In a recent paper (see [11]), L. Greengard and V. Rokhlin introduce a numerical technique for
the rapid solution of integral equations resulting from linear two-point boundary value problems
for second order ordinary differential equations. In this paper, we extend the method to systems
of ordinary differential equations. After reducing the system of differential equations to a system
of second kind integral equations, we discretize the latter via a high order Nystrém scheme. A
somewhat involved analytical apparatus is then constructed which allows for the solution of the
discrete system using O(N - p? - n®) operations, with N the number of nodes on the interval,
p the desired order of convergence, and n the number of equations in the system. Thus, the
advantages of the integral equation formulation (small condition number, insensitivity to boundary
layers, insensitivity to end-point singularities, etc.) are retained, while achieving a computational
efficiency previously available only to finite difference or finite element methods.

We in addition present a Newton method for solving boundary value problems for nonlinear first
order systems in which each Newton iterate is the solution of a second kind integral equation; the
analytical and numerical advantages of integral equations are thus obtained for nonlinear boundary
value problems.
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I. Introduction

Second kind integral equations have been a popular analytical tool in the study of ordi-
nary differential equations for nearly a century. When boundary value problems are being
considered, the integral equations which arise are of the Fredholm type. From an abstract
viewpoint, the advantage of this formulation is that many properties of the solution are readily
apparent; from a computational viewpoint, the linear systems which arise from discretization
are generally well-conditioned. An ill-behaved differential equation can often be reduced to a
perfectly tractable integral equation by means of an appropriate choice of the “background”
Green’s function. Standard finite difference and finite element methods, on the other hand,
which discretize the original differential equation, encounter serious numerical difficulties when
the solution possesses derivatives of large magnitude (boundary layers). A second advantage is
that there exist extremely stable, high order numerical methods for the solution of second kind
Fredholm equations, while the order of convergence of most practical schemes for the solution
of ordinary differential equations tends to be limited, even if Richardson extrapolation and
deferred correction approaches are considered.

Despite all these advantages, integral equations are virtually never used as a numerical tool
for the solution of two-point boundary value problems, since their discretization leads to dense
systems of linear algebraic equations, and the solution of a dense linear system of dimension N
requires order O(N?3) arithmetic operations. Finite difference and finite element schemes lead
to banded systems of linear algebraic equations, and the solution of the latter requires order
O(N) arithmetic operations, with N the dimension of the problem. This makes the use of
integral equations extremely unattractive as a numerical tool, despite their superior analytical
properties. A similar difficulty is encountered when spectral methods are applied to boundary
value problems. They yield high order accuracy, but result in dense systems of linear algebraic
equations.

Recently, [11] presented a fast numerical algorithm for solving two-point boundary value
problems for second order differential equations. By solving the problems as second kind
integral equations, one obtains the superior properties of integral equations over differential
equations. By using the technique of [11], integral equations arising from boundary value
problems are solved in order O(N) arithmetic operations.

In this paper, we extend the results of [11] by showing that integral equations arising from
two-point boundary value problems for systems of ordinary differential equations can also be
solved for a cost proportional to the number of nodes N. We in addition present a Newton
method for solving boundary value problems for nonlinear first order systems in which each
Newton iterate is the solution of a second kind integral equation.

The plan of this paper is as follows: in Section 2 we summarize both the theory of Green’s
functions for first order linear systems and the theory of Newton methods for first order non-
linear systems, in Section 3 we develop the analytical apparatus to be used, and in Section 4
we describe the numerical schemes themselves. The performance of the methods is illustrated
in Section 5 with numerical examples. Our conclusions are discussed in Section 6.

The present paper is similar to [11] in that while it is based on a sequence of fairly simple
observations, the details of the algorithm are somewhat involved. We attempt in this paper to




present both cursory, qualitative descriptions as well as detailed, rigorous proofs.
II. Mathematical Preliminaries

In this section, we summarize the relevant properties of both the boundary value problems
to be addressed and the second kind integral equations to be used for their solution. Most of the
results are classical and can be found, for example, in [3] and [4]. The rest are straightforward
generalizations to systems of ordinary differential equations of well-known facts concerning
second order boundary value problems (see, for example, [5]).

