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We construct an iterative algorithm for the solution of forward scattering problems
in two dimensions. The scheme is based on the combination of high-order quadrature
formulae, fast application of integral operators in Lippmann-Schwinger equations,
and the stabilized biconjugate gradient method (BI-CGSTAB). While the FFT-based
fast application of integral operators and the BI-CGSTAB for the solution of linear
systems are fairly standard, a large part of this paper is devoted to constructing a class
of high-order quadrature formulae applicable to a wide range of singular functions in
two and three dimensions; these are used to obtain rapidly convergent discretizations
of Lippmann-Schwinger equations. The performance of the algorithm is illustrated
with several numerical examples.
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1 Introduction

Forward scattering has been an active field of research in science, mathematics, and engi-
neering over the past several decades (see e.g. [3], [4]). The most straightforward method for
the solution of a forward scattering problem is to discretize the underlying PDEs directly,
replace the derivatives with finite differences, and solve numerically the resulting system of
linear algebraic equations. However, discretization of differential equations leads to matri-
ces with high condition numbers, with the attendant loss of accuracy, deterioration in the
performance of iterative methods, etc. Another approach is to convert the underlying PDEs
into integral equations of the second kind (normally referred to as the Lippmann-Schwinger
equation), discretize the latter via appropriate quadrature formulae, and deal numerically
with the resulting linear systems. This paper constructs a class of high-order quadrature
formulae applicable to the Lippmann-Schwinger equation in two and three dimensions.

1.1 Statement of the Problem

The forward scattering problem is the problem of determining the scattered field given the
parameters of the scattering structure and the incident field. In this section, we formulate
the two-dimensional forward scattering problem for the Helmholtz equation, and derive the
corresponding Lippmann-Schwinger equation.

The forward scattering problem we investigate arises from the time domain wave equation

2
2t

where 1(x, t) is the value of the scalar field at a point z at time ¢, and c(x) is the local speed
of wave propagation at a point x. In order to solve (1), we assume that

b(a,t) = Wy (w) et (2)

where k is a complex number with non-negative imaginary part, and ¢ is the speed of wave
propagation outside of the scattering structure. Substituting (2) into (1), we obtain

(VZ + k) di(@) = &2V (2) (), (3)

(z,1) = *(2) - V*(x, 1), (1)

where

—)% (4)

Equation (3) is the well-known Helmholtz equation, and the operator (V2 + k?) is known
as the Helmholtz operator. For any point x outside the scattering object, c(x) = cq; therefore,
V(z) = 0 outside the scattering object. We represent the field ¢ (z) at a point = as a sum
of two parts: the incident field ¢}"(z) and the scattered field ¥ (x), i.e.,

Ui() = o () + 9 (2). (5)
The incident field satisfies the homogenous Helmholtz equation

(V4 k)i (x) =0, (6)
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in some open region in R? containing the scatterer; the scattered field satisfies the Sommerfeld

radiation condition
scat )

tm /o] (2 aH ikt (x)) = 0. (7)

|z|—o00

Combining equations (3), (5), and (6), we obtain the equation for the scattered field
(V2 + k) (@) — K2V (2) Y (2) = KV () ¢ (). (8)

In this paper, we view the equation (8) with 5 satisfying the Sommerfeld condition (7)
as the principal formulation of the forward scattering problem. A standard approach to the
numerical solution of (8) is to convert (8) into the well-known Lippmann-Schwinger equation,
which is an integral equation of the second kind, as follows (see, for example, [5]).

Convolving (8) with a Green’s function for the equation

(V2 + &%) Gi(z,y) = 6(z — ), (9)

we obtain
scat W/@wy >ww>@—H/Gmw V) i) dy,  (10)

which is an integral equation of the second kind; in (10) above, D denotes the region in space
where the scatterer is located. As is well-known, in two dimensions, the Green’s function
Gy (z,y) satisfying the condition (7) is

{
Grlr,y) = —3 Hy" (k| — yl). (11)

where HO(I)(ka — y||) is the Hankel function of the first kind of order zero. We will define
the operator L : L?(D) — L?(D) by the formula

wmwzéanmvwwmw (12)

and observe that a large part of this paper is devoted to the construction of accurate dis-
cretizations of L.

1.2 Overview

A number of algorithms exist for the modeling of acoustic scattering; since we are interested
in frequency domain results, we have concentrated on frequency domain (as opposed to time-
domain) models. The usual approach to such problems is to convert the scattering problem
into the Lippmann-Schwinger equation, and solve the latter iteratively (integral equations of
the second kind being much more amenable to iterative techniques than the straightforward
discretizations of underlying partial differential equations (PDEs)). In addition, the use of
the Lippmann-Schwinger equation obviates the need to impose the radiation (Sommerfeld)
condition at the boundary of the grid, since the “background” Green’s function (11) imposes
the Sommerfeld condition automatically.



Historically, there have been two problems associated with the numerical use of integral
equations in scattering calculations. First, the kernels of Lippmann-Schwinger equations
are dense, except when the background is extremely attenuating; since iterative techniques
require application of the matrix of the discretized integral operator to a sequence of re-
cursively generated vectors, the cost of the procedure is prohibitive, except for extremely
small-scale problems. This difficulty was overcome almost 40 years ago via the observa-
tion that the free-space Green’s function for the Helmholtz equation is translation invariant;
appropriately chosen discretizations of Lippmann-Schwinger equations result in Toeplitz ma-
trices, and the latter can be rapidly applied to arbitrary vectors via the FFT (Fast Fourier
Transform), resulting in algorithms with CPU time requirements proportional to N -log(NV),
with N the number of nodes in the discretization of the problem. Various forms of this
approach have been widely used in electrical engineering and other fields, under the name
“k-space” methods; some of the existing codes are quite fast, even for discretizations involv-
ing hundreds of millions of nodes. However, the resulting solvers for the underlying PDEs
are usually not very accurate, due to the problem discussed in the following paragraph.

The second difficulty associated with numerical use of Lippmann-Schwinger equations
is due to the singular character of the Green’s function for the Helmholtz equation; in
two dimensions, the principal term of the singularity is of the form log(r), and in three
dimensions, it is of the form 1/r. As a result, kernels of Lippmann-Schwinger equations are
singular; the singularities are located on the diagonal, and in two dimensions are of the form

K(z,y) = log(|lz —y|) + P(z,y) -log(|z — y|) + Q(z, y), (13)

with P, Q two smooth functions, and P(z,z) = 0 for all x € R?; the corresponding form in
three dimensions is

1 1
|z —y| |z =y
It is important to observe that in most cases, we do not have access to each of the functions
P, Q) separately, but can only evaluate the whole kernel K given a pair of points (z,y). In
other words, standard integration techniques (such as product integration, etc.) can not be
used efficiently. The standard procedure in the literature (referred to as the “singularity
extraction”) is to subtract the principal singularity and treat it analytically, and apply the
trapezoidal quadrature rule to the remaining function. Since the latter is not smooth (having
infinite derivatives at © = y), the procedure converges slowly, normally behaving like a second
order scheme.

We introduce a class of quadrature formulae for functions of the form (13) in two di-
mensions and (14) in three dimensions. The approach is somewhat related to the Ewald
summation [6], and leads to quadratures that can be viewed as a version of the corrected
trapezoidal rule; it is easily combined with the FFT to obtain fast algorithms. While in
principle corrections of arbitrarily high order could be constructed, in practice both the
complexity of derivation and the number of corrections grow rapidly with the order. We
have designed corrections of orders 4, 6, 8, and 10; they require 1, 5, 13, and 25 corrected
nodes respectively.

The paper is organized as follows. In Section 2, we summarize several well-known math-
ematical facts to be used in the paper. In Section 3, we introduce analytical tools to be used



in the construction of the algorithm. Section 4 describes the algorithm in detail, and contains
a complexity analysis. In Section 5, several numerical examples are used to illustrate the
performance of the algorithm. Finally, Section 6 contains generalizations and conclusions.

2  Analytical Preliminaries

In this section, we summarize several well-known mathematical facts to be used in the
sections below. All of these are either well known or easily derived from well-known results.

2.1 Notation

For an integer N > 1, the two-dimensional discrete Fourier transform F¥ is a mapping

converting a two-dimensional complex sequence a = {a;, j, }, j1,J2 = —N, ..., N, into another

two-dimensional complex sequence A = {Agx,}, k1, ke = —N, ..., N, defined by the formula
N N . .

