to achieve fast response and to enable real-time curve-
fitting. To minimize memory requirements only non-zero
elements of the least squares equatibns are stored and the
data points themselves are not stored at all. A well-
documented FORTRAN IV implementation of the algorithm is
included as Appendix I.

The remainder of the paper is divided into five
sections. Sections 2 and 3 review, respectively, the
properties of parametric spline curves and the development
of the normal equations. In Section 4 the details of an
efficient algorithm for the least squares spline calculation
are described and the computational requirements for that
algorithm are estimated. In Section 5, using the local

convergence property of least squares splines, the algorithm



is re-structured as a pipeline, enabling real-time‘
‘computation of the least squares spline and reducing storage
requirements over the algorithm of Section 4. 1In the final
section the algorithm is modified further for periodic curve
fitting and the additional computational cost over the

non-periodic curve fit is estimated.



2. Spline Curves

Polynomial splines are one of many possible generalizations of
piecewise linear functions. Just as the piecewise linear spline
is the function of least length connecting a set of points, so
the cubic spline is the function of minimum strain energy con-
necting a set of points and having fixed slopes as its end
points (Figure 2.1). From analogous minimum principleé, higher
order, odd degree polynomial splines and other, more general
spline§ may be defined [17,18,20]. The cubic spline behaves much
1ike the draftsman's spline -- a thin piece of bamboo held down
by lead ducks -- for which it was named. Both cubic and drafts-
man's splines are widely used for approximating curves.
Alternatively, splines may be>considered as plecewise
~polynomials -- a set of polynomials in the intervals of a parti-
tion joined so that derivatives match. For k = 2, the (k-1)

degree polynomial spline Sﬁ(t) defined over the uniform knot set
(2.1) A: 0, h, ..., meh, (m+l)+h = a

"is a bolynomial of degree (k-1) in each interval (i-h, (i+1)-h)
and has (k-2) continuous derivatives over the complete interval
[0,a]. This defiﬁition may be generalized further to allow
non-uniform knots, but for efficiency and simplicity, the

algorithms presented in this paper are
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developed for uniform knots. The development for non-uniform
knots is equally straightforward [6].
Since the spline is a set of simple polynomials, the

spline may be évaluated from its polynomial coefficients
(2.2) {Cizz 0 <i=<m 0=<2 < k-1},

where for t satisfying

(2.3) i+*h < t < (i+l)-h,

the_Value of the spiine is given by

1 )

k
(2.4) S(t) =
L

([ e I

A third convenient characterization of a polynomial
spline is in terms of the B-spline basis [1,2,3,4]. Any
polynbmial spline may be written as a linear combination
m+k

+
T A.N.
o1 ] ka

-

(2.5) S(t) =
. J—-l

of the B-spiine basis functions Njk (see Figure 2.2). The
Aj'are the m+k B-spline basis coefficients.

The B-spiine basis functions are themselves splines,
and like any other spline, may be written as piecewise
- polynomials (see Appendix II). The B-splines are

‘non-negative,
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(2.6) Njk(t) > 0 for 0 < t < a,

normalized,

A
-+
A
Ny

+
(2.7 1= E Njk(t) for 0

and have local support,

for 0 <t < aand 1l < j < m+k

(2.8) Njy(t) # 0 if and only if (G-k)+h < t < jeh.

Since the B-spline basis is local, for
(2.9) i*h <t < (i+1)+h
the sum (2.5) reduces to

i+k
(2.10) S(t) =j=§+1 Aijk(t).

As aﬁ example of the three spline definitions,
consider the following three different characterizations
of a simple piecewise linear spline (Figure 2.1).

1) The function of least arc length connecting the
points (0,2), (1,5), and (2,1).

2) The piecewise polynomial

2+ te3 for 0
(2.11) S(t) = {5, (1t).4 for 1

A A

s
A A
[ N ]
et




3) The linear combination of B-Spline basis functions
(2.12) S(t) = 2:Ny,(t) + 5¢Ny (1) + 1N, (t)

where

IA
bt
—

_'{1—t for 0 < t
)

(2.13) le(t) otherwise

t for 0 < t
{2-t for 1 < t < 2}
0 otherwise

]

(2.14) N,,(t)

N

{t—l for 1 < t
0 otherwise

~ 2
(2.15) st(t) = }.