2.1. Notation and Definitions

Definition 2.1 A linedr first order system of ordinary differential equations is an expression
of the form

?'(z) + p(z) - 8() = f, (1)

with ® : [a,c] — R™ in Clla,c], p : [a,¢] = L(R™™) and f : [a,c] — R™ continuous, and
L(R"™*™) denoting the linear space of all linear operators R* — R".

Definition 2.2 If f(z) =0, (1) assumes the form
?'(z) + p(z) - &(2) = 0, (2)
and 1s referred to as a linear homogeneous first order system of ordinary differential equations.

Definition 2.3 A differentiable function ® : [a,c] — R™ is a solution to a linear first order
boundary value problem if it satisfies an equation of the form (1), subject to boundary conditions
of the form

A-®(a)+C-®(c) =7. (3)

with A,C € L(R™"), and v € R".
Definition 2.4 Ify =0, (3) becomes
A-®(a)+C-®(c)=0, (4)
and is referred to as a set of homogeneous boundary conditions.
Definitions 2.5-2.6 are the nonlinear analogues to Definitions 2.1 and 2.3.
Definition 2.5 A nonlinear first order system is defined as an expression
¥(z) = F(8(2), ), (5)

with @ : [a,c] — R™ in Ca,c], F : R"*! — R"™ continuous.




Definition 2.6 A differentiable function ® : [a,c] — R™ is a solution to a nonlinear first
order boundary value problem if it satisfies an equation of the form (5), subject to boundary
conditions of the form

A-®(a)+C-8(c) =7, (6)
with A,C € L(R™™), y € R™.
Definition 2.7 A continuous function G(z,1) : [a,c]x[a, c] = L(R"*™) is the Green’s function
for a boundary value problem (1), (4) if
1. ic%%’—tz is continuous except at ¢ = t,
2. G(x+0,2)— G(z - 0,z) = I, for all z € [a,c],
3. 2G(z,t) + p(z) - G(z,t) = 0 for all z,t € [a,c],z # 1,
4. A-G(a,t)+C -G(c,t) =0 for allt € [a,c].

Remark 2.1 Green’s functions are the principal analytical tools which enable boundary value
problems to be solved as second kind integral equations. However, Green’s functions are known
or computable for very few problems (1), (4). Fortunately, we can use one of the known Green’s
functions when constructing the second kind integral equation for a particular boundary value
problem. When a Green’s function unrelated to a problem (1), (4) is used to convert that
problem to an integral equation, we will refer to this Green’s function as a background Green’s
function.

Definition 2.8 A function Y : [a,c] — L(R"X™) is called a fundamental matriz for (2) if it is
nonsingular and

Y'(z) +p(z) - Y(z) =0 (7
for all z € [a,c].

We define boundary condition matrices D and Dy to be used in theorems in the remainder
of Section II.

Definition 2.9 Given a fundamental solution matriz Y of the system (2), and a pair of ma-
trices A,C given by (3), the boundary condition matrices D, Dy € L(R™™) are defined by the
formulae
D=A-YT(a)+C-Y(e), (8)
We define a residual mapping K and Newton iterates é; to be used in a Newton method
for nonlinear boundary value problems.

Definition 2.10 Given functions Go,po : [a,c] X [a,c] — L(R™"), we define the residual
mapping K : R"*! — R" by the formula

K(o(2),2) = o(z) - po(z) - / “Go(a,1) - o(t)dt — F ( / " Go(a, 1) - o(t) dt,x> . (10)




Definition 2.11 For any continuous oy : [a,c] — R", we refer to the continuous functions
8k : [a,¢] — R™ as Newton iterates if for each k = 1,2,.. .,

bk = orya(z) — or(z), (11)
with each continuous oy, : [a,c] — R™ recursively defined via the formula

M((%‘(:)—Lﬂ (ok41(z) — ok(z)) = —K(ok(z),z), k=0,1,---. (12)

Finally, we define a transposition operator to be used in the paper.

Definition 2.12 Given an interval [by,by] C R and a mapping x : L?[by, by] — L(R™X"), the
transpose xT : (L*[by, by])™ — R™ of x is defined by the formula

(@)= ["x0)-ea, (13)

with o € (L%)".