Ak, = Z Z Qi @_(21\721)]91]1 6_(21\%1)]@2]2. (15)

J1=—N ja=—N
It is easily verified that the inverse (F¥)~! of the mapping F¥ is given by the formula
N N

1 e . i .
(fN)_l(A)jljz = jj, = m Z Z Ak1k2 6(212V+1)k1jl 6(212\r+1)k2j2’ (16)
ki=—N ko=—N

with ,jl = —N, ...,N, j2 = —N,...,N.
For a Helmholtz equation
V2 + k=0 (17)
in two dimensions, the potential ¢ at a point x produced by a unit point source at xzq is
given by the formula

b(x) = — = Holkl}x — wo]), (19)

where k is a complex number such that Im(k) > 0, and Hj is the Hankel function of the first
kind of order zero. The well-known Sommerfeld formula states that

H, iVk2—N2z ei)\y d\ (19)

=L [T
7"—71_ . ]{;2_)\26

for any k € C*, r,z,y > 0, and r = /22 + 42 (see, for example, [9]).
Finally, we will need the identity

n n n—1 J
S figi=5> g—Y (=5 O aw), (20)
=0 k=0 =0 k=0

valid for two arbitrary finite sequences {f;}, 7 =0,1,2,...,n,, {g;},j =0,1,2,...,n,. By
analogy with integration by parts, (20) is normally referred to as summation by parts; it is
easily verified by a substitution.



2.2 High-Order Corrected Trapezoidal Quadrature Rules for Sin-
gular Functions in One Dimension

For a function f : [a,b] — R' and integer n > 2, the n-point trapezoidal rule T}, is defined
by the formula

T(f) = h(ilf(a T ih) - (M)), (21)

where
B b—a

h (22)

n—1

and is widely used as an approximation to the integral f; f(x)dx. It is second order con-
vergent, as long as the second derivative of f is continuous on [a,b]. In other words, if
f € C?a,b], then

/ F@)da = To(f) + O(h). (23)

For any function f € C?"2[q,b] with integer m > 1, the well-known Euler-Maclaurin
formula (see, for example, [1]) states that there exists a real number ¢ with a < £ < b, such
that

B h2m+ZB2m+2
(2m + 2)!

b m h2lB2l
| t@de =15+ 30 S0 - £ @) FemE),  (24)

(21)

where By, k = 0,1,2,... denote the Bernoulli numbers (see [1]). It is easily seen from (24)
that for any function f € C™[a — mh, b+ mh] with integer m > 3, it is possible to construct
quadratures of the form

mi

1
m—_1

T (f) = Ta(f) + h (f(b+kh) = fla+kh))B", (25)
k=—md
where ;" are coefficients such that
b
[ sta)dn=13.00)+ 07, (26)

with A defined by (22). The quadrature Tj,, is referred to as the (m + 1)"-order endpoint-
corrected trapezoidal rule; for any given k£ and m, where m > 3, and is odd, the coefficient
B can be obtained via a direct calculation (see [7]).

While (21) and (25) are widely used for the numerical integration of smooth functions,
their use for singular integrands tends to encounter difficulties (see, for example, [11]). In
[7], a class of quadrature formulae is constructed for approximating integrals of singular
functions of the form

fz) = ¢(z) s(x), (27)



where ¢ € C™[—b—mh,b+mh] with m > 3, and s is an integrable function on [—b, b with a
singularity at zero. For integers n > 1, p > 1, and odd m > 3, the quadrature U »gm for the
functions with separable singularities (i.e., functions defined by (27)) is given by the formula

Ui (f) = Tgu (f) + > 71 6(jh). (28)

Jj=-p

In (28),

2

j':7$_()n k=—m—1
J

H=h Zf(jh)—(w) ShS (Ot kR) — (bt kR

(29)
where the coefficients 3" can be obtained via direct calculation (see [7]), h = £, and the
coefficients Tjh can be obtained by solving the system of linear equations

b

Zx 0y _/ (2" 's(2)) dz — T’ (2" 1s), (30)

j=-p b
with z; = jh, and i = 1,2,...,2p + 1. The quadrature formula (28) is of order 2p + 2.

Remark 2.1 While (21) is the standard trapezoidal rule, and (25) is the trapezoidal rule
with endpoints corrections, (28) is the trapezoidal rule with corrections at both endpoints
and a singular point inside the interval. Here, the singular point is the center point, so the
scheme is sometimes called a “center-corrected trapezoidal rule.” The coefficients T]h are
called correction coefficients.

Remark 2.2 The only difference between T"4..(f) and Tj.(f) is that T"%.(f) does not
contain the term A - f(0), which may become infinite for f of the form (27).

2.3 Toeplitz Convolution

This section introduces two-dimensional Toeplitz convolutions and a procedure for the cal-
culation of two-dimensional Toeplitz convolutions via the two-dimensional discrete Fourier
transform. The Toeplitz convolution a % b of finite two-dimensional complex sequences
a = {ajj,} j1,j2 = —N,..,N, and b = {b;j,}, j1,J2 = —2N,...,2N, is defined by the

formula
CL* b k1k2 - Z Z a’]l]Zbkl —J1, k2—j2> (31)
J1=—N ja=—
where ki, ks = —N,...,N. The well-known convolution theorem states that the Toeplitz

convolution a * b is equal to the inverse Fourier transform of the product of the Fourier
transform of @' and b, where a’ is a two-dimensional sequence obtained by padding the
two-dimensional sequence a with zeros. In other words,

(@ D),y = (F2)7H(FN () - F2V(D)) (32)

kiko?
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where ki,ks = —N,..., N, and the coefficients of the two-dimensional complex sequence
a’ ={aj;,},i1,i2 = —2N,...,2N are defined by the formulae

a;m = Qjyig;s (33)

when —N < 1,19 < N, otherwise
a;, . =0. (34)

1112

Remark 2.3 While direct calculation of Toeplitz convolution (31) leads to time cost of order
O(N*), which is prohibitive for large scale problems, application of FFT to the formula (32)
reduces the time cost to O(N?-log N) (see, for example, [2]). In this paper, FFT is used for
the fast calculation of Toeplitz convolution.

3 Mathematical Apparatus

In this section, we introduce analytical tools to be used in the construction of the algorithms.

3.1 Endpoint Corrected Trapezoidal Quadrature Rules in Two Di-
mensions
This section can be viewed as the extension of results of Section 2.2 to two dimensions.

For a function f : [a,b] X [a,b] — R! and integer n > 2, the two-dimensional trapezoidal
rule T2 is defined by the formula

[asry
[y

n—1 n—

T2P(f) = fla+ih,a+jh)-h*- B3, (35)
i=0 j=0
where ;
—a
B —
— (36)

and f3;; equals 1 in the interior of the square [a, b] X [a, b], equals % in the interior of the edge,
and equals i on the corners of the square.
Further, if f € C?[a,b] X [a,b], then

l//f@@®@=ﬁ%ﬁ+mﬂ- (37

The proof consists of a straightforward application of one-dimensional trapezoidal rule (21)
to both directions in two dimensions, and thus omitted.

The following Lemma provides the two-dimensional version of the Euler-Maclaurin for-
mula.



Lemma 3.1 Suppose that a function f € C*"2[a,b] x [a,b], integers m > 1, n > 2 . Then,

b b
/ / f(z,y)dxdy:TzD )+
a a i=0 [=1

82l_1 82l_1 » 821—1 . 821—1 »
(W f(b, a + ’lh) — W f(a, a+ ’lh) — W f(a + Zh, b) — W f(CL -+ Zh, CL))

i=n—1

i 2l+1 B2l 6@

m h2l+2l’ B B , a2l+2l’—2 .
=1 U'=1

(38)

where T?P(f) is defined in (35), h is defined in (36),

1 O<i<n-—1

ﬁi_{l/Q i=0ori=n—1" (39)

and B,k =0,1,2,... denote the Bernoulli numbers.

Proof. The Euler-Maclaurin formula (24) can be rewritten as
b
h? B

/ fx)de = Z - C(FER) = fH 0 (0) + O, (40)

=1
Hence,

b b
/a / flz,y)dxdy =
/ (Zf (a +ih, y) ﬂl"'z le f(2l 1) )_f(2l—1)(a))+0(h2m+2)> dy. (41)

The conclusion of the Lemma follows immediately from applying the formula (40) to the
integrals in (41). O

The following Lemma provides a (2m + 2)*-order endpoint-corrected trapezoidal rule in
two dimensions.

Lemma 3.2 Suppose that a function f € C*"*2[a,b] x [a,b] with integers m > 1, n > 2,

h = % . Then,
/ / P, ) do dy = T2 (F) + O(h2™+2), (42)
In (42),
n—1 m
TR = T2+ 02> S (1,
=0 k=—m

(f(b+k;h,ih)+f(ih,b+k:h)—f(a+kh,z’h)—f(ih,a+k:h)))+h2 > (5,§m+1527”1~

k=—mk/=—m

(f(a+kh,a+Kh)+ f(b+kh,b+k'h) — fla+ kh,b+ K'h) — f(b+kh,a+k;’h))>, (43)

10



2D 32+ and B; are defined by (35), (25) and (39).