So far the discussion has been restricted to spline
functions of one variable. "Spline curves'" in two or more
dimensions may be represented as two or more spline functions
of a parameter t. In two dimensions, a parametric spline

curve is given by

b4

(2.16) §(t) = (Sx(t), Sy(t)s for 0 <t < a
where Sx(t)~apd Sy(t) are one—dimensional splines.
For t satisfying
(2.17) i*h < t < (i+1)-h

the parametric spline may be written as a polynomial with

vector coefficients

k-1 X
(2.18) S(t) = I Cy, (t - i-h)
N -



or as a linear combination of B-spline basis functions
i+k
= .N.. (t
(2.19) §(8) = T ANy (©)
j=1i

- where the Ai are the vector B-spline basis coefficients.

10.
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3. Least Squares

Given measurements from the designer's drawn curve, the
proposed design system must produce a spline curve which is
in some sense ''close'" to the original. Furthermore, the
resulting spline curve should have relatively few parameters
so that it may be stored compactly and so that the Bezier
polygon for fhe curve will have a small number of vertices
[15].

One meané of computing such a curve is least squares.
Unlike an interpolate, the least squares spline need not
pass.through every data point; therefore it may have far
fewer pafameters than there.are data. It will tend to
smooth measurement noise, to flatten spurious "wiggles," and
to be insensitive to gaps in the data.[ll]. In addition,
as the following sections show, the least squares spline may
be computed quite efficiently.

In one dimension the computation of the least squares

spline is particulérly simple. Given a set of weighted data

(3.1) X = {Uh,y ,wq):l < q < M},

q

‘'with abscissa tq, ordinate yq, and positive weight wq, the
least squares spline Sﬁ(t) is that spline closest to the
data in that it minimizes the weighted least squares

distance
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(3.2) d(S,X) = )2

M
z
= q

o1 we St -y
over all splines of order k and knot set A. For simplicity
in the following development, the weights wq are taken to be
unity,

The traditional approach to this approximation problem
is to form and solve the normal equations. The spline is

written as a linear combination of some set of basis

functions (here chosen as the B-splines)

=
-+
e

(3.3)  S(t) - j§1 AN (8],

so that the distance functional d(S,X) may be written as a

quadratic function of the basis coefficients A
(3.4) F) = d(s,x) = AT-G-a - 2:aTeB 4 C,

where the discrete Gram matrix G is given by

TR

(3.5) G =’[gij] = [ Nik(tq).Njk(tq)]’

g=1

the vector B is given by

(3.6) B = [b.] = [

i 0 yq°Nik(tq)]’

N~ =

1

and the constant C is given by
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Mo o2
(3.7) C= ¥ y
q=1 4
The minimization of F with respect to A is a simple

multivariate calculus problem. The unique minimum of F is

attained at A* if the gradient

(3.8) gp = 2:(G*A - B)

~

vanishes and the Hessian matrix

» |
| 82

- (3.9) {éA.aA.}= 2+6

. 1 ]

is positive definite. Therefore the matrix form of the

normal equations

(3.10) G-A* = B

must be satisfied at fhe minimum é*.

For typical graphics tablet data, and for any other
data numerous.and reasonably distributed with respect to
- the knots, the Gram matrix G will be positive definite and
a unique minimum will exist [2,11]. Furthermore, under
appropriate conditions, the matrix G will be well conditioned
and the numerical stability of the method is assured [1,5,
11,16].

For least squares curves in two or more dimensions, a
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different distance functional is minimized. This functional
is constructed so that an n-dimensional problem reduces to

n one-dimensional problems. The following development in
two dimensions generalizes easily to curfes in higher
dimensions.

Given a set of data
3.11) Y = ,y Yo):o 1 < < M ;
(3.11) Y = {(xg, v q s M)
the least squares spline

m+k X

Doy o o0 Yy .
(3.12) Sh(t) jzl A, AN N ()

is that spline which minimizes the distance functional

(3.13) d,(S,Y) = : £

q

)

no~=
b=t

[(S,(t) = XD * (S,(ty) - vg)

over all parametric splines of given order k and knots A.
The parameterization of the data tq is chosen as a piecewise

linear approkimation to the arc length

Ct, =0
(3.14) 1

t

1
%

= . 2 _ 2
q = tq-l * [(Xq Xq-l) * (yq yq—l) ]

for 2 < q < M.