2.2. Green’s Functions for First Order Systems

Theorems 2.1-2.8 provide the tools for the conversion of first order systems of differential
equations into second kind integral equations. Theorems 2.1, 2.2, 2.5 and 2.6 are well known
and can be found, for example, in [3] and [4]. The authors failed to locate the remaining
theorems in the literature.

Theorems 2.1-2.2 provide conditions for the existence and uniqueness of solutions to (1),

(4).

Theorem 2.1 For any continuous function p : [a,c] — L(R"*™), the homogeneous first order
system (2) has ezactly n linearly independent solutions.

Theorem 2.2 If the matriz D defined by (8) is nonsingular, then there is a unique solution ®
to the equation (1) satisfying homogeneous boundary conditions (4). Furthermore, the solution
to the homogeneous equation (2) satisfying homogeneous boundary conditions (4) is ®(z) = 0.

The purpose of the following two theorems is to permit the conversion of problems with
inhomogeneous boundary conditions to those with homogeneous ones. Theorem 2.3 concerns
linear problems of the form (1), (3); Theorem 2.4 concerns nonlinear problems of the form (5),

(6)-

Theorem 2.3 If the boundary condition matrices D, Dy defined by (8), (9) are both nonsin-
gular, then the solution to the problem (1), (3) is given by the formula

B(2) = 8(2) + 1, (14)
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with v € R™ given by the formula
v=(A+C) 1.4, (15)
and & : [a,c] - R™ in C'[a, c] the solution to the first order system
®'(z) + p(z) - () = f(z) - p(2) - v, (16)
satisfying homogeneous boundary conditions (4).

Proof. Since the matrix D is nonsingular, it immediately follows from Theorem 2.2 that there
exists a unique @ satisfying the equation (16). Substituting (14) into boundary conditions (3),
we obtain

A-(®(a)+v)+C-(B(c)+v) =17. (17)
Now, (15) is easily obtained from the combination of (17) and (4), while (16) is a result of
substituting (14) into (1). o

Theorem 2.4 If there exists a unique solution ® : [a,c] — R™ to the problem (5), (6), and if
the matriz Dy defined by (9) is nonsingular, then ® is given by the formula

&(z) = ®(z) + v, (18)

with v € R™ given by
v=_(A+ C)‘1 -, (19)

and @ : [a,c] — R™ € Ca, c] the solution to the nonlinear boundary value problem
&'(2) = F(® +v,2) (20)
with homogeneous boundary conditions (4).

Proof. Substituting (18) into boundary conditions (6) we obtain

A-(®(a)+v)+C-(2(c)+v)=17. (21)
Now, (19) is easily obtained from the combination of (21) and (4), while (20) is a result of
substituting (18) into (5). o

Theorem 2.5 provides an explicit construction for the Green’s function for a boundary value
problem with a known fundamental matrix Y. Given a Green’s function for a homogeneous
problem (2), (4), Theorem 2.6 provides an explicit solution for the inhomogeneous problem (1),

(4).

Theorem 2.5 If the matriz D defined by (8) is nonsingular, then there exists a unique Green’s
function G : [a, c] X [a, c] — L(R™™) for (2), (4). G is given by the formula

Y(z) - (Y1(t)+ J(¢ t<z),
G(x,t)-_—.{ T (0 + ) (<)

(22)




with J : [a,c] — L(R™ ™) given by the formula
Jt)=-D71.C-Y(c)- T7I(2), (23)
and T : [a,c] — L(R™ ™) the fundamental matriz for (2) (see Definition 2.8).

Theorem 2.6 Given a Green’s function for the problem (2), (4), the solution ® for the problem
(1), (4) can be obtained via the formula

®(z) = / " G(a,1)- f(t) d. (24)

The following two theorems are the principal analytical tools used in this paper. Theorem
2.7is used to reduce a linear boundary value problem (1), (4) to a second kind integral equation,
even when the Green’s function for the problem is not available; Theorem 2.8 is used in the
same fashion to reduce nonlinear boundary value problems (5), (4) to nonlinear second kind
integral equations.