Proof. It is easily observed from the formulae (24), (25) that

m hZH- B
Z )21 (2l 1) Z fla+ kh) - 2m+1 B2, (44)
I—1 =
Therefore,
m h2l+lB aQH_l
2 2m+1 21 )
k;mh - fla+kh,a+ih) - = ; a1 0x2l+1f(a’ a+ih), (45)
and
i i h2l+2l’ . le . B2l/ 82l+2ll
— (2120 Or2l— 1ay2p
T h2 BQl’ oml 82l
- (2[/' ( Z h, ﬂk * 8y2l/ 1 a+kh a)
I'=1 k——m
- 1By 921
— 2 22m+1 2l
—kZh b (l,z:l U Gyt “+kha>
= Z Z h2 . ﬁim-ﬁ-lg%ﬂ—i—lf(a + kh,a + k‘/h) (46)
k=—mk/=—m
Now, (43) follows immediately from the combination of (45), (46). 0

3.2 High-Order Center Corrected Trapezoidal Quadrature Rules
for the Singular Functions in Two Dimensions

The following Lemma provides an estimate of the difference between the integral and the
end-point corrected trapezoidal quadrature for functions of the form 272 . log(x? + y?).

Lemma 3.3 Suppose that n is a positive integer, a, h are two positive real numbers such
that h = a/n, and integers m, p are such that m > p+ 1> 1. Then,

/ / (@2 -log(a® + y*)) dw dy = Toon%, (z°742 - log(a® + ) + O(R*™H),  (47)

with Tgﬁ;ﬁl defined by (43).

Proof. Here, we prove the case of p = 0 as an illustration; the proof for p > 0 is quite
similar. For simplicity, we will be denoting 2% - log(2? + y?) by g(x,y). Then,

dg(x,y) 2%y
— 4
Ay x? 4 y?’ (48)

11



Pg(x,y)  162%y? 1222y
o @y (@)

: (49)

and
Pg(x,y)  T680x%yS 1152027y 4320a%y? N 24022 (50)
0y° (@2 +y2)° (242" (@242 (@)
Replacing the derivatives in (24) with the appropriate finite differences, we rewrite (24) in
the form

b
[ at@rdo =Tul) + 5h- (~gl0+ b) + gla+h) + g6~ )~ gla— W)+

Cr-h" - (gP(0) = ¥ (a)) = Co - 1° - g (€)
= Th(g) + Cy- - (490) — 69 () + O 1 4O(0). (51)
where C; and Cy are two constants independent of g, and & € [a,b]. Therefore, for any
fixed z and g(z,y) = 2% - log(z? 4+ y?), the error ¢(z) of the end-point corrected trapezoidal
quadrature in the y direction is
162%a3 122%a
2+ a?)3 (224 a?)

(z) = / " gley)dy —Th(g) = Cr - h4( ( ) L Oy 1 O, 6). (52)

Summing up all the errors along the x axis, we obtain

n

€= / / (2% - log(2® + v?))dxdy — Tﬁzgf)’"(:)s2 log(z® +y*) ~ 2- Z h - e(ih)

i=1

of 16(@h)%a®  12(ih)%a 6
<30 (001 (G G ) 0 Ol

a 1622a> 1222¢ 240
< Cy h* — d K
=6 / (<x2+a2>3 <x2+a2>2) T ;<m>4

~Cy-(3—7)-h*+Cy-hb-log(h) ~O(hY).  (53)

O

Theorem 3.4 below is an extension of the formula (28) to two dimensions. For an integer
p > 0, it supplies a (2p + 4)"-order center-corrected quadrature formula on R? for the
functions of the form

.f(x>y) :¢($,y)$(I,y), (54)
where ¢ : R?> — R, and
s(x,y) = log(z® +y*) + P(z,y) - log(a® + y*) + Q(x,y), (55)

with P, @ two smooth functions, and P(0,0) = 0. Suppose that n, m are positive integers,
and a, h are two positive real numbers such that h = a/n. We define 720" (f) by the

I@2m+1

12



formula

TN () = Y SGhh) - gy nt Y S (66

(1,5)eM i=——nk=—m

(ﬂa+kmwo+fuma+mn—f@ﬂ+kmuo—fum—a+mz)+h2§: }: (%HI%HL

k=—mk/=—m
u@ﬂ+km—a+ym+fm+kma+ym—f@ﬂ+kma+ym—fm+km—a+ym»,
(56)
where
M={ijeZ:i <n,l|j| <n, (ij)# (0,0} (57)
{1 fil<n
/82' - { 1/2 Z| — 3 (58)

n (56), coefficients f3;; equal 1 in the interior of the square [—a,a] X [—a, a], equal % in the
interior of the edge, and equal on the corners of the square, and 37" *" are defined in (25).

Theorem 3.4 Suppose that ¢ € C*P+2(R?) withp > 0, integer m > p+1, and s is a singular
function on R* with a logarithmic singularity at (0,0), i.e., of the form (55). Suppose further
that

U2 s (6 ) = T'5ailia (6= 5) + > 7 (b, jh), (59)

(3,7)EW

where T’Zgﬁl(qb - 8) is defined by the formula (56),
W ={i,jeZ:li+j| <pandli—j| <p} (60)

and the coefficients ' in (59) satisfy the system of linear equations

J
S ay = [ @ sy dedy - TR ), (o)
(3,7)EW asTa

with x; = ih, y; = jh, and (7', j') € H, where H ={¢',j/,€ Z :i' > 1,j' > 1,i'+j" < 2p+2}.
Then,

| [ ) st dedy = U3 0-5) + 0. (62
Proof. Applying the Taylor expansion to the function ¢(x,y) at the point (0,0) we have
¢(z,y) = P(z,y) + R(z,y), (63)
where -
5 L (Va2 ey (o4
parfear i} Y Dzt Qyi— Ylz=0,y=0,

13



and

2p+2
1 WA 2\ ; gy 0T
Ao = g 2 (1) e Ve ()

where &1, & € [—a,a] X [—a,a]. Thus,

[ [ @ sto) dody - V(o -5)
< \/_z /_Z(P(x,y) -s(w,y)) do dy — Ulipoma (P - )|+
[ R o) dedy = U (B9 (6
Now, we make the following three observations. Due to (61),
/_ﬂ /_ﬂ (P(z,y) - s(x,y))dedy — U h62m+1(P s) =0, (67)
and due to (59),
[ [ By sto) dedy = U (R 9)
< |/a /Q(R(x,y)-s(x,y))dxdy—T'Zgﬁl R-s)|+| Z R(ih, jh)[. (68)

(3,7)eW

Due to formulae (47) and (61), it is obvious that

| / / (2,9) - 8(2, ) dwdy — T2 (R - )] ~ O(h27H),

(69)
and the coefficients TZJL- are of the order h?, hence,
| Y mhR(ih, jh)| ~ O(R*H), (70)
(i,5)eW
Finally, the conclusion of the Lemma follows from the combination of (66) — (70). O

3.3 High-Order Center Corrected Trapezoidal Quadrature Rules
for the Green’s Function for the Helmholtz equation

In this section, we prove Theorem 3.10, which is the principal analytical tool of this paper.

Theorem 3.10 describes the 10¢"-order center-corrected trapezoidal quadrature formulae for

the Hankel function. It can be viewed as a special case of Theorem 3.4 with p = 3, and the
singular function s the Hankel function H,.

14



In the remainder of this paper, we will be using the following notation. For any k € C'*
and h > 0, we will define the complex numbers Dqy, Dy, Dy, D3, Dy, D5, via the formulae

Dy = /_OO /_OO Ho(l)(k:r) dx dy — Z Hél)(k (ph)2 + (gh)2) - B2, (71)

(p,q)#(0,0)

Dl:/ [ H e sy S HP 0GR ) )R (72)
e (P:0)#(0,0)

o= [ [ HP Gt ey = S O GG @) )1 (7
(p,a)#(0,0)

Dy= [ [ PGt dedy— S H R GRP) - () (a0 B (7
e (P:)#(0,0)

Di= [ [ EP Gt drdy Y HP G GRE @h) Gh)H(75)
e (p,a)#(0,0)

D= [ [ HP Gt drdy =Y H TR ) - () )42 (76)
T (p,a)#(0,0)

The following Lemma is a simple consequence of the Sommerfeld formula (19).

Lemma 3.5 Forany k€ C*, v, z,y >0, and r = /22 + 12,

H(](]{?T P @(m—)\)m . ei-@-(m—l—)\)-y d)\, (77)

1 1
_?/_m—ke—v'
where r* = 2 + %, 2,y > 0.

The following two technical lemmas follow immediately from the Sommerfeld formula (19).

Lemma 3.6 For any k € CT, and a > 0,

a a 4 oo
[ =2 | g

g-(m—)\)-a -1 ei-g-(m-%)\)-a -1

P2 (VX)) i 2 (VR A1)

d\, (78)

with r = \/x? + y2.
Proof. Substituting (77) into the left side of (78), and changing the order of integration,
we obtain

/ Ho(kr) dmdyzll/ / Ho(kr) dz dy

2N g / o E VN Y g
0
T'(sz—Az—A)-a -1 ei-ﬂ-(m+)\)-a -1

;'/—oo\//fz—kz'z'-@-(\/ik?—)\?—)\)ﬁ'-@-(mjw\)

=l

dr. (79)
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Lemma 3.7 For any k € C*, integer n > 1, and a > 0,

ST 3 Holk/ph)E+ (@) - (50)

p=—-ng=-n

M2, 2_X2-)\)-a
et (VRPN -N)a 1 n lei.g.(m—x)u

4 [ 1
i - hZ.
T /_OO [k2 — )2 <6i~*f~(\/k2—)\2—>\)~h 1 2 2 )

_(ez’~‘f.(¢k—2_p+x)-a -1 1 n lei.g.(mﬂ)-a) A\ (81)
V2 22 ’
et (VRN N 1 2 2
with
h =a/n, (82)

and [py equals 1 in the interior of the (2n+ 1) X (2n+ 1) square, equals % in the interior of
the edge, and equals i on the corners of the square.

