Let A be an n by n nearly singular matrix with Rank(A) > n — 1 and singular values d; >
<o+ 2 dp—-1 > dn, where dy, can be small or zero. Consider the rank-1 modification of A:

A=A+ asz,

with [|z]| = [Jw|| = 1. We give lower and upper bounds for the condition number of A in terms of
|| and the angles between z and w and the singular vectors of A corresponding to dy.
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1. Introduction
Let A be a n x n nearly singular matrix with Rank(A) > n—1 and singular value decomposition

(SVD) given by
dy

A=UDVT =U oy vT, (1.1)
“-
dn

where dy 2 ... 2 dp—; > dn 2 0 and d, can be zero or very small. Let ¢ be the last column of V,

and ¢ the last column of U, so
Ag = dn'/’

and
AT¢ =dpo.
We shall use only the 2-norm in this paper.
Note that the condition number of A is

which can be very large if d, is small. Since the null space of A is at most one-dimensional, it is
possible to remove the singularity by an appropriately chosen rank-1 modification. Consider the
following modification to A: X

A=A+ azu” (1.2),
with [|z]| = [|w|| = 1. Golub [4] and Bunch et.al. [1] studied the problem of updating the eigenvalues
of A when A and A are symmetric. Thompson [6] gives the following interlocking property of the
singular values of A and A:

Theorem 1.1. (Thompson) Let ¢; > -+ 2 ¢, be the singular values of A. Then,
dig1 £¢;<diey f=1,--5,n (1.3)

under the convention dy = +00,dn4+1 = 0. Conversely, given ¢; > -+ > ¢ satisfying ( 1.3), there
exists a rank-one modification to A with singular values ¢;,---,c,.

Since the above theorem does not give any information about the extreme smgular values of
A, we cannot infer any conclusion on the conditioning of the perturbed matrix. In fact, one can
conclude from the results given in section 2, that the condition number of A can take any real
value between 3—3— and infinity. Ideally, one would like K(A) to be as close to T’- as possible.
This, however, may be difficult to achieve because the optimal choice of a,z and w depends ona
knowledge of the SVD of A. If the singular vectors ¢ and ¢ are known (e.g. obtained by inverse
iteration [5, 2]), then, by choosing @ = dy—y — dp,z = ¢ and w = ¢ we get K(A) = T““ which
is close enough to the optimal bound, since we are assuming that A is at most rank-one deﬁcxent
But even this is not always possible in practice because ¢ and ¢ may not be known explicitly and
also one may not be free to choose 2z and w. In section 3, we give upper and lower bounds for the
condition number of A in terms of |a] and the angle between ¢ and z, and the angle between ¢
and w. Some examples of the use of these bounds are presented in section 4.

2. A priori Lower Bound

We shall show that 3-3- is the optimal condition number that can be achieved with a rank-1
modlﬁcatlon to A. We also give a particular rank-1 modification which gives the nearly optimal
value 3—-1— Thompson’s theorem will be used heavily in this and the next section.
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Lemma 2.1. Let A be an n x n matrix with SVD given by (1.1), and A defined as in (1.2). Then
a) K(A)2 31:3: for all @,z and w, and

b) there exist ay, zo and wo such that K (A) = ﬁf—l.
Proof. a) By theorem 1.1 we have
€1 2dz
and
tn 2 dp—y

where ¢; > -+ 2 cy, are the singular values of A. Therefore,

K(d)=2 > %

[

b) The second part of Thompson’s theorem shows that, given ¢; > --- > ¢, satisfying (1.3),
there exists a rank-one modification to A with singular values ¢;,- -, ¢,. In particular, there exist
@0, 20 and wp such that the singular values of A = A+apzow] arec; =dz,c; =d;fori =2,---n—1
and ¢p = dp—1. Thus, K(A) = Z:‘f?

]
Lemma 2.2. Let
A=A+ (dn-y - da)¥g7,
then 4
K(A) = —.
(4) .
Proof. The matrix A can be written as
A=U(D+ (dn-y = da)UT$™V)VT
= U(D + (dn—l - dn)encI)VT
Therefore, the singular values of A are: dy,:-+,dp—1,dn—1. Thus,
K(A) = d .
n-1
]

3. Upper and Lower Bounds

In this section we give an estimate of the effect that a general rank-one perturbation has on the
conditioning of a matrix A which is at most rank-one deficient. We will show that the improvement
in the condition number depends on how close the vectors 2z and w are to the null spaces of A and
AT respectively.

The following lemma will be needed later:




Lemma 3.1. Let
B=1I+(8-1)eqel +uvT

where e, denotes the n-th unit vector, 0 < 8 <1 and u, v are arbitrary vectors in R*. Then B has
at most 3 singular values different from 1, namely sy, s> and ss such that

8512128223, (3.1)

and moreover,
‘ 1

2
Vde tBI K(B) < etm] |det B tBI

Proof. If we define T = I + (8 — 1)eqeX, we can easily verify that

(3.2)

1

1
B

Let 04,¢ = 1,...,n be the singular values of B. Then, by applying Theorem 1.1 to B = T + uvT,

we have
Oy Z 1

120,21 i=2,....n—2
120p-1 28
120,20,
therefore, 0; = 1 for ¢ = 2,...,n - 2 and, by calling s; = 01, 32 = 0, and s3 = 05, we have (3.1).