Theorem 2.7 Suppose po : [a,¢] — L(R"*™) is continuous, Yo : [a,c] — L(R"*™) is the
fundamental matriz for the equation

®'(z) + po(z) - ¥(z) = 0, (25)

and Gy : [a,c] X [a,c] — L(R"*™) is the Green’s function for the boundary value problem (25),
(4). Suppose further that the matriz D defined by (8) and the matriz Dy € L(R"*") defined
by the formula

Do = A-To(a)+ C - To(c), (26)

are both nonsingular. Then the solution ® to the problem (1), (4) can be obtained via the
formula

(z) = / " Go(z, ) - o(t) dt, (27)

with o : [a,c] = R" the solution to the second kind integral equation
o(@) + [p(@) = po(@)] - | Go(s,8)- o(t) dt = f(2). (28)

Proof. By Theorem 2.2, if matrices D, Dy are nonsingular then the problems (1), (4)
and (25), (4) have unique solutions, and therefore the background Green’s function Gy is also
unique, and is defined by Theorem 2.4. Now, (28) is obtained by substituting (27) into (1). O

Remark 2.2 If po(z) = p(z), then the solution to equation (28) is trivially ¢ = f. Our working
assumption is that for some background problem (25), (4), the Green’s function is known or
computable, but that for the original differential equation (1), (4) the Green’s function is
unavailable.




Theorem 2.8 Suppose ® : [a,c] — R" is the unique solution to (5), (4). Suppose further that
Do : [a,¢] — L(R™™) is continuous, and Yo : [a,c] — L(R"*") is a fundamental matriz for
the equation

®'(z) + po(z) - ¥(z) = 0, (29)

and Gg : [a, c] X [a,c] — L(R™™) is the Green’s function for the boundary value problem (25),
(4). Suppose finally that the matriz Do defined by the formula

DO =A. To(a) + C. TO(C) (30)

s nonsingular. Then ® can be obtained via the formula
3(2) = [ Golz,1)- o(t) (31)
a

with o : [a,c] — R™ the solution to the second kind integral equation

o(z) — po(z) - / “Go(z,1) - o(t)dt = F ( / * Go(a, 1) - o(t) dt,m) . (32)

Proof. Since Dy is nonsingular, the background Green’s function Gy is unique, and there-
fore ® can be obtained from (31). Now, (32) is obtained by substituting (31) into (5). O

2.3. Green’s Functions for Particular Equations

Lemmas 2.1 - 2.4 of this subsection provide fundamental matrices and Green’s functions
for two particular types of boundary value problems. Lemmas 2.1, 2.2 are easily verified by
substituting formulae (34), (35) into (7), (22). Similarly, Lemmas 2.3, 2.4 are verified by
substituting formulae (37), (38) into (7), (22).

Lemma 2.1 A fundamental matriz Yo for the equation
®'(z)=0 (33)

is given by the formula
Yo(z) = I, (34)

with n the dimensionality of the problem (33), and = € [a,c] (in accordance with standard
practice, I, denotes the unity operator R® — R").

Lemma 2.2 The Green’s function Go corresponding to the equation (33) subject to boundary
conditions (4) is given by the formula

L—(A+C)1.C (t<a),
Go(x,t):{_(AS_C)_l).C Etzxg. (35)




Lemma 2.3 For any A € R, a fundamental matriz Yo for the equation
' (z)+ X -8(z)=0 (36)

is givén by the formula
Yo(z) = e I, (37)

with n the dimensionality of the problem (36), and z € [0,1].

Lemma 2.4 The Green’s function Go corresponding to the equation (36) subject to boundary
conditions (4) is given by the formula

M=o [ M=) (A g e O) 1.0 (¢ < 2),
Go(z,t) = { —eMt=e=D) (A4 er.0) . C (t > 2). (38)

2.4. Linear Transformations for Problems with Singular Dy or Dy

The purpose of Theorem 2.9 is to permit the conversion of a problem (1), (3) to a second
kind integral equation (28). For most problems, Theorems 2.3 and 2.7 allow such a conversion,
but Theorem 2.3 cannot be used when the matrix Dy defined by (9) is singular, while Theorem
2.7 cannot be used when the matrix Dy defined by (26) is singular. We remove these obstacles
in this subsection by providing a scheme which reduces a problem of the form (1), (3) with
singular matrices Do, Dy to a problem of the same form with nonsingular Dg, D .