Proof. The trapezoidal sum (84) over the domain [—a,a] x [—a,a] is equal to four times
the trapezoidal sum over the domain [0, a] x [0,a]. In other words,

SN HY (ky/(0R) + (qh)?) - B2 - By

=435 1 (k/(h)? + (qh)2) - 12 - B, (83)
p=0 ¢q=0

where 3/, equals 1 in the interior of the (n+1) x (n+1) square, equals % in the interior of the
edge, and equals 1 on the corners of the square. Substituting (77) into (83), and exchanging
the order of integration and summation, we obtain

Z Z Ho(k+/(ph)* + (gh)?) - h? - Bpq (84)

p=—ng=-—n
%/m LANEY zn:ei~§'(m—>\)-p-h 1P VBN
T J oo VK2 — N2 —o 2
n V2 (JEZNZ4N)-a
.(Zei-@(mmq.h C1ged Z v ) (85)
q=0
4 /oo 1 h2 ei'g'(vm_)\z_)\)-a —1 1 T 1 i~§~(m—>\)~a
— — - . . —_ —e
7)o VEE N2 o E WM\ 1 2 2
CEVERING 1 11 e A 86
) i V2 22 T5¢ ) ( )
et (VEEEREE N 1 2 2
O
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V2

Remark 3.1 As a — oo, the exponential terms el 2 (VF*=A*+0)-a) iy (78) and (81) tend to
zero; this fact will be used in Lemma 3.8 below.

The following lemma provides an analytical form for the difference between the inte-
gral (78) and the trapezoidal sum (81). Its proof consists of combining Remark 3.1 with
(78), (81).

Lemma 3.8 For any k € CT and h > 0,

/—OO /—OO H (kr)dedy = Y > Hy  (ky/(ph)? + (qh)?) - 1

p=—00 g=—00

4 [ d\
- ; /;oo m ' ((ial)(ia2) - 4 eiouh —1 eiagh -1

r= /a2 +y? (88)
a = g(\//ﬁ “A2 ), = g(\/k;? — X2 )). (89)

The following Lemma follows immediately from Lemma 3.8. It supplies an analytical
form for the difference

[ e/ ) sy S () by oG ah?))

(p,9)#(0,0)

1 h2 ia1h 1 iooh 1
glah 4 1 glazh 4 )7 (87)

where

(90)
withi =1, j = 1.
Remark 3.2 (90) is the right hand side of the equation (61), and thus is directly used in
the calculation of coefficients 7'2’; Direct numerical subtraction of the integral and the sum in
(90) leads to loss of accuracy because of cancellation errors, especially when ¢, j are relatively
large. Lemma 3.9 below and Lemmas 6.1 — 6.5 in Appendix A, provide analytical formulae
for (90) with (¢,7) = {(1,1),(3,1),(5,1),(3,3),(7,1),(5,3)}, i.e., Dy — D5 defined by (71) —
(76), so that cancellation errors are reduced.

Lemma 3.9 For any k € C* and h > 0,

o= [~ [ HP ) dray— X HP T ) 1

(p,a)#(0,0)
B 4 /oo d)\ 1 h2 6ia1h + 6ia2h (91)
“r ) Ve \GanGay) 2 (@t - (e —1)

4 /°° e L +Zz+i\/gkh(y1 —Y2) T 11y 02)

R Y~ v (i) (i) (1 + 1) (1 + ) ’

where the complex numbers x1, xa, Y1, Yo, 21, 22 are defined by the formulae
gloah 1 2. (i h)" glozh 1 2. (iagh)™

L - 93
n ionh nzz:l (n+ 1)V 2 iagh ; (n+ 1)V (93)

17



ionh o~ (iah)" B Y N (e
Y1=n1 5 _;(nle)" Y2 = T2 5 _;(n—i—l)" (94)
B (i h)? = (iarh)” B (iash)? = (iazh)"

and r, ay, and ay are defined by (88), (89).

Proof. Substituting (77) into
> H (b oh)? + (ah)?) - 12, (96)
(p,q)#(0,0)
and exchanging the order of integration and summation, we obtain

S HP (kph)? + (h)?) - 2

(p,9)#(0,0)

4 [ dA h% elorh 4 1 eio2h 41 ]2
:%/_wm' (Zeio‘lh—lew@h—l _Z>
N S e i (07)
T ) o VE2 =22 2 (elh —1)(efo2h — 1)
Now, (91) follows immediately from the combination of (97), (78), and Remark 3.1. Substi-
tuting (93) into (91), we obtain

1 h2 eialh + eioc2h
(iavy) (i) 2 (eiorh —1)(eiazh — 1)
1 1 24 ia1h(1 4 1) +iagh(1 + x5)

(i) (i) 2 (1a1) (i) (1 + 21)(1 4 x2)
1+ To+ XT1To — %ZOAJL(l + l’l) - %’LO&JL(l + LL’l)

= . 98
(ZO&l)(ZOéQ)(1+l’1>(1+$2) ( )
Finally, (92) follows from the combination of (93), (94), (95) and (98). O
Remark 3.3 Introducing the notation z = %, we rewrite Dy in the form
o= / / Hy (krydedy — ) Hy (k/(ph)? + (gh)?) - 1
e (p.)#(0,0)
2 froo V2 12 V20 /T2
4h d = 1 1 ) ( z2—2)kh 4 eis (V1-22+2)kh
T o V1 — 22 . <(zz _ 0‘5) ] (kh)z _5 ) (eig(m—z)kh N 1)(ei§(mﬂ)kh B 1)>
(99)

Thus, Dy is entirely determined by k and h, and is of the form h% - f(k - h). Similarly, D; is
of the form h*- f(k - h); Dy and D3 are of the form h® - f(k - h); Dy and Ds are of the form
h® - f(k - h). In other words, except for the multiplicative factors (h?h*, hS, or h®), Dy — D5
only depend on the product k - h.
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Remark 3.4 Even when Lemmas 6.1 — 6.5 are used, a certain loss of accuracy in the cal-
culation of D; — Dj is encountered (see Remark 3.2 above). Thus, evaluating Dy in double
precision, one obtains roughly 13 digits; for D; one gets 9 digits, and Dy D3 D4 Dj5 yield
even fewer digits.

To avoid this difficulty, we utilized extended (real *32) precision to precompute the
coefficients Dy — D5 for values of kh at appropriately chosen nodes on the boundary of the
square €2 = [0, 1] x [0, 1] in the complex plane, and used Lagrange interpolation to evaluate Dg
— D5 for arbitrary points in € to 13 digits (see [8] for a detailed description of the technique).
Thus, in all of our numerical experiments reported in Section 5 below, the coefficients Dy —
D5 were obtained by interpolation, rather than computed “from scratch”.

Now, we are ready to formulate Theorem 3.10, which is the principal analytical tool of
this paper (together with Lemmas 6.6, 6.7, 6.8). Theorem 3.10 describes the 10%-order
center-corrected quadrature formula for the Green’s function for the Helmholtz equation in
two dimensions; this theorem is a special case of the high-order center-corrected trapezoidal
rule for singular functions in two dimensions (see Theorem 3.4) with p = 3, and s(x,y) =
HY (k\/2? + y?). The 4%-order, 6™-order, and 8"-order center-corrected quadratures are
similar and listed in Appendix B (see Lemma 6.6, 6.7 and 6.8). All the proofs are quite
similar to that of Theorem 3.4, and are omitted.

Theorem 3.10 Suppose that n > 1 is an integer, and a, h are two positive real numbers
such that h = a/n. Suppose further that ¢ : R* — C is a function such that ¢ € ¢3(R x R),
and that ¢ is zero outside the square [—a,a] X [—a,a]. Then, for any k € CT,

/a a ¢(x,y) - Ho(ky/2? +y?) de dy = Upn(é - Ho) + O(h'°). (100)
In (100),
Un(¢- Hy) =T (¢ + 3 7 b(ph, gh), (101)
P,q€S
where
S={p,qe Z:|p+q| <3 and|p—q| <3}, (102)
(6 Ho) = Y (0lwh,ah) - B (ky/ R+ (ah)?) ) - 12, (103)
(p,a)#(0,0)
and

49D, 7D, 3D; 1D, 1Ds
D St Rt R et s S 104
7o = Do — 1872 Ton Tont 18 2me (104)

N , 3Dy 13D, 19Dy 1D, 7 Ds

_on _3D0 13Dy 19Ds 1 Dy T Dy 105
T = Tont T gy TR T 24 S hS 24 (105)
3D, 1D, 1D; 1D, 1D
b h 1 2 3 4 5
_po— 3D 1D 1Dy 1Dy 1D 106
Teo = Tow2 T TqTe 007 To0H  10m 20 RS (106)
I'D, 1D, 1D
h h 1 2 4
o _ LD 1D 107
e = Toss T 5072 T T s 720 B (107)
5D, 1D,
v T 10
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Figure 1: The 25 correction nodes

1 Ds 1 Ds
Thiss = Tho BT (109)

Remark 3.5 For simplicity, we assume here the function ¢ to be zero outside the square
[—a, a] X [—a, a]. Thus, the endpoint corrected trapezoidal rule T” gﬁ;ﬁl (¢-Hp) in Theorem 3.4

reduces to the standard trapezoidal rule T” 2D(¢ - Hy), and the integral and the sum on the
square [—a,a] X [—a,a] are identical to those in R?. This simplification allows the direct
use of the analytical formulae for Dy — D5 (see Lemma 3.9 above and Lemmas 6.1 — 6.5 in
Appendix A).

