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In this note we improve the error bound recently given by C. A. Hall

in [2] for an interpolation scheme due to G. Birkhoff. This interpolation

scheme is defined over right triangles using bicubic poiynomials.

Consider the right triangle, A, with vertices (0,0), (h,0), and
(0,k) and the set P = {pr,y)‘ there exist real constants

0 <i+3j <3, such that p(x,y) = 2 a xi yj_ for all

a
ociys M

ij’

(x,y) € A} of all real bicubic polynomials on A. We define an inter-
. 2
polation mapping M from C (A) to P by

i+j

@ ool m)o,00 = E—mu£)¢0,00 = bl £0,00, 0<i, <1,
®¥ axT 3y x 7
y
SRR I 43
2y (@, D) MEY(O,K) = D D £(0,k), O0<i+j<l,
and
i3 _ i _j
(3) (0 Dy ME)(h,0) = D D £(h,0), 0<i+]cl,

for all £ € C2(n).
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Following [2] we have that the interpolation mapping M is well-defined.

Theorem 1. The interpolation mapping M is well-defined on CZ(A), i.e.,
Mf exists and is unique for all £ € CZ(A).
Before stating and proving our main result (Theorem 2) on an error bound,

we consider two preliminary results.

€ C4[0,h] and c(x) be the unique cubic polynomial

Hh

Lemma 1. Let

c(x) - £(x) then e(0) = e(h) = De(0) = De(h) = 0. Then

such that if e(x)

@) lell ., s sernt ol , ,

L [0,h] L [0,h]

/3

) loell ., s 20 bkl :

L [0,h] L [0,h]
and
(6) loell , s 3n* el :

L"[0,h] L [0,h]
Proof. For a proof of (4) see any sfandard reference on interpolation

theory and for a proof of (5) see [1]. The proof of (6) 1is as follows.
By Rolle's Theorem and the interpolation conditions, there exists a

point § € (0,h) such that De(§) = O. Define a new function
F(z) = De(z) - az(h - 2)(z - &)

for all z € [0,h], where o is a real constant to be chosen.



Given a fixed x € (0,h) such that x # £, choose a such that

= Dex)/ [xth - x)(x - &)]. Then

n
o
-
e
..
(1]
A d
Q
I

Fx)

F(0)

F(h) = F(E) = F(x) = 0 and by Roll_e's Theorem there exists
© € [0,h] such that D:?F(G)) = 0.
. 3 . 1 4
Computing D F, we find that o = 3 D £(0) and hence

De(x) = £ x (h - x)(x - £) p*£(0).  Thus,

z ”Déf” max [ J'g x(h - x)(§ - x)dx

[IDel|
! 6 L7[0,h] £€[0,h]

L7[0,h]

A

+J‘§ x(th - x) (x - g)dx ]

T lio*ell max  9(E) .
L7[0,h] E€[0,h]

Since DZQ(_E) >0 for all ¢ € (0,h), the maximum of ’Q(E) occurs

for £=0 and/or & = h. Thus ¢(&) ﬁﬁ-hl' and (6) follows

immediately. Q.E.D.

Lemma 2. Let f € C3 [0,h] and q(x) be the unique quadratic poly-

nomial such that if e(x) = q(x) - £(x) then e(0) = e(h) = De(0) = 0.

Then

@ lipell _ < Zn? 0l
L°[0,h] 1”[0,h]



and

| 3 13
®) lIvell < w0’ :
. L7[0,h] L [0,h]
Proof. By Rolle's Theorem and the interpolation conditions, there

exists a point & € (0,h) such that De(§) = 0. Define a rnew function

F(z) = De(z) - az(z - £) for all z € [0,h], where o 1is a real

constant to be chosen.

Given a fixed x‘€ (0,h) such that x # g, choose o such that

F(x) =0, i.e., o =De(x)/Ix(kx - g)]. Then TF(0) = F(&) F(x) =0
and by Rolle's Theorem there exists © € J0,h] such that DZF(Q) = Q.