Theorem 2.10 generalizes Theorem 2.9; it permits the conversion of nonlinear problems of
the form (5), (6) to nonlinear integral equations of the form (32).

Remark 2.3 If only the matrix Dy is singular, one can always choose a new background
Green’s function G for which Dy will be nonsingular. However, we have found that for most
problems it is easier to develop a transformation of the type described in this subsection than
to develop an alternate background Green’s function.

Theorem 2.9 Suppose ® : [a,c] — R™ is the unique solution to the problem (1), (4). Suppose
Jurther that Yo : [a,c] — L(R™ ™) is a fundamental matriz for the background equation (25).
Suppose finally that there exists ¥ : [a,c] — L(R™ ™) such that ¥ € C'{a,c], det ¥(2) # 0 for
all z € [a,c], and the matriz

Do =A-U(a)- To(a)+ C - ¥(c) - To(c) (39)
is nonsingular. Then the equation
I'(2) + T~ (2) - (¥'(2) + p(2) - ¥(2)) - T(2) = T}(2) - f(2), (40)
subject to boundary conditions
A-T(a)-T(a)+C - ¥(c)-T(c) = 0. (41)

has a unique solution I : [a,c] — R™, and
&(z) = ¥(2) - I(2), (42)
for all z € [a,c].




Proof. We immediately obtain (41) by substituting (42) into (4). Now, substituting (42)
and its derivative into (1), we get

V'(z)-T(z)+ ¥(z)-T'(z) + p(z) - ¥(z) - T(z) = f(z), (43)
and obtain (40) by combining (43) with the fact that ¥(z) is nonsingular for all z € [a,c]. O

Remark 2.4 Clearly, the transformed problem (40), (41) satisfies the conditions of Theorem
2.7,as Do defined by (39) is nonsingular. However, for many problems, the boundary condition
matrix Dy defined by the formula

Dy =A-9(a)+C-¥(c). (44)

is singular, and therefore the transformed problem fails to satisfy the conditions of Theorem 2.3.
If one needs to use the results of both Theorem 2.7 and 2.3, one must choose a transformation
¥ such that both Dy and Dy are nonsingular.

Of course, it is easier to choose transformations ¥ when Dy = Dy. This is true when
the background Green’s function is chosen to correspond to the equation &’ = 0. By Lemma
2.1, the fundamental matrix for this equation is T = I,,; the equivalence for this fundamental
matrix of (39) and (44) is readily apparent.

Theorem 2.10 is the nonlinear analogue of Theorem 2.9; the proofs of the two theorems are
nearly identical.

Theorem 2.10 Suppose ® : [a,c] — R™ is the unique solution to the problem (5), (4). Suppose
further that Yo : [a,c] — L(R™*™) is a fundamental matriz for the background equation (25).
Suppose finally that there exists ¥ : [a,c] — L(R"*") such that ¥ € C'[a,c|, det ¥(z) # 0 for
all z € [a,c], and the matriz

Do=A-¥(a) - Yo(a)+ C-¥(c)- Yo(c) (45)
s nonsingular. Then the equation
I'(z) + ¥~ Y(2)¥'(z) - T(z) = ¥~}(z) - F(¥(z) - T(z),z) (46)
subject to boundary conditions
A-¥(a) -T(a)+C-¥(c)-T'(c)=0. (47)
has a unique solution T : [a,c] — R", and
B(z) = ¥U(z)-I(z), (48)

for all z € [a,c].




2.5. Newton’s Method for Nonlinear Boundary Value Problems

Theorems 2.4, 2.8 of Section 2.2 reduce nonlinear boundary value problems of the form
(5), (6) to nonlinear second kind integral equations of the form (32). In this subsection, we
describe the convergence properties of the well-known Newton’s method as applied to the
latter (Theorem 2.12), and reduce each step of Newton’s algorithm to the solution of a linear
boundary value problem of the form (1), (4) (Theorem 2.11).