As before, the distance functional d2(§,Y) may be

written as a
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quadratic function of éx and AY

- A5 TogeaX - 2. () TBX + X 4
(3.15) F(AS, AY) = ~ "o~ N
~ ~ (AY) GeAY - 2.(AY) B + ¢,

where the discrete Gram matrix G is given by

M
S I Nik(tq) * Njk(tq)]’

(3.16) G = [g;; )
_ q=

the vectors BX and BY are given by

~

(3.17) B = [b?] = [qil Xq * Nyp(ty)]
y yi_ o
(3.18) 7 = ) = [ 2 yg - Nixleg)),

(3.19) c*
(3.20) ¢ =

At the least squares solution (A;, A;) the gradients

(3.21) igi = 2.(G-AX - B
3A ~ -
(3.22) 3£ = 2.(G.AY - B)



must . vanish so that the normal equations

X

(3.23) G-éx B

BY

~

(3.24) G-AY

'must be satisfied.

The two equations (3.23, 3.24) are identical to the
onejdimensional normal equation (3.10) and may be solved
separately by the techniques used for the one-dimensional

problem. Note that the same matrix G appears in both

equations.

16.

¢
L




17.
4. Computational Considerations

The spline curve-fitting method of Sectiqn 3 may be
implemented quite efficiently. In this section a detailed
implementation of the calculation is presented and the work
‘required 1is estimated. These work estimates will be used in
Section 5 to defermine the relative time required for
various parts of the calculation. |

The first problem is the evaluation of the spline
itseif. A polynomial spline is most efficiently evaluated
from its piecewise polynomial representation (2.2-4). Given

a spline of order k, with knots
(4.1) A: 0, h, ..., mh, (m*1)-h = a
and piecewise polynomial coefficients

(4.2) {cC 0<is<m 0s<2& < k-1},

ig*
the spline can be computed by Horner's rule

S, = C

0 i,k-1
(4.3) S2 = (t - i-h)-Sz_1 + Ci,k-l-z for 1 < 2 < k-1
S(t) = S

k-1

for
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(4.4) i*h < t < (i+1)-h.

For the cubic spline (k = 4) with § = t - i+h, the preceding

is simply -
(4.5) S4(t) ='CiO_+ 6-(Ci1 + 6-(Ciz + 6°C13))’

requiring three multiplications. In general, the evaluation
of a spline of order k requires (k-1) multiplications.

Using this method to evaluate the basis functions, the
normal equations are computed. The Gram matrix G of the
normal équations is symmetric by definition; and since the
B-spline basis is local (see equation 2.8), the matrix is

banded, i.e.

(4.6) g3 # 0 if and only if |i-j| < k,

for 1 < i, j < m+k.
Consequently, only the lower triangle of the band of G need

be computed or stored, requiring
(4.7) (m+k)+k locations.

The elements of G and B are computed in the following manner:
0) Initialize G and B to zero. Let q = 1.

1) Determine an interval of A such that

(4.8) ish < t_ < (i+1)+h.

q
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2) Evaluate those basis functions

(4.9) Ni+1,k(tq)’ cees Ni+k,k(tql

which can be nonzero at tq using a table of their piecewise

- polynomials (Appendix II1).
3) Compute the terms of sums (3.5-6) which depend on the
point tq and are not trivially zero (Figure 4.1). Add them to

‘the appropriate elements of B and of the lower triangle of G:

Biel,iel T Bie1,ie1 T Niap k() 7 Nieg x(tg)

Bi+z,i+1 = 8iv2,i+1 * Niaz x(Fg) « Niyp 3 ()

(4.10) 8ik,itk = £i+k,itk +'Ni+k,k(tq) . Ni+k,k(tq)

bivr = bPiar T Yg ot Nyyp (2
Pisk = Piex * Vg " Npax(tg):
4) Let q = q+l; 1f data are exhausted then quit;

otherwise go to (1).



i+l

i+k

Figure 4.1:

o T - A

X X
X X X B:
X X X X
X X X X X
X X + + + +
X X + + + + X
X + + + + X X
+ + + + X X X
X X X X X X
X X X X X

For order k = 4, the elements of G and B
depending on a given data point satisfying
(4.8) are indicated by '"+'"; trivially zero
elements are indicated by '".'"; and other

non-zero elements are indicated by "X'".