Remark 3.6 Combining Remark 3.3 with the definitions (104)—(109), we observe that each
of the coefficients 7/ in (104)—(109) has the form h*- f(k - h); we will refer to the coefficients
h

Ty 88 correction coeflicients.

Remark 3.7 The set S defined in (102) contains 25 pairs of integers (p, q); in other words,
corrections at 25 points around the singularity are required to construct a 10*-order quadra-
ture formula (see Figure 1). In general, for any integer p > 0, 2p? + 2p + 1 correction nodes
are needed to obtain a quadrature of order 2p + 4.

3.4 Fast Numerical Application of Discretized Lippmann-Schwinger
Operators

In this section, we combine the 10"-order quadrature formula for the integral (100) with the
FFT to obtain a fast procedure for the application of discretizations of the operator (12).
We will denote by D the square [—a,a] X [—a,a] in R?.

Suppose that N > 1 is an integer, h is a positive real number, and S is a set defined
in (102). Suppose further that the coefficients 7, are defined in (104)—(109). Then, we
define a two-dimensional complex sequence H = {H;,;,}, i1,i2 = —2N, ..., 2N, as follows:

Hiyiy = Holkn/ Tk + (ioh)2) + 71, /1, (110)

1112
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when (il,ig) € S and (il,ig) 7é (0,0),

Hoo = 75/, (111)

and
Hi, i, = Ho(k+/(irh)? + (i2h)?), (112)
otherwise. We define a complex sequence ® = {®; ;. }, i1,i2 = —N, ..., N, to be the two-

dimensional sequence defined by the formula
(I)iliz = ¢(Zlha 7;2h)a (113)
where ¢ : R? — C is a two-dimensional ¢3-function which is zero outside D.

Lemma 3.11 Suppose that the integers n, 1y, ly are such thatn > 1, —n <[l <n, —n < ly <
n, and that the real numbers a,x,y are such that a >0, —a < x < a, —a <y < a. Suppose

further that ¢ : R* — C is a c-function which is zero outside the square [—a,a] x [—a,al.
Then for any k € CT,

/ o' y') - Hy (k/ (@ —y')?) da’ dy'
Z Z (I)iliz ' H(l1—i1)(l2—i2) + O(hm)v (114>

—n<i1<n —n<ia<n

where h = a/n, x = l1h, y = lxh, the two-dimensional sequence ® = {®;;,}, 11,12 = —n,...,n
is defined in (113), and the two-dimensional sequence H = {Hj,;,}, j1,J2 = —2n,...,2n is
defined in (110) — (112).

Proof. Due to (100), (101),

/ o', y) - Hy (k/( (y —y)?) do' dy
= Y i, ish) - Hy" (ky/(Iih — irh)2 + (Ish — i2h)2) - h?
(i1,42)€l’
+ Y 7k ¢(lih + ph, Ik + qh) + O(h'), (115)
(p.a)eS
where
I/ = {’il,ig €l: ‘Zl‘ S n, |’LQ| S n, (il,ig) % (ll,lg)}, (116)
and S is defined in (102). Now, (114) follows immediately from the combination of (115)
and the definitions in (110) — (113). O

Remark 3.8 Obviously, (114) is the Toeplitz convolution of the two-dimensional sequences
®, H, and as such, it can be rapidly calculated via the FFT (see Section 2.3 above). Thus,

Z Z (I)i1i2 ’ H(l1—i1)(l2—i2) = (f2n)_1 (f'2n(q)/) ’ on(H))l1l27 (117>

—n<i;<n —n<izg<n
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where —n < [} < n, —n < Iy < n, and the two-dimensional sequence ® = {®};},i,j =
—2n, ...,2n, is defined by

e < | <
(I),”:{(I)” if |i| <mand |j| <n (118)

0 ifji|>nor|j|>n

Remark 3.9 For any point x outside the square [—a,a] X [—a,al, integral (12) is approx-
imated via the standard trapezoidal rule. This approximation is 10*"-order convergent, as
long as ¢ € ¢'°(R?) .

4 Description of the Procedure

This section describes the algorithm of the present paper in some detail. We start with an
informal description, follow with a more detailed one, and finish with a complexity analysis.

4.1 Informal Description of the Algorithm

Below, we describe an FFT-based 10-order iterative algorithm for the solution of the
Lippmann-Schwinger equation

/@xy WW%W/@M V() o(y) dy (119)

in two dimensions, where D = [—a, a] X [—a, a], G} is the Green’s function for the Helmholtz

equation in two dimension, ie., Gy(z,y) = —% - (k||:c — yl||), and V(x) denotes the
potential at a point x. Here, ¥(z) and ¢(x) are the scattered and the incident fields at a
point z, respectively.

As discussed in Remark 3.9, once the scattered field ¢ in the domain D is known, the
scattered field ¢ outside D can be calculated via the standard trapezoidal rule applied to
(119). Therefore, we focus on obtaining the solution of (119) for z € D. Obviously, (119)

can be written as the linear system

(1 - Ay = A, (120)

where ¢ is the unknown scattered field in D, ¢ is the given incident field in D, 1 is the
identity operator, and A is the integral operator in (119). As discussed in Section 3, we
use (114) to approximate the integral operator A on the functions ¢, ¢. With the help of
FFT (see Remark 3.8), we apply the discretized version of A rapidly to arbitrary vectors, and
solve the linear system (120) iteratively. We use one of the most popular iterative solvers,
BI-CGSTAB (the stabilized bi-conjugate gradient method) (see [10], [12]).

4.2 Detailed Description of the Algorithm

Comment [Choose principal parameters.|
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Set the size of the scattering structure to [—a, a] x [—a, a.

Set the initial position of a point source to (xg,yy) to generate the incident field.

Choose precision € to be achieved for the iterative solver.

Choose an integer n; set h = 2; set the number of nodes discretizing a side of the square
to 2n + 1, so that the total number of nodes in the discretization is N = (2n + 1)2.

Choose the wave number k for the incident and the scattered fields.

Construct a two-dimensional sequence {Vi;}, 4,7 = —n,...,n via the formula V;; =
V(ih, jh).

Stage 1
Comment [Construct the values of the the Green’s function.|

For the user-specified h and k, calculate the correction coefficients Dy, D1, Do, D3, Dy, D5
in (71)—(76) via interpolation (see Remark 3.4).

Construct the two-dimensional sequence H via the formulae (110) — (112) on the square
[—2a, 2a] x [—2a, 2a], and calculate its Fourier transform using the two-dimensional FFT.

Stage 2

Comment [Construct the right hand side of the linear system (120).]

For a point source (zg,%o), construct a two-dimensional sequence ® = {®;;}, 4,5 =
—n, ..., n for the discretized incident field on the domain [—a, a] X [—a, a] via the formula (113).
Construct the two-dimensional sequence f = {®;; - Vj;}, 4,j = —n, ..., n.

As in Remark 3.8, use the two-dimensional FF'T to calculate the Toeplitz convolution of
the sequences H and f.

Stage 3
Comment [Solve the linear system using iterative solvers.]

Use the iterative solver BI-CGSTAB to solve the linear system (1 — A)¢ = A¢ to the
predetermined precision €. The multiplication A is done via the combination of FFT and
the Toeplitz convolution of the two-dimensional sequences H and g, where g = {W;; - V};},
i,j =—n,---,n with ¥;; = 1(th, jh) (see Remark 3.8).

The solution is the scattered field at the N discretization points in the square [—a, a] X
[—a, al.

Stage 4
Comment [Calculate the scattered field at any point in the two-dimensional plane.]

Use interpolation to obtain the scattered field at any arbitrary point in the square [—a, a] x
[—a, a], based on the scattered field at the N discretization points. As in Remark 3.9, apply
the trapezoidal rule to (119) to obtain the scattered field at any arbitrary point outside the
square [—a,al X [—a, al.
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4.3 Complexity Analysis

A brief analysis of the complexity of the algorithm is given below.