Theorem 2.11 permits each Newton iterate 6y defined by (11) to be expressed as the solution
to a second kind integral equation.

Theorem 2.11 Suppose K : R"*1 — R" in C'[a,c] defined by (10) is Fréchet differentiable
at every point z € [a,c], and P : [a,c] — R"™ is defined for all k = 0,1,... via the formula

#(2) = [ Gole,)- au(t) dt, (49)

with oy : [a,c] — R™ defined by (12), and Gy : [a,c] X [a,c] — L(R"*™) the Green’s function
for (25), (4). Then the Newton iterates é : [a,c] — R™ € C%a,c] given by Definition 2.1/
satisfy the equation '

61(2) + Qu(z) - / Go(z, 1) - 6:(1) dt = gi(2) (50)
Jorall k =0,1,..., with Q : [a,c] — L(R"*™) defined for all k = 0,1,... by the formula
_OF (®k(z),2)

our) = - LOELD) ) (51)

and gy, : [a,c] — L(R"*"™) defined for all k = 0,1,... by the formula
9k(z) = po(@) - Dk(2) + F(®i(2),z) — ok(). (52)
Proof. (50) is obtained by substituting the Fréchet derivative of the function K into (12),
and substituting (49), (51), (52) into the resulting equation. O

The convergence properties of Newton’s method have been thoroughly studied. Theorem
2.12 is one fundamental result, and can be found, for example, in [12] (in a slightly different
form).

Theorem 2.12 Suppose ® is the unique solution to (5), (4), G is the solution to (32), and 6
is the unique solution to (50) (so that the linearization (50) to the equation (32) is nonsingular
at 5). Then there exists € > 0 such that for any oy : [a,c] — R™ satisfying the condition

lloo — 5|l < e (53)
and Newton iterates oy, : [a,c] — R" defined by (11),
1. |lox — 6| <€ forallk =1,2,...,
2. lim o =&, '
k—oco0

3. o converges to & quadratically.
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2.6. A Lemma from Linear Algebra

Given a perturbation of the unity operator Jzz2yn : (L?*)* — (L?)", the Lemma 2.5 provides
its inverse. It is normally used when the rank of the perturbation is low, is a particular case of
the Sherman-Morrison formula (see, for example, [9]), and is easy to verify directly.

Lemma 2.5 For any two vectors U,V € (L*)™™ such that VT - U # I,
(Igoyn = U - V) = Igapn + U - (L - VT - U) VT (54)
II1. The Analytical Apparatus

In the remainder of this paper, we assume that the solution to the problem (1), (4) is
being sought on the interval [a,¢], and that b is some intermediate point (¢ < b < ¢). The
fundamental observation on which Algorithm A is based is that the solution to the integral
equation (28) on the entire domain [a,c] can easily be constructed from the solutions of two
independent integral equations, one defined on [a,b] and one on [b,c]. This leads naturally to
a recursive algorithm, in which independent solutions on a large number of subintervals are
successively merged until the full solution is obtained. A precise formulation of the construction
and the resulting numerical scheme will require some notation.

3.1. Notation We will denote the subintervals [a,b] and [b, ¢] of [a, c] by A and B, respec-
tively. For convenience, we write the integral equation (28) in the form

o(z) + j(z) - / “Go(z, 1) - o(t) dt = f(2), (55)

with f(z) = p(z) — po(z), and Gy : [a, ¢] X [a, c] — L(R"*™) the background corresponding to
the equation (25) subject to boundary conditions (4).
We define the operator P : (L?[a, c])® — (L?[a,c])" corresponding to (55) by the formula

P(0)(&) = o(e) + 5(z) - | Go(a, 1) o), (56)
so that we have
Po = f. (57)
We will require the four operators
Pas : (L*[a,b))" — (L*[a,B))",
Pap i (LP[b,e])" — (L*[a,b])" ,
Ppa i (LP[a,b]))* — (L2[b,c])" ,
Ppp : (Lz[b> C])n - (L2[b7c])n7
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defined by the formulae
Paa(o)(z) =
Pap(o)(z) =
Ppa(o)(z) =

Ppp(o)(z) =

(@) +8(a) [ Gole 1) 0(0)
@) [ * Gola, 1) - o(1) dt,

b
B(z) - /a Go(z,t) - o(t) dt,

o(z) + f(z) - /b " Go(a, 1) - o(t) dt.