<ok X

+

20.
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For an n-dimensional problem, neglecting low order

terms, the formation of the normal equations requires

(4.11) ?\;M‘k2 multiplications

to evaluate the non-vanishing basis functions,

(4.12) ~p -

to compute G, and

M°k2 multiplications

(4.13) AneMek multiplications

to compute B. Note that these work estimates are independent

of the number of knots and that the work required to compute

G is .independent of the dimension n.

The normal equations

(4.14) G-A* B

are solved by a band L-D-LT factorization. Since G 1is

positive definite and

factorization of G in
(4.15) G=L « D« L

where D is a positive

symmetric, there exists a unique

the form

diagonal matrix and L is a lower

triangular matrix with unit diagonal [9]. If the

relations [13]
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J-1
(4.16) 2.. = (g.. - % d e 2. 2. )/d..
1] 1] q=max(1,i-k+1) 94 1q Jq°° 7]
for 1 < j <1 < m+k
i-1 5
(4.17) dii = - X d .

g - L.
1t g=max(1l,i-k+1) a9 14

for 1 < i < m+k

are applied in a proper order, the elements of L and D may
be computed from those of G. Using this factorization, the
solution to the normal equations is obtained in two steps --

‘the forward solution for the temporary W

-1

(4.18) W = L™*-B,

and the backward solution for least squares coefficients

(4.19) A* = @yt Ly,

Both steps involve the solution of simple triangular systems.

Band L D LT

factorization has three convenient
properties. The diagonal of L is 1; the factor L has the same
nonzero structure as the lower triangle of the matrix G; and
the element gij is referenced only once and then it is used to
compute lij (or dii if 1 = j). Consequently the matrix G may
be replaced in storage by the factors L and D as they are
computed. To conserve storage only the lower triangles of

the bands of L and G are stored. In the code of Appendix I
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the two matrices are stored as a vector in row order.

For cubic splines (k = 4) the matrix G would be stored as

(4.20) 817 8218727 £31832833 841842843844 852853854855

and later replaced in storage by the factorization

(4.21) d11 221d d d d

22 *31%32%33 *41%42%43% 4 Ps2ts3tsedss

This method requires no more storage than that needed
for the lower triangle of the band of G and requires far
fewer operations than dense Gaussian elimination. The
resultihg'FORTRAN IV subroutinebis not significantly larger
than:a Gaussian elimination routine [91. For an n-dimensional

curve fit, neglecting low-order terms, the factorization of

G requirgs

(4.22) x% -(m}k)-kz multiplications;‘
the forward solve requires

(4.23) ﬁnme+k)-k multiplications,
and the backward solve requires
(4.24) ﬁn-(m+k)-k multiplications.

Note that the work required to solve the normal equations
is independent of the amount of data and that the work

fequired to factor G is independent of the dimension n.
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Since the number of data points M is normally much greater

than the number of parameters m+k, most of the work is in

setting up the normal equations (4.11-13) rather than in

their solution (4.22-24).

Once the basis coefficients have been computed, the
spline may be evaluated for display on the terminal. For
computational efficiency the spline should be evaluated from
its piecewise polynomial representation, but it was computed

in the B-spline representation. Given t and i satisfying
(4.25) i*h < t < (i+1)+h,

the B-spline representation of the spline is given by
(equation 2.10)
_ i+k
(4.26) S(t) = z AN, (B)
j=i+1 9 K

and the piecewise polynomial for the B-spline is given by
QAppendiX IT)

k-1 N

(4.27) N, (t) = £ C)
jk g=0

g - ish)¥  for i+l < j < i+k

ConseQuently the coefficients of the piecewise polynomial cén

be computed from

i+k ' :
(4.28) C.2 = I C:y ., « A, for 0 <i<m 0c< g < k-1.
1 j=i+l J . J



Neglecting lower order terms, the conversion of the entire

spline requires

(4.29) ame kA multiplications.

25.
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5. Real Time Calculations

The algorithm of the previous section is_neither real-time
‘nor compact. For the sahple "Splines" curve and fit of
Figure 5.1 (order k = 4, dimension n = 2, number of data
points M = 2500, and number of knots m = 46); the calculation
requires ten seconds of PDP-10 processor time, 3+2500
locations for data storage, 6°$O locations for storage of £he
least squares arrays G and B, and 4:47 locations for

storage of the piecewise polynomial. Clearly, both speed

and storage requirements are excessive for a local graphics
processor.