Computing DZF, we find that o = %-Dsf(e) and hence

De(x) = -]2'—x(x - £)D°£(0). Thus

lIpell _ < %»”DBf“ - max  max x|x - g
L[0,h] ~ L [0,h] =x€[0,h] £€[0,h]
1a? ol :
L [0,h]

which proves (7).

Moreover,




“De” < -35- linsl [ J'g x(g - x)dx + fh x(x - g)dx ]
1'0,h] L7[0,h] g
1,3 13 ,.1.3 1,2
< 5 Il max [z £ +7h -35h%]
2 1°[0,h] €[0,h] ° 3 2
3
< 2l
L [0,h] °
which proves (8). | Q.E.D.

We proceed now to our main result, which improves Theorem 7 of [2].

Throughout the remainder of this note, we will let ” ” denote : ” “
L”(a)

Theorem 2. If f € C4(A), then e(x,y) = Mf(x,y) - f(x,y) satisfies

o w 12,3 1,2 1.3 2 2
(9) ”DXDyeH < 5" o Dyf” + =k NDy ol + mn o p ¥ fll

2 2
a0 Ioel < 2o’ inl el + Fuiclo) ol + & lin) ol
+ %hk.z HDﬁ D}2' £l
a0 Mool < 2 el v 2dulsd nel + s iod oy

1..2 1.2 .2
+ = kh 'an D, ]l ,

2
and
a2 el ¢ 2+ oCnt o+t od el >+ Ll ol ol
+ é 1h “D o £l + Z—h 22 IIDZ D'; £l .



Proof. I1f {(c,d) 1is any point in A,

Axy DXDye(c,d) : Dxpye(c,d) - Dnye(c,O) - Dnye(O,d) + Dnye(0,0)

& 58 02 07 etemray ax

[5 15 0f o} £y ax

and hence

(13) N v DXDye(c,d)I

LA

cd |Io? o? ¢l .
Xy

Using (13) and (7) we obtain

A

(14) lnxnye(c,d)] leDye(c,O)I + .IDnye(O,d)l + [DXnye(o,O)j

2 .2
+ cod an D £l

1,2

Lo o2 ogll + 3% o) pell + wi lof o7 el

2
which proves (9).

Moreover,

A

(15) IDxe(c,é)] IQxe(c,O)I + fg [Dnye(c,y)ldy .

Using (5), (14), and (8) to bound the right-hand side of (15),

we have



lee(c,d)! < §%’h3 ”Dif“ + fg IDXDye(c,O)[dy + fg lDXDye(O,y)]dy

A

+ j'g hy ”Di D§ tllay

1
6

1A

= il + 3% o] el + K> IID; D, £]

1..2 1.2 .2
+ 3 hk “Dx D, il ,

which proves (10). Inequality (11) follows by symmetry.

Finally,

(16) |e(c,d)]|

1A

ie(O,d)I + fg ]Qxe(x,d)ldx

A

Ie(O,d)l + IS IDxe(c,O)[dx + fg fg lDnyer,y)]dy dx.
From (14) and (16) we haveV

a7 e, = le@,d] + [§ [pelc,0)]dx

< pd - )
+ J5 0% L DD e(x,0) + DD e(0,y) + xy”Dnyf“ ldy dx.

Using (4), (6), and (8) to bound the right-hand side of (17),
we obtain

IR TS I S P

(18) le(c,d)] <

1.3 3 ' .
+ =Kkh ”DY Dxf_“ +

1

2.2 2 2
0% HDXDny .



By symmetry, we also have

9 led| < sernt I} el + 55 K MD; el + £kl D £]

1

3. 1.3 . 1.22 4.2 .2
+ £kh “DY Dfo + 2 h%k” [} D £ll |

4

and (12) follows by adding (18) and (19) and dividing by 2.

Q.E.D.
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