We define the operator Q : (L%[a, ¢])"*™ — (L%[a, c])"*" by the expression

Q()(x) = x(=) + f(x) - / “Go(w, 1) - x(t) dt.

We additionally require the four operators

Qaa
QaB
QBa :

@BB

defined by the formulae

Qaalx)(z) =
QaB(X)(z)

QBa(X)(z) =
@B(X)(z) =

We also require the functions 9, v;,v5 : [a,¢] — L(R™ ™) defined by the formulae

%(

. (L2[a,b])nx'n N (LZ[a,b])nx'n ,
. (L2[b,c])nxn — (LZ[a,b])an ,

(L2[a’b])an N (L2[b,c])nxn ,

t(L2[b, )™ — (L2[b, )™,

b
x(@)+5(@)- [ Gola,1) - x(t)dt,
ﬁ(w) . Ac G0($7t) - X(t) dtv
b
ﬁ(.’lﬁ) . /a Go(:l),t) : X(t) dt,

x(2) + 5(e) - [ Gole,) - x(t)dt.

z) = p(z)-To(z),

v(t) = Y5 (1) + Jo(t),
?Jﬁ(t) = J()(t),

with To the fundamental matrix for equation (25), and Jp : [a,c] — L(R™*™) defined by the

formula

Jot) = =D5" - C - To(e) - Y (2),

with the matrix Dg defined by (26),

and the matrix C given by (4).
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Given a function f € (L%[a,c])", we will follow the convention of denoting its restriction
to A and B by f4 and f|p, respectively. Similarly, given a function 1 € (L?[a,c])™™, we will
denote its restriction to A and B by 94 and %, respectively. Assuming that the operators
Psa, Ppp are nonsingular, we define the functions 4 : A — R”, ng : B — R™ via the formulae

na = Pgi(fia), (71)
ne = Ppp(fip)- (72)
Similarly, assuming that the operators Q,Q 44, @pp are nonsingular, we then define the map-
pings
x ¢ [a, ™" = LR™M®T),
¢A . AnX’n N L(Ran)’
¢B . ann — L(Rnxn),

via the formulae

x = Q7 '(¥), (73)
¢4 = Qua(¥); (74)
¢85 = Qpp(¥iB). (75)
Finally, we will define six matrices af, a4, of, a8, a;,an € L(R™™) by the formulae
ot = /ava(t)-q&A(t)dt, (76)
Y — van(t)~¢>A(t)dt, 77
of = /bch(t)-¢>B(t)dt, (78)
oB = /bcvR(t)-gbB(t)dt, (79)
@ = /:vL(t).X(t)dt, | (80)
an = /:vﬂ(t).x(t)dt, (81)
and six vectors §4, 64,68 6B 6, 6, € R™ via the formulae
= [ mea, (s2)
o= [ o) m@a (33)
5B = /vaL(t)-nB(t)dt, (34)
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o = [ o) a0t (85)
b = [w®-owa, (86)
bn = /cvR(t)-cr(t)dt, (87)

with o the solution to equation (57).

3.2. Analysis of the operators Psp, Pgu
In this subsection, we observe that each of the operators P4p and Ppy4 is of rank n, and
give simple expressions for these operators.

Lemma 3.1 In the notation of the preceding subsection,
Pap = Y4 - vE, (88)
Paa =g v;. (89)

Proof. We obtain (88) by observing that z < t for any z € [a,b],t € [b,¢], and by using
(59) and (69). Similarly, (89) follows from the combination of (60), (69) and observing that
x >t for any z € [b,c], t € [a,b]. o

3.3. Recursive solution of the integral equation (57)
We now consider the original integral equation (57)

Po = f.

The main result of this subsection is the following lemma, which constructs the solution o
of equation (57) from 74, np of equations (71) and (72).

Lemma 3.2 If, in the notation of Section 3.1, all siz operators P, P4, Pp,Q, Qi4, QBB
are nonsingular, and the matrices Ay