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In this note we improve the asymptotic aspect of the error bounds
recently given by C. A. Hall in [4] for an interpolation scheme using
piecewise bivariate cubic polynomials which was suggested by G. Birkhoff.
We make essential use of new "Peano kernel" type result of J. H. Bramble
and S, R. Hilbert, c.f. [3]. The results of this note are useful in
giving sharp a priori error bounds for the Rayleigh-~Ritz-Galerkin method
for approximating the solution of boundary value problems for elliptic
partial differential equations., Throughout this note, K will denote a

positive constant not necessarily the same at each occurrence.

Let R be any right triangular polygon in the x - y plane, i.e.,

R is the union of right triangles, R 5‘5 Ts, such that qu\ T,
; S m
=1

1l <s, mgk, is either void or a side of TS and a side of Tm. We are
interested in interpolating smooth real-valued functions on R by means
ol continuous, piecewise bivariate cubic polynomials, p(x,y), i.e.,

,

{p(x,y)l for each 1 < s < k, there exist real constants

p(x,v) € S_ = a? such that p(x,y) = 2% agjxiyJ for all

R 1 0si+j<3

(x,y) € Ty, and p(x,y) ¢ CO(R)}o



Moreover, if the original function vanishes on the boundary of R, we may
0
want to interpolate to belong to SR z {pe SRI p(x,y) = 0 for all

(x,y) in the boundary of R} .

We start by considering a single right triangle., A , with vertice:

at (0,0), (a,0), and (0,b) and P SA’ the set of all bivariate cubic
polynomials. Clearly the dimension of P as a vector space is 10,
R 2
We define an interpolation mapping IA from C (A) to P by
f 3i+ i,]
@ I 5,6 (0,00 = (23 1,£)(0,0) = D£(0,0),
0<i,jc<1,

1, £(0,b), 0< it+j < 1,

2 I,£) (0,) = D
and

3 obI 55 @,0 =05 £2,00, 0< 141 < 1,

for all f ¢ CZ(A).

We have



Theorem 1. The interpolation mapping IA is well-defined, i.e., IAf

exists and is unique for all f ¢ CZ(A).

Corollary. I,p = p for all p e P,

Now we define a mapping I of CZ(R) into SR as follows: if

£(x,y) € C2(R), Tf(x,y) = s(x,y),
where

(4) s(x,y) = I, (£)(x,y) for all (x,y) ¢ T,p 12isgk,
i

and fi denotes the restriction cf f to T;. As corollaries of Theorem 1,
we nhave
Theoren 2. I is well-defined from CZ(R) to SR and I(s) = s

for all s ¢ SR’

Proof., Clearly the restriction of I(f)(x,y) to T; is in P for all
1 £1i< k., The continuity of I(f) follows from the proof of Theorem 1.

Q.E.D.
Theorem 3. I is well-defined from

cg (R) = {f e C2(R)] £(x,y) = 0 for all (x,y) ¢ 9R}

0 and I(s8) = s for all s ¢ S§°

to SR



After introducing some additional terminology, we discuss error

bounds for the preceding interpolation scheme. If j is a non-negative

integer and 1< p < =, we define the Sobolev norm

K, 1/p

L P
£(x,y)|" dxdy

[1€]]

"

. . |
w P (r) | o<ktasy Jx

for all f e C (R),
Moreover, we let WJ’p(R) denote the completion of Cm(R) with respect

to Il . l] and Wg’p(R) denote the completion of CE(R) with respect

to ||« || .
Wj »P (R)
A collection, (', of right triangular polygons, R, is said to

Lw regular if and only if there exists and € > O such that

€ < inf inf h /Hi’ where Hi and h, denote the lengths of

ReC  I<icky 1

longest and shortest sides of the triangle Ti, 1<icx kR.

We shall write HR = max Hi'
liiikR
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Theorem 4, Let C be a regular collection of right triangular polygons.

If f e W4’p (R), (resp. Wg’p (R) ), for Re C, where p > 1, then

If ¢ SR’ (resp. Sg )}, 1is well-defined and there exists a positive

constant, K, such that for j = 0,1 and all R e C

(5) [l - 1£|] < x@)* I 7 o™ g P i
wd»4 ® ~ R mt+i=4 Wo »P (R)j
for all q < p, and
© |le-1e]] < r@piIT@ER@Op ppmley e E
whry ” R m+§=4 WP ()

for all q > p.

Proof. We consider only the case of j = 0, since the proof for the

case of j = 1 1is essentially identical. By the Sobolev Imbedding Theorem,

Fe C2 (R) and hence the interpolation mapping I is well-defined.
‘Let A denote the standard right triangle with vertices at (0,0),

(1,0), and (0,1).



Clearly, there exists a positive constant, K, such that

| £(x,v) I £y < K sup ) [p™ 3£ (x,y)]
(x,y)eA O<m, j<1

for all (x,y) € A and all f ¢ C2 (A). Moreover, since IAP = p for all

p € P, we may apply a Peano Kernal type result, Corollary to Theorem 2
t

of [3], which states that if (I-F) is a linear functional on C (A)

such that there exists a positive constant C such that

[(I-F) (u) | <C sup le’j u(x,y)|

(x,y) € & wHi-< t
and (I-F) (p) = O for all polynomials, p(x,y), of degree k > t > 0, then

for p > 2/ (R-t) there exists a positive constant K such that

k|
|F(u)] <k DYyl
= m+§=k | WP,

and conclude that there exists a positive constant, again denoted

by K, such that for all p > 1



l£Gy) - L] < & 5 ™ g
mHj=4 WP () ¢

By a standard argument, involving a change of the independent variables,

cf. [1] and [3], we have, using the tegularity of (,

(7 |£@x,y) - If(x,y) | < ke, )4 (2/P) 7™ ] 0
1 m+j=4 w ,P(Ti) s

for all (x,y) ¢ Ti’ fe Wé’p(R), 1<1x< kR, and all R e C.

To prove (5) we note that by inequality (7), if q < p,

K k
He-ze1S = § |le - 2] | < T)0e - ze||P <
: W dr)  i=1 WQ’q(Ti) T oi=1 WO’P(Ti) -
k k
R R ) p
oed Tile- el P crk@p® Y ] T ™,
i=1 W (T,) i=1 {m+i=4 W ’P(Ti)
kg
4 i m, j
SCR R DI (i {1 R TCO L A I et AL
i=1 mHj=4 W ’P(Ti) mHi= w P °

where we have used Jensen's inequality to obtain the last inequality.

To prove (6), write

v, = ||f - I£]]| and w, = ) {(Dm’jf|l
1 T mri=4 wOP (1))

0,a
W (Ti) i

_ 4-(2/p)+(2/q)
¢ L 1 K_ .
for all 1 < i < kR. By (7), vi < K(HE) W, iz R



Hence by Jensen's and HYlder's inequélities, we have

k K ‘

R g -@Im+@/D| R gl
e - 22 || [ v rapt@mr@m]
w2 YRy izl i = R j=1 1

- ( 1/p
< L )4 (2/p)+(2/q)l ) Wip]
R i=1

< K(H

- 2 : 1/p
R)4 (2/p)+(2/9) { z 'le’Jfl'p } QED.

=4 WP ()

By making minor changes in the proof of Theorem 3, it is possible

to obtain the following result.

Theorem 5. Let C be a regular collection of right triangular polygons,
3,p 3,P

If £ eW’ " (R), (resp. WO (R)), for all Re C, where p > 2, then

0
Ife S, (resp. S

R}’ is well-defined and there exists a positive
R

constant, K, such that for j = 0, 1 and all Re C

\l/p

?

@® ||£- || R A ) o™ dgl| P

wed(R) mtj=3 W P(R)

for all q < p, and



Y1/p

3-j=(2/p)+(2/q) z [ Dm’jf‘ | l
2D, 4
(R))

(e £ - If K(H
|| ij,q(R) < K(H) w3

P
WO
for all q > p.

We now turn to the application of Theorems 4 and 5 to obtaining
error bounds for the Rayleigh~Ritz-Galekkin method for approximating the
solutions of elliptic partial differential equati.ns, In particular, we
let € be a closed convex polygon in the plane, Q = Q- 55, and consider

the problem of approximating the solution of

(10) -ph0p(x, 300 %) - 2% q(x, 0% e) + r(x,pdu = £6x,m),
for 211 (x,y) = Q,

(11) u(x,y) = 0, for all (x,y) € 3% ,

wacre p(x,y) and q(x,y) are positive, real=-valued Cl(ibwfunctions, r(x,v)

-~

function in WO’Z(SD, by the Rayleigh-Ritz-Galerkin method. That is,
1,2
if § is a finite dimensional subspace os WG’ (), we must determine

uS € S such that

1,0
(12) {Szp(x,y)D ? uSDl’O¢ dz dy + f(zq(x,y)DO’luSDo’l¢ dx dy

+ fszr(x,y)usé dx dy = fs?f(x,y)Q dx dy, for all ¢ € S.
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Using the results of [2] and [5] and Theorems 4 and 5, we may
establish the following error bound for the Rayleigh-Ritz~Galerkin method.

The reader is referred to [5] for the precise details of the proof,

Thecrem 6. Let C be a regular collection of right triangular polygonal
partitions, R, of Q and for each R ¢ C, let Sg denote the finite
dimensional space of piecewise, bivariate cubic polynomials with respect
to R which vanish on the boundary of Q. Under the above hypotheses,
problem (10)-(11l) has a unique solution, u, u ¢ WZ’Z(SD, and if up
denotes the Rayleigh-Ritz-Galerkin approximation in So then there

R
exists a positive constant, K, such that

13 - g uP~J 0<ij<1
e S SR e
for all Re € and all u e Wp’z(sb, where 2 < p < 4,!

We remark that the exponent of H in (13) is "best possible" for the

class of solutions under consideration.
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