In stage 1, the construction of the two-dimensional sequence H costs O(N), where N is
the total number of the discretization points on the square [—a, a] x[—a, a], i.e., N = (2n+1)%.
The two-dimensional FFT costs O(N log(N)). Thus, the CPU time cost of the stage 1 is of
the order O(N log(N)).

In stage 2, the construction of the two dimensional sequences ®, f costs O(N), and the
two-dimensional FFT costs O(N log(N)). Thus, the CPU time cost of the stage 2 is of order
O(N log(N)).

The CPU time cost of the stage 3 is of order O(Njy, - Nlog(N)), where Ny, is the
number of iterations required by the iterative solver to get the pre-determined precision e.

In stage 4, the CPU time cost of interpolating the field at any point in [—a,a] X [—a, a]
O(N).

Summing up the CPU times above, we obtain the time estimate for the algorithm
T:a(Niter NlOg(N))—FﬂN—i-”y, (121)

where N is the total number of discretization points, N, is the number of iterations required
by the iterative solvers to reach the precision €, and the coefficients «, 3,7 are determined
by the computer system, implementation, etc.

The storage requirements of the algorithm are determined by the total number of dis-
cretization points N and the number of iterations K performed before restarting the iterative
solvers, and are of the form

S=0(K-N). (122)

5 Numerical Examples

The algorithm of Section 4 has been implemented in FORTRAN 77 in double precision.
In this section, we illustrate the performance of the scheme as applied to two scattering
objects: a Gaussian and a crude model of the human skull. The experiments were carried
out on a 2.8 GHz Pentium D desktop with 2 Gb of RAM and an L2 cache of 1 Mb. The
calculations reported in Tables 1 and 3 were carried out with a requested accuracy of 10713;
the calculations reported in Tables 2 and 4 were carried out with a requested accuracy of
107°. We restarted the BI-CGSTAB every 5 steps.

Tables 1 - 4 illustrate the numerical behavior of the scattered field at arbitrary far-field
points, generated by the potential V' defined in (3); the incident field is produced by a single
point source. In Tables 1 and 2, we set the potential V (z,y) = e~%@*+¥*) Tables 3 and 4
illustrate the numerical behavior of the scattered field, generated by a model of the human
skull, as shown in Figures 2 and 3. The headings of the Tables are as follows:

k is the wave number defined in (2);

the computational grid is N x N for a total of N? discretization points;

the computational grid is size,,; wavelengths X size,,; wavelengths;

N, is the number of discretization points per wavelength;
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Figure 2: The human skull model

LI S S B p s m |

Figure 3: The human skull model viewed from the top

Table 1: 10" order convergence of the algorithm for Gaussian objects
k N S'ézeobj N)\ Erel Niter topu

25| 50 8\ 6.28 | 6.33E-06 | 16 | 1.2E-01
25 | 100 8\ 12.6 | 6.63E-09 | 16 | 5.9E-01
25 | 200 8\ 25.1 | 6.04E-12 | 16 | 2.6E+400
25 | 400 8A 50.2 | 7.25E-13 | 16 | 1.1E401
25 | 800 8\ 100 | 6.32E-13 | 16 | 5.5E+01
25 | 1600 8\ 201 - 16 | 2.4E402
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Table 2: Gaussian objects with a fixed number of points per wavelength
k N | sizeq; | Ny Ee Niter | tepu
25 | 50 8\ |6.28 |6.33E-06 | 14 | 1.1E-01
50 | 100 16\ | 6.28 | 3.80E-06 | 20 | 7.2E-01
100 | 200 32\ | 6.28 | 4.44E-06 | 33 | 5.2E+4+00

200 | 400 64\ | 6.28 | 8.26E-06 | 61 | 4.4E+01

400 | 800 | 128X | 6.28 | 1.60E-05 | 171 | 6.2E4-02
800 | 1600 | 255\ | 6.28 - 891 | 1.4E+04

Table 3: 10" order convergence of the algorithm for the simulated human skull
k N Sizeobj N)\ Erel Niter topu

251 50 8A 6.28 | 1.18E-04 | 134 | 1.1E+00
25| 100 8\ 12.6 | 1.91E-07 | 133 | 4.7E400
25| 200 8\ 25.1 | 2.05E-10 | 134 | 2.1E+01
25 | 400 8A 50.2 | 4.56E-12 | 135 | 9.7E+01
25 | 800 8A 100 | 7.55E-12 | 132 | 4.7E+402
25 | 1600 8A 201 - 132 | 2.0E+03

Table 4: The simulated human skull with a fixed number of points per wavelength
k N | sizeq; | Ny Ee Niter tcpu
25 | 50 8A 6.28 | 1.17E-04 | 97 7.6E-01
50 | 100 16X\ | 6.28 | 1.55E-05 | 165 | 5.8E4-00
100 | 200 32\ | 6.28 | 1.03E-05 | 328 | 5.2E+401

200 | 400 64\ | 6.28 | 1.69E-05 | 756 | 5.5E+02

400 | 800 | 128X\ | 6.28 | 2.21E-05 | 3286 | 1.2E+04
800 | 1600 | 255\ | 6.28 - 13568 | 2.1E+05
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FE,.; is the average of the relative errors of the solution for the scattered field at twenty
chosen far-field points;

Nier 18 the number of iterations used by the BI-CGSTAB,;

topy is the CPU time required in seconds.

The following observations can be made from the tables above, and from the more detailed
numerical tests performed by the authors.

1. For smooth scattering objects, the numerical algorithm of Section 4 displays 10%-
order convergence; the CPU time required to obtain requested precision is proportional to
Niter - N?log N, where N? is the total number of discretization points, Ny, is determined by
the requested precision, the number of iterations before restarting the iterative solver, the
size and the structure of the scattering objects.

2. For sufficiently smooth scatterers, the relative precision of the solution is determined by
the number of discretization points per wavelength. For example, to obtain 5-digit precision,
we need roughly 6.5 points per wavelength. Thus, with our constraint of 2 GB RAM, five
digits can be obtained for scattering objects as large as 300 wavelengths x 300 wavelengths.

3. The number of iterations increases dramatically as the size of the scattering object
increases, as shown in Tables 2, 4.

6 Conclusions

In this paper, we construct an iterative algorithm for the solution of two-dimensional forward
scattering problems. The scheme is based on the combination of high-order quadrature
formulae, rapid numerical application of the integral operator in the Lippmann-Schwinger
equation, and the stabilized bi-conjugate gradient method (BI-CGSTAB). As illustrated via
several numerical examples, the scheme is (2p +4)" (p = 0,1,2,3,...) order convergent; the
computational complexity of the algorithm is O(Ny, - N 2log N ), where Ny, is the number
of iterations used by the iterative solver, and N? is the total number of discretization points.

The approach we use for the design of high order center-corrected quadrature formulae
introduced in this paper is not limited to functions of the form (13) in two dimensions; it
is also applicable to functions of the form (14) in three dimensions, as well as many similar
situations. Furthermore, the method does not require access to each of the functions P, @)
separately in (13) and (14); it only requires the evaluation of the whole kernel K given a pair
of points (z,y). Quadrature formulae of order higher than 10 can also be constructed, though
the derivations become more tedious. Finally, the scheme is easily extended to rectangular
regions of the form [—a,a] x [—b,b], even though this paper only discusses on the square
region [—a, al X [—a, al.

Acknowledgments. The authors would like to thank Mark Tygert for helpful discus-
sions.
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Appendix A

Lemmas 6.1 — 6.5 below provide analytical formulae for

/_Z /_Z (xz'-lyj—l Ho(kv/2? + y2)) dx dy— Z ((ph)i—l(qh)j—l Ho(k\/m)>-h2,

(p.0)%(0,0)
(123)

with (i,7) = {(3,1),(5,1),(3,3),(7,1),(5,3)}. The proofs are straightforward and tedious,
and use the help of Mathematica.

Lemma 6.1 For any k € C* and h > 0,

D, = /_OO /_OO Hél) (kr)a? dx dy — Z Hél)(k (ph)2 + (qh)2) - (ph)2 B2

(p,a)#(0,0)
4 /°° d\ 2 htoelerh(einh 4 1) (et 4 1) (124)
= e k2 — \2 (ia1)3(ia2) 2 (eialh _ 1)3(6m2h _ 1)
4 /°° d\ 2
T ) VEZ =X adas(l4 31)3(1 4 32)

agh)? 3 . 3 . 3
<( 52) + 321 + 2 + 3y + §y1(1041h) + 3y1y2 + S (icoh) + §y2(zo¢1h)
1 1
2t + 3wty + 2wy — §ia2hy2 + ioth2(x% + 21q)
§ 2 1 2 3 2

+4041042h (LL’1£L’2 + 2z + SL’Q) + 47,0[10[2}1 (1 + LL’l) (1 + SL’Q) s (125)

where r, oy, g, T1, Ta, Y1, Yo, 21, 22 are defined by (88), (89), and (93)-(95).
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Lemma 6.2 For any k € CT and h > 0,

where

> /—OO /—OO H (kr) et dedy — Y~ Hy(ky/(ph)? + (qh)?) - (ph)* - 1?

(p,9)#(0,0)
4 dA
T /_Oo VE2 — 22
24 hG eialh + 1162ia1h + 1163ia1h + e4ia1h eiagh + 1
'((ml)S(mQ) 2 (eiorh — 1)5 eiazh 1)

4 /00 dx 1
Cr ) o VEE = N2 adao(l 4 2p)3(1 + a)
20 .

. (2(2@2h)2 + (z'agh)3 + 5(’&0&1h) (’éagh)2 + %(’éagh)4 + ?(Z(Ilh)2(’l.a2h)2

1 4
—l—g(ialh)(iagh)?’ + §(ia1h)4(ia2h) + 41’1(i0&1h)4 + ?5113'1 (z'alh)3(z'a2h)

+2.§L’1 (’iOzlh>4(iOéQh) + 45:1,’%(7,0[1}1,)3 + 2525% (’iOzlh)2(iOéQh) + 625'% (ia1h>4

4
+§x%(ia1h)3(ia2h) + 373 (i h)*(iagh) + 1525 (i h)* + 4a (i h)?

+12—5x§>(m1h)3(m2h) + 223 (ianh) (iash) + 2 (ian k)t + %x;*(ialh)4(ia2h)

15 1
+7$2(i0&1h)3(ia2h) + 525'2(7:0[1}1,)4(7:0[2}7,) + 50$1$2(i0&1h>2(i042h)

4
+75x1552(ia1h)3(ia2h) + 2x1$2(ia1h)4(ia2h) + 25:5%:52(ia1h)2(z'a2h)
45 15
+?$%$2(ia1h)3(ia2h) + 35(7%1’2(7;0&1}1,)4(7;042}1,) + ?xi’xg(ialh)g(iagh)

422315 (o h)* (iagh) + %x‘ll:cg(ialh)‘l(iagh) + 12ws (icigh) + 3025 (i h) (iazh)
+40y, (ic h)? (iagh) + 15y, (i h) (iaah)? + 30y1y2 (ianh) (iash) — 120u; — 24us
—180w; (i1 h) — 60wy (ic h) — 60w, (icgh) — 16021 (i h)? — 902, (icy h) (icph)
—80z5 (i h)? 4 35y, (iar k) — 40y, (iaq h)* (iash) — 130y; (iay h)?

—180y3 (iah) (iaxh) — 240y (iaih) — 1203 (icoh) — 1207 — 30ys(icih)?
—180y1 92 (i h)? — 360yTys (o h) — 240yPys — 202 (icxh)? — 24027 — 120212,
—360y3 (iarh) — 240y? — 12092 (icoh) — 240y1ya(iarh) — 24012y,

—2425 — 120z 19 — 24:5?:52), (126)
(i h)® = (iarh)” (iagh)® = (icph)™
L _ _ - 12
B! ; TP T T ; (n+ 1)V (127)
(ia1h)* = (i h)" (iagh)* = (icgh)"
T T0 ; "7 10 ; (n+ 1)l (128)

and r, o, g, T1, Ta, Y1, Yo, 21, 2o are defined by (88), (89) and (93)—(95).
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Lemma 6.3 For any k € CT and h > 0,

o= [~ [T O ardy— Y GG G o)
I (p.0)#(0,0)
4 dA ,
o /_oo VEZ = \2 <(ia1)3(ia2)3 S (eiorh —1)3 ' (eiorh — 1)3
4 dA 4
B /_oo VIZ =2 aBad(1 + 21)3(1 + 22)?
1

1 3 3
(—240(Za1h) —l——240(za2h) —|—421(za1h) —|—422(za2h)

4 6 6ia1h(6ia1h_|_1) eialh(eia1h+1)> (129)

Ne}

) ) 15 . 15 . 3 ) )
+=(iarh)(iagh)(z1 + 22) + Zzl (icph)? + Zzg(zoth — §y1 (ic1h)?(iah)

W N

9 9
——yg(ialh) (’iOéQh)2 + 3u1 + 3“2 + §U)2(’i041h) + iwl(iagh)

3 9
+§w1(z'a1h) + §w2(ia2h) - Z(z’alh)(iagh)(zl + 2p) + 327 + 323

1 . 1 . 1,,. I,
+921 29 — §y1(za1h)3 — §y2(za2h)3 — iyf(zozlhf - iyg(w@hf

W N

9 . . 1 . 1 . 9 . )
+Z(Za1h)(za2h) (3y1y2 + gyl(lagh) + éyg(zalh)) + gyl (zalh)2(za2h)

3 i 9 ) : 9 i 3 )
U (icoh)® + Z?Jf(wlh) (icgh) + Z?J%(W2h)2 + §y?(m2h)

3 . 9 . ) 9 . 9 )
+§y2(za1h)3 + éyg(zalh) (ich)? + Zylyg(zalh)2 + iylyg(lagh)z

9 ) . 9 . . 9 , . .
+§yfy2 (ZOélh) + 9y%y2 (ZOégh) + 3’3/%'3/2 + Zy%(zalhf + Zy; (zalh)(zagh)

. 9 , 3 ..
9193 (icnh) + Syiys (iah) + 9ytys + Sya(ianh) + 3yiyy
1 . 2. 2 2 2 2
_Z(mlh) (iagh)*(2x1 + x] + 239 + 4wy 29 + 22772 + X5
3., 3 5. 9 ,, .
22,25 + 2iwd) + §yf(za1h) + P+ iyg(zozgh) + s+ §yf(za2h)
. . 9 ,,.
+ 91y (iarh + iash) + 92y, + §y§(za1h) + 91y
3
—Z(ZOélh)2(ZOé2h)(.fC% + 25(71252 + .CL’%LUQ)
3
—Z(ialh)(iagh)z(xg + 23179 + T123) + 3xias + 3xiah + xi’xg) : (130)

where 1, ay, Qg 11, T2, Y1, Yo, 21, Z2, W1, Wa, Uy, U are defined by (88), (89), (93)-(95), (127)
and (128).
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Lemma 6.4 For any k € CT and h > 0,

o /—oo /—oo Hy (k) dady — ) Hy(ky/(ph)? + (qh)?) - (ph)° - *

(

where

(p,q)#(0,0)
4 [ d\
™ /_oo VEZ — X2
720 BS e 4 BTk 4 30pedionh 4 302¢tionh 4 pySiah | bionh giaah 4 ]
alay 2 (eteah — 1)7  giazh _ 1)

é/oo d\ 1
T ) VE2 = N2 alag(1+21)7(1 + 22)

(A + B), (131)

A = 60(azh)? — 30(icxh)® — 210(ic h) (icgh)? — 9(azh)* — 105(a k) (agh)?
—385(a1h)?(axh)? 4 378007 (i  h) + 25200y3 + 7560y3 (icah)

+151209192 (iarh) + 15120y, + 1512025 + 504028 + 72027 + 25200277,
+151202529 + 50402525 + 7202|295 + 5040u; + 720y + 12600w, (ic h)
—360wy(iagh) + 2520wy (iai h) 4 2520w (iaph) — 17220(arh)? 2

4630021 (ia1h) (icoh) + 126025 (i h)(agh) — 4620(ayh)?2 + 1512022
+2940y; (i h)* — 6090y, (a1 h)? (icih) — 344407 (o h)? — 18900y3 (a1 h) (ah)
45040013 (ic h) + 12600y3 (iagh) + 25200y + 3150y, (iag h)?
—18900y152(a1h)? + 37800y ys (i h) + 25200y Yy, — 84021 (axh)? + 50402 2
+2310ys(ah)?(iagh) + 630y (iarh) (azxh)? 4+ 1260y1y2 (a1 h) (ash)

—63(ich)® — 301(iarh)* (iagh) + (a1h)® + 62—3(a1h)5(a2h) + %(oqh)ﬁ(iozgh)

—2408z1 (a1 h)* — 3150z (a1h)?(agh) — 31521 (i h)® — 1204z, (ioq h)* (icsh)
1
+6!L’1 (Oélh)G + %l’l (alh)5(a2h) + 3!13'1 (Oélh)G(iOéQh) — 63001’%(@0&1h)3

+1680x7 (a1 h)? (iaph) — 361227 (arh)* — 315022 (a1 h)?(agh) — 63027 (i h)®
15
—1806x7 (iarh)* (iazh) + 1527 (arh)® + 31523 (ay h)®(azh) + 7:cf(oqh)ﬁ(zagh)

—210023 (iayh)? — 240823 (ah)* — 105027 (a1 h)* (axh) — 63023 (iay h)®
—120423 (i h)* (icgh) + 2023 (a1 h)® + 31527 (ay h)®(agh) + 1027 (ar h)® (ich)
—60277(ayh)* — 31521 (iarh)® — 301z} (iayh)* (iash) + 1527 (. h)°

315 15
+T$%(Oélh>5(0é2h) + 71’%(0&1;1)6(7:0[2}1,) — 631’?(10&1}1)5 + 61’?(0&1}1)6

63 1
—I-?:E?(alh)S(agh) + 325 (a1 h) b (iaxh) + 28 (arh)® + ix?(alh)G(iagh), (132)
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B = —1050$2(a1h)3(a2h) — 3011’2(0&1h)4(i0é2h) + %l’g(alh)s(agh)

1
"‘525‘2(0(1}1,)6(7:0(2}7,) + 3360$1I2(O&1h)2(i062h) - 31501’11’2(0&1}1)3(&2}1,)

—12042, 29 (1 h)* (iagh) + %zwg(alh)g’(agh) + 3x125(1h)®(ianh)
+168027 w9 (a1 h)? (iaph) — 315025 w2 (a1 h)? (anh) — 180625 w2 (arh)* (iamh)
431522 (arh) (ash) + 12—5x§x2(a1h)6(m2h) 105025 (a1 h)}(ash)
— 12042325 (arh)* (icsh) + 3152325 (arh)® (axh) 4+ 102529 (a1 h)® (iah)
—3012 ws(arh)*(iash) + %xi‘:@(alh)S(agh) + ?zi‘xg(alh)ﬁ(iagh)

63 : 1 .
+?x?x2(a1h)5(oz2h) + 325'?25’2(0(1}1)6(@0(2}1) + 525‘?1’2(0&1}1)6(7,0[2}1), (133)

and where r,q, &g, X1, X2, Y1, Y2, £1, 22, W1, W2, Uy, U aT€ deﬁned by (88)} (89)) (93)7(95)7
(127) and (128).

Lemma 6.5 For any k € C* and h > 0,

bs :/ / HY (kr)aty? dedy — " Hg" (ky/(ph)? + (gh)?) - (ph)' (qh)* - 1
oYl (p,@)#(0,0)
48 g 6ia1h + 1162ia1h + 1163ia1h + 64ia1h eiazh X (eiazh + 1))

4 [ dA
o /_oo VE2 = \? ' <a‘i’a§’ S (eiorh — 1)5 ' (eio2h — 1)3

4 [ dA 1
s /_OO ViZ =22 adad(14 2 )3(1+ 293 (©+D) (134)

where

1
C = g(agh)A‘ + 240u; + 360w, (iarh) + 144uy + 360w, (iarh)

+360w, (icagh) + 72wy (icsh) — 32021 (arh)? — 540z (a1 h)(ash)

—48025 (a1 h)? — 30021 (axh)? — 1802y (i h) (azh) — 3622(nh)? + 48027

+72021 25 + 14425 — 70y (iarh)? — 240y, (a1 h)? (icgh) — 210y, (i h) (agh)?
+30y1 (iaxh)® — 2602 (arh)? — 1080y2(a1h)(ash) — 360y% (azh)?

+480y; (i h) + 72043 (icah) + 240y; + 180ys(ic h)? + 120ys(ic h)*(icgh)
+30y2(iarh) (ash)® — 1080y1y2(arh)? — 1260y (a1 h) (azh)

— 1801192 (ah)? + 2160y3ys (i h) + 144092y, (iagh) + 1440y3y, — 360y2(ayh)?
—180y5 (a1 h)(agh) + 1440y, y3 (iarh) + 360y1y5 (iash) + 1440y37ys + 120y; (iah)
+240y155 + 7203 (iarh) + 480y7 + 720y (ianh) + 1440y ys(iai h)

+14404y5 + T20y1y2 (icoh) + 360y2 (iay h) + 7205192 + 7242 (iooh) + 48y3 + 484
+7202 79 + 1442575 + 14402725 + 7202175 + 1442075 + 48077 + 48077,  (135)
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D = 240z72) + 48515 — 24ys(icoh)® + 24y3 (axh)? — 3(iaih)* (iash)

—15(ia1h)? (iagh)? + (a1 h)*(azh)? — 8z (arh)* — 13521 (arh)?(ash)

—100z; (a1h)*(azh)? — 1221 (a1h)*(iash) — 4521 (iaq h)3 (iagh)? + 42, (i h)* (agh)?
—90z7(iarh)® — 15023 (i h)? (icgh) — 1223 (arh)* — 13522 (o h)?(azh)
—50z7(a1h)?(agh)? — 1823 (ayh)* (icxh) — 45273 (i h)? (icoh)? + 627 (ah)* (agh)?
—302% (ia1h)? — 823 (ayh)* — 4523 (a1 h)?(aph) — 1223 (o h)* (iash)

—15z3(ia1h)? (icagh)? + 423 (arh) (aoh)? — 227 (arh)* — 321 (arh)* (iagh)
+zi(ar1h) (agh)? — 4579 (arh)? (agh) — 10022 (arh)?(agh)? — 3xy(arh)* (iagh)
—30x5 (i h)3 (icgh)? + 225 (i h)* (agh)? 4 300125 (o h)? (icsh)
+12021 72 (i h) (agh)? — 1353129 (ar h)? (gh) — 20071 22(ar h)?(azh)?
—12z1 29 (a1 h) (icoh) — 90z 25 (i h)? (icah)? + S8zya9(ayh)* (anh)?
+15022z5 (o h)? (icgh) — 135225 (o h)?(aoh) — 1002329 (ah)?(agh)?
—1822x5(a h)* (icgh) — 902325 (i h)? (iagh)? + 122325 (a1 h)* (aph)?

— 45235 (a1 h)? (aoh) — 122329 (y h)* (icnh) — 302329 (i h)3 (icnh)?
+823x5(a1h)* (agh)? — 3aiwe(anh)* (icwh) + 22 2o (k) (agh)?
+60z3(iarh)(azh)? — 5025 (arh)? (ash)? — 1525 (i h)? (iagh)? + 23 (arh)* (agh)?
+60z1 25 (iarh)(ash)? — 1002123 (a1 h)?(anh)? — 452125 (iarh)? (iah)?
+4x125(a1h) (agh)? — 502323 (a h)? (agh)? — 452323 (i h)? (iagh)?

+62575 (ah) (azh)? — 15723 (i h)? (iagh)? + daias(aih)* (agh)?

+aizs(ah) (azh)?, (136)

where 1, ay, Qg 11, T2, Y1, Yo, 21, Z2, Wi, Wa, Uy, U are defined by (88), (89), (93)-(95), (127)
and (128).

Appendix B

Here, we present the center-corrected quadrature formulae of orders 4, 6 and 8 for the integral
| ooy Hoey/z ) ey (137)

Lemma 6.6 (The 4*-Order Center-corrected Quadrature Formula). Suppose that
n > 1 is an integer, and a, h are two positive real numbers such that h = a/n. Suppose
further that ¢ : R*> — C is a function such that ¢ € *(R x R), and that ¢ is zero outside
the square [—a,a] x [—a,a]. Then, for any k € C*,

[ [ ot /57 dedy = U (060.9) - ol 32) + 000 (138)
In (138),

U.n ( z,y) Hokr\/m> T’h< z,y) Hok\/m)+z h d(ph, qh), (139)

p,qES
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where

S={p,q€ Z:p=0 and q =0}, (140)
T (0lw,y) - Holky/a+97)) = > (owh,ah) - Holky/ R + (@h)?)) - 12, (141)
(p,9)#(0,0)
and
T = Dy. (142)

Lemma 6.7 ( The 6"-Order Center-corrected Quadrature Formula). Suppose that
n > 1 is an integer, and a, h are two positive real numbers such that h = a/n. Suppose
further that ¢ : R* — C is a function such that ¢ € ¢*(R x R), and that ¢ is zero outside
the square [—a,a] x [—a,a]. Then, for any k € C*,

[ [ otew) e/ dody = U (o) - Holl /T 30) +000). (143
In (143),
UTh< x,y) - Ho(kv/22 + 2 ) T'h< x,y) - Ho(kv/ 22 +y2)) Z gb (ph,qh), (144)

p,q€S
where
S={p.q€Z:|p+q| <1andlp—q| <1}, (145)
" (6w,y) - Hotk/a +52)) = > (0(ph.ah) - Holkn/ph)? + (ah]?)) - B2, (146)
(p.0)#(0,0)
and D
Ty = Do — 275, (147)
1D
Tio = Tow1 = ih_gl (148)

Lemma 6.8 ( The 8"-Order Center-corrected Quadrature Formula). Suppose that
n > 1 is an integer, and a, h are two positive real numbers such that h = a/n. Suppose
further that ¢ : R* — C is a function such that ¢ € c®(R x R), and that ¢ is zero outside
the square [—a,a] X [—a,a]. Then, for any k € C*,

[ [ otew) o/ ) dody = U (61,) - Holl/T30) +00F). (149

In (149),
U.n ( x,Y) Hok‘\/[E2—|—y> T'h< x,y) - Ho(kv/2% + y?) )+Z gbphqh (150)
P,q€S
where
S={pg€Z:|p+ql <2 and|p—q| <2}, (151)
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" (9(a.y) - Hok/?+32) = > (oph,qh) - Holkn/Gph)? + (gh)?)) - 12, (152)

(p,9)#(0,0)

and \ 5D, 1D, Dy
o= Do 5y T g T (153)
TilOZTgilzg%_%%_%%a (154)
Tiao = Tows = _i% i%, (155)
Thia = i% (156)
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