With small ﬁodifications, the algorithm can be made
both compact and real-time. Storage requirements are
reduced by eliminating storage of the data and of unneeded
elements in the least squares matrices, and real-time
response is achieved by performing nearly all of the least
squares calculation while the curve is being drawn. In fact
the fit for fhe first part of the curve can be displayed

~ before the entire curve has been drawn, requiring somewhat

more computation but far less storage than for a sequential
implementation.

The calculatiqn divides naturally into three major
processes -- the formation of the normal equations, the

factorization and forward solution of the normal equations,



27.
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and the back sqlutiqn for the basis coefficients and their
conversion to a piecewise polynomial. These processes need
not be performed sequentially. In this section they
~are pipe-lined so that, at any given poiﬁt in time,

each process will have been completed to the greatest
extent possible. 1In this way the idle time during curve
drawing is employed to display the fit as soon as
pqssible.

0f the three processes, the formation of the normal

equations requires the most processor time (Table 5.1).

1) Normal equations M-k (3k/2 + n) multiplications
’ 80000

2) Factorization n(m+k) +ke (k/2 + n) multiplications
and forward solve ~800

3) Backsolve 'Ln-(m+2)-k2 multiplications
and conversion ~v1536

Table 5.1: Work estimates for the three major spline least

squares processes with numerical values computed
for the "Splines' curve.

The computation of the normal equations need not be

postponed until the last data point has been acquired. As

each data point is received, the nonzero terms of the sums



(3.5-6) to which that point confributes may be computed and
added to the appropriate elements of the least squares
arrays. Unless the data point is needed for display or

- for later cqmparison with the fit, it need not be stored

at all. A data point satisfying
(5.1) i+h < t < (i+1)-+h

affects only rows i+1 to i+k of ? and of the lower triangle
of G (see Figure 4.1); consequently, after the last point
of interval i has been acquired, the values of rows 1 to
i+1 are final and are available for further processing.

As each row of G is determined, its factorization
may be computed from (4.16-17). The elements Rij
| and dii_of the factqrization are computed in left-to-right
order, and for efficient storage utilization they replace
the corresponding elements of G. After the factorization
is complete to row i, the forward solve may be completed
up to element W and the elements of W may replace the
corresponding elements of B (see Figure 5.2);

The third process -- backsolve and conversion --
cannot be begun until both the forward solution and the
factorization are complete. Neither the forward solution
nor the factorization can be completed until all of the

data have been received; therefore the algorithm as stated

will not allow computation of the value of any basis

30.
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The least squares matrices and their
factorization during processing of data
point tq satisfying equation 4.1.
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coefficient before all of the data have been acquired.
Furthermore, since.the value of each point on a least
squares spline curve depends on the values of all of the
data, no method exists for computing any.part of a least

squares curve without knowing the entire set of data.

32.

However, as the experiment of Figure 5.3 suggests, one

may compute approximate values for some of the basis
coefficients without the complete set of»data. In Figure
5.3, for the "Splines' fit of Figure 5.1, the values of
_the»first eight B-spline basis coefficients were computed
using data in the first I intervals and the computed values
are.plotfed for values of I from 1 to 47. As the fraction
-of data fitted increases, the values of the coefficients
approach those computed from the full set of data. For
these first eight coefficients, three digit accuracy may
be obtained using data in the beginning ten to fifteen
intervals only.

This effect is a result of the local convergence
property of splines. Stated informally, local convergence
impiies that the value of a spline at a given point depends
mostly on the data in the neighborhood of that point, and
that the value of a basis coefficient depends mostly on
the data in the neighborhood of the intervals where the
corresponding basis function is non-zero. Data far from a

~given point on a curve affect only slightly the value of
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the least squares fit near that point.‘ More precise
statements of this property aﬁd proofs for some special
cases may be found in Powell [14] and Strang and Fix [20].
A proof for the general case appears in Lewis [11].

In interactive graphics applications, where two or
three digit accuracy is quite adequate; local convergence
allows computation of the spline fit to the first part of
curve déta before the entire set of data is acquired.

Given the first i+1 rows of the forward solve W and of the
factorization L\D, the backsolve for rows 1 to i+l may be
performed. For any standard of aécuracy, for i sufficiently
large, and for some choice of a positive integer lag < i+l,

coefficients

A., A

(5-2) Ay qage1r oo Ao Ajg

will not be sufficiently accurate, but the coefficients

(5.3) A ., A

1 i-lag

will be sufficiently accurate and may be converted to a
piecewise polynomial for display (Figure 5.4). On subsequent
backsolves the coefficients of (5.3) need not be computed

again.
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Assuming that a backsolve is performed at least once
per interval and neglecting low order terms, each backsolve

Tequires
(5.4) lage<k multiplications.

Clearly the value of lag should be given the smallest value
consistent with working accuracy. For curve data the choice
lag = 2-k appearsAto produce reasonable results without
requiring excessive computation.

| Other than the additional computation in the backsolve,
the computation required for fhis algorithm is the same as
that for the sequéntial algorithm of Section 4. Assuming
that the backsolve is performed once per inteival, the
computational penalty for obtaining the fit before completion
of the curve lies entirely in the backsolve and amounts to

approximately
(5.5) fmelag - (m+k)] « k multiplications

over the sequential algorithm.
If the backsolve is performed once per interval, this
scheme requires less storage than the sequential algorithm.

After the value for A has been computed, rows

lag

(5.6) 1, 2, ..., i-lag

of the least squares matrices are no longer required and
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their storage may be freed for other uses. Only

(5.7) 1ag + (k+1) locations

of the matrices G and B need be kept. Therefore, unless
" the basis coefficients or the piecewise polynomial must be

saved, the storage required for the algorithm is independent

of the length gﬁ the curve.
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6. Closed Curves

For a generalvcurve-design system, both open and closed
- curve capabilities are required. Objects such as bowling
pins, television tubes, and bottles contain closed cross-
section curves, and the designer must be able to create and
manipulate these closed curves as easily as open curves.
Furthermore, the system to fit and manipulate these closed -
curves should meet the same goals as the open curve system
-- compactness and real-time response.

The entire development of Sections 3 to 5 generalizes to
closed curves. The closed spline curve is simply an open curve
whose endpoints join smoothly; i.e. an open curve is also

a closed curve if it satisfies the periodic end conditions
2 +y _ R - _
(6.1) D”S(0 ) = D"S(a ) for 0 < & < k-2.

For m > k this derivative constraint is equivalent to the

constraint

for 1 < i < k-1

(6.2) A3 = Ajipsr

on the B-spline basis coefficients.

Except for the additional constraint (6.2), the
calculation of the periodic least squares spline curve
follows the development of Section 3. Since the curve

fitting problem reduces to a number of one variable least



squares problems, only the one variable case will be treated
here.

Given the order k, the knots
(6.3) A: 0, h, ..., m*h, (m+1)+*h = a
and the data

): 1

N

(6.4) X = {(tq, Xq q < M},

the closed (or periodic) least squares spline is that spline
Sﬁ(t) which is closest to the data in that it minimizes the
distance functional

(6.5) d(S,X) = 2

q

o=
H .

[S(ty) - xg]

over all splines of given order and knots which

satisfy the smoothness constraint (6.2). As in Section 3

the distance functional d(S,X) may be written as a quadratic

function of A

AT.gea - 2.aTB + C

(6.6) F(A)

where G, B, and C are defined in Section 3.

39.

The constraint (6.2) may be eliminated by substitution

of Aj m-1

'substitution»(6.6) becomes

for Ai if i > (m+1) in equation (6.6). After this



T

(6.7) F(A) = AT-G-A - 2:AT

9:§+C

>0

o
where the periodic Gram matrix G

8ij ¥ Bi+m+1,j+me1l for 1 = j, 1 =< k-1
gj+m+1;i for 1 < j < k-1
and m-k+3 < i < m+1l
o o

6.8) G = -] = .
( ) [glj] 85 i+m+1 for 1 < i < k-1 ’
and m-k+3 < j < m+l

i gi,j otherwise

o
and the periodic vector B

oo o b. + b.
(6.9) ? = [b.] = 1 1+m+1

for 1 < i < k-1
1 b. ' otherwise }

are obtained by '"folding" the non-periodic matrices G and B
(Figure 6.1). This "folding" computation requires no

multiplications and

2

(6.10) m% k% additions.

The coefficients

[+]

Ai for 1 < i < m+l
(6.11) A; = {,

A _

1
m-1 for m+2 < i < m+k

of the corresponding open curve are the periodic extension

40.




m-k+3
m+1 -
m+ 2

m+k

Figure 6.la:

P T -

X X
X X B: X
X X X X
X X X X X
X X X X X X
X X X X X X
X X X X 1 X
X X X 2. 3 X
1 2 4 5 1
3 5 6 2

The nQn-periodic matrix G and vector B for
k = 3, m= 7. Nonzero elements are indicated
by "X'" and zero elements by """, Numbered
elements are the nonzero elements that are
added to the non—per%odic matrix G to produce

the periodic matrix G.

41.



1

-]

G: k-1
m-k+3
m+1

Figure 6.1b:

4 5 X 1 2 1
5 6 X X 3 B: 2
X X X X X X
X X X X X X
X X X X X X
X X X X X X

X X X X X

3 X X X X

The periodic matrix E and vector ﬁ for k = 3,
m = 7. Nonzero elements from the non-periodic
matrices are indicated by "X" and zero
elements by ".'". The numbered elements are
the sums of the corresponding elements in the
non-periodic matrix and the elements of the
same number in Figure 6.la.

42.
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of the closed curve coefficients é*.

The periodic Gram matrix & is well conditioned,
positive definite, and symmetric; but it is not banded
(Figure 6.1b). While band methods are nét efficient for
such a matrii, variable bandwidth or envelope methods are

°

quite effective [7]. For the symmetric matrix G, the

_ o :
lower half of the envelope of G consists of the elements

(6.12) {gij: f. £ <1, 1 21 < mtl} where

.(6;13) fi Z min j such that g;; 70

J
'iny the envelope of the matrix is ever stored or computed.

The elements of the lower triangle of the envelope of G are

atored in a real vector VG and accessed through the integer

vector UG

_ .
(6'14)vgij =V
with

c_ I
(6.15) u; = I Gg - £.).
Storage of the periodic matrix G requires fewer than

(6.16) (m+1) + (2k-1) locations for VC

and (m+1) locations for the pointers uC.



Figure 6.2 illustrates the storagebof and access to the

envelope of a periodic Gram matrix.

E 1 0

G: E E F: 1 ub: 1
E E E 1 3

E E E 2 5

E E E 3 7

E E E 4 9

E E E E E E E 1 15

E E E E E 1 22

811 821822 831832833 842843844 853854855 64865866
£71872873874875876877 |
- Bg18328338348358365878838

Figure 6.2: The lower half of the envelope of the Gram
matrix G for k = 3, m = 7. Elements of the
envelope are indicated by "E".

The solution of the normal equations is obtained in
. . o
much the same manner as in Sections 4 and 5. Since G is

positive definite, the factorization

. -] T
(6.17) G =1L D « L

44,
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exists. From the relations [7]

i-1

(6.18) zi; = (gs:: - z d o 2. e L. )/d..

J 1) = qq 1q Ja’" 1)

:q max(fi,fj) ) |
for 1 < j <= i < mtk
and
A i-1 v ) . v
(6.19) dii = 854 - qif. dqq . ziq for 1 < i < m+k
i

the elements of D and L may be computed. Just as the
factorization of G for the non-periodic case has the same

_ _ : o
bandwidth as G, so the factorization of G has the same

(<] : N [+
envelope as G. Consequently, the factorization of G may

[+ .
replace G in memory just as before. After a forward solve

(6.20) W =1"1.B

=0

L] L o
for W, the solution A* is obtained from the back solution

Ty-1

(6.21) A* = Ty l.pl

o
D "W,

For an n-dimensional problem and neglecting low

order terms, the factorization requires
(6.22) 2 + (m+1) - k® multiplications,

the forward solve requires
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(6.23) 2 «n ¢ (m*l) ¢ k multiplications,
and the back solve requires
(6.24) 2 « n - (m+l)_- k multiplications.

In practice the curve would be drawn and fit as an
open curve (Figure 6.3) and the ends would be joined later.
If the deSigﬁer were so kind as to draw a curve whose length

was an integer multiple of the knot spacing h, i.e.
(6.25) a =h + (m+l)

fhen the fit could be obtained easily by "folding" the

non-periodic matrices and solving the resulting linear

system (Figure 6.4). Unfortunately, if the designer were

to draw a curve not satisfying equation (6.25), kinks and

bulges could be expected if the closed curve were calculated

from the open curve fit (Figure 6.5) by folding (Figure 6.6).
If equation (6.25) is not satisfied; to obtain an

exact periodic least squares fit the entire computation

could be repeated with

(6.26) h™CY = _2

m+l °
This fit would require considerable computation -- more
than the original open curve fit itself -- and might introduce

unacceptable delay in an interactive system. Furthermore,
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all Qf the data would have to be stored. To avoid much of

this delay and the requirément of data storage, an
approkimate'closed curve fit can be obtained by fitting a
closed curve to points evaluated from thé open curve fit
(Figure 6.5 illustrates the open curve fit and Figure 6.7

is a closed curve fit to data from that fit). If the
evaluation points are.chosen carefully, such as at the Gaussian
quadrature pdints; relatively few evaluations are necessarf

and the time required for a closed curve fit is a small
fraction of the computation time for the exact fitting

‘procedure.
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Appendix I: FORTRAN IV Codes

The algorithm of this paper has been implemented in FORTRAN
IV and tested with the PDP-10 F4 compiler, the 0S370 G
compiler, and the CDC RUN compilef. The codes are close to
the ASA standard for FORTRAN but do viélate the standards
for integer ekpressions in array indices. There are two
basic packages -- CURVS, the curve fitting package, and
SPLSQ, a package for weighted least squares splines in one
dimension. Both packages use the modules in PSQARS
-(primitive least squares operations) and ENSOLV (inéremental
énvelope linear system solution).

| All of the code is well-documented and highly modular.
The code was designed more to illustrate the implementation
of the algorithm than for efficiency. For maximum efficiency,
the subroutine parameters should be placed in COMMON blocks
and some of the subroutine code should be placed in-line.

Use of the packages is illustrated by a set of drivers.

All drivers include sample data files and part of the
fesulting output so that the proper functioning of the codes
may be verified conveniently. There are three drivers for
the CURVS package, each illustrating a different mode of use.
These three modes are explained at the beginning of the CURVS
module. There is one simple data fitting driver for the

SPLSQ subroutine.



The SPLSQ subroutine is well-protected against user
error in that it checks subroutine parameters and in case
~of error returns an explanatory flag; but because of its
structure, the CURVS package could not be so well-protected.
Variables and arrays passed from subroutine to subroutine
(for example, JG, G, LOW, LOWF) shouid not'be modified, and
the subroutines must be called in the specified order.

Machine-readahle copies of the codes are available

from
Numerical Software
Department of Computer Science
Yale University
New Haven, Connecticut 06520.
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Appendix II: PP-Representation of the B-Splines

For t satisfying

C(I1.1) i*h s t < (i+1)+h
and with

(I1.2) § = t - ih

the B-splines may be written as

: k-1 N
(I1.3) Ni+1,kct) = 150 Cqiy 62
k-1 N
Ni+k,k(t) = 250 Cre S8
Nj k[t) =0 for j < i‘or j > 1i+k.

A table of the coefficients C?j follows. This table

was generéted by rationalizing the numbers generated by the
program PPBAS. If higher order splines are desired, PPBAS

may be used to extend this table.



Coefficients

Order 50 51 §2 §3 s §°
1 1
2 1 -1
0
3 v 1/2 -1 1/2
1/2 1 -1
0 0 172
4 1/6  -1/2 1/2 -1/6
2/3 0 -1 1/2
1/6 1/2 1/2 -1/2
0 0 0 1/6
5 1/24 -1/6 1/4 -1/6  1/24
11/24 -1/2  -1/4 1/2 -1/6
11/24 1/2  -1/4  -1/2 1/4
1/24 . 1/6 1/4 1/6 -1/6
0 0 0 0 1/24
6 1/120 -1/24 1/12 -1/12 1/24 -1/120
13/60 -5/12 1/6 1/6 -1/6 1/24
11/20 0 -1/2 0 1/4 -1/12

13/60 1/24 1/6 -1/6 -1/6 1/12
1/120 1/24 1/12 1/12 1/24 -1/24
0 0 0 0 0 1/120

B-Spline Piecewise Polynomials
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