Suppose that ss # 0. Then, since
IdetBl = 8)8983, (3,3)

we can derive the upper bound in (3.2) as follows:

sisy s

IdetB | = |detB|

K(B) =

On the other hand, given (3.3) we have
|det B| > sz83 > s2.
Thus,

1
|det B)’

K*(B) =

qu»u

giving the lower bound in (3.2).
|

Theorem 3.1. Let A be an n x n matrix with SVD given by (1.1), ¢ the last column of V, and ¢
the last column of U. Define A as in (1.2) and let 8, be the angle between v and z, a.nd 0y the
angle between ¢ and w, i.e.

cosh, = ¢y 2
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and

Then, )
Ky < K(A) < K
where .
'I( _,dz—l 1
! . . NI
[ial - |cost; cosby| + dn (1 + I'l.—_l;lsma,smo.,l)]
and

d, [1 + z!f’J_;]z
|a| - |cosf,cosby| — dp (1 + z‘i‘;lsinhsinﬂwl)

provided that the denominator in K, is positivé.

K; =

Proof. The matrix A can be written as:
A=vcvT (3.4)

where
C =D +apq"

with p = UTz and ¢ = VTw. Since U and V are orthogonal matrices, we have [|p|] = |lg|| = 1 and
K(A) = K(C). Define

dy
Dy = D+ (dyp—y — dy)enel = ,
dn—l
du—l
where ¢, denotes the n-th unit vector. Then,with
I 0 - \
B= (O T'.{':T) +aD;pg". (3.5)
we have
C’=‘DyB.

The matrix B can be written as a rank-two modification to the identity matrix as follows:

B=1I+(- l+ )c,,e +a(D;'p)d". (3.6)

By applying the identity:
det(I+ uvT + 2yT) = 1 + vTu+ yTz + (v7u)(yTz) - (vTz)(yTu)

(proven in [3]),we get:

detB =

n—l

(1 + a;\f "“") aInPn (3.7)

n—l




where p; and g¢; denote the components of the vectors p and g. Since p, = cosf, and g, = cosf,,
we have

n—-1
> = |Ipl* - p = 1 - cos®t, = sin®,.
=1
Similarly,
n-1
Z q? = sin0,,.
=1

Using the Cauchy-Schwartz inequality, we have

n-1 n-1 n-1
Z gipi| < Z p? Z g? < |sind; - sinf, ).
=1 =1 =1

Therefore, by applying the inequality |a + b] > |a| — |b] to (3.7), we get:

|det B| 2> |cosﬂ, cosfy| - dn (l-i- o] sind, - smﬂwl) (3.8)
dn— dn—l d”._
and also i
|det B| < lo] |cosd, - cosby, | + (1+ lo] Ismd, sinfy| ) . (3.9)
dn-1 dn-1 dny

On the other hand, by Lemma 3.1 we have

s

> 3.10
IdtBI K(B) 2 "_"ldtBl (3.10)

Since 8; = || B|, from the definition of B we can easily derive that

I 0 - la )
< . 1. T < Lind B
8 < "(O 2‘:‘:‘,) +lal-|Di'pg" | <14 4 (3.11)
This and (3.8) can be applied to (3.10) to get the following upper bound:
2
dy 0+£ﬂ
" = sz

K(A) < K(Dy)K(B)
(4) < K(D1)K(B) < = 2L [cost, -conte] — g2 (1+ 2L fsind st )

provided that the right hand side in (3.8) is positive. We can also get the lower bound K; by
applying (3.9) to (3.10) as follows:

Ol

K(B) n—l

“”“mmw"a

dn la] | . . Tz _
[ I |cosf; - cosby| + . (l+ i ]smo,-suw.,,l)] = K;.



4. Examples

Theorem 3.1 suggests that, in order to make the upper bound K, as small as possible, one
should choose 2 and w sufficiently aligned with ¢ and ¢ respectively so that |a||cosf,cosf,,| is large
compared to

dn (1+ o] |sino,sino.,,|).
dn-l

As d, — 0, the upper bound K, takes the form

d, [1 + 31.2‘_17]2

Kz = |a| - |cosf,cosby | + O(dy)

In particular, when A is exactly singular ( i.e. d, = 0), and @ = d,~;, the bound becomes

i 4
dn—y |cosd, - cosby|

K(A) <

Further, to make this bound as small as possible, one should choose 2 and w such that |cosf,| =

|cosfy| = 1, so that

n—1

which is only a factor of 4 larger than the actual value of K(A) given by lemma 2.2.

On the other hand, if z and w are such that |cosf.| and |cosf,| are small, there may not be
any improvement in the condition number of A. In particular, when 2 is orthogonal to ¢ and w is
orthogonal to ¢, we have the following lower bound for K(A):

K(A‘) S dn—l dn—l 1

NN T
n-1

which is O(d,, %), as d, — 0. In fact, we have not improved K (A) because in this case the smallest
singular value of A is still equal to d,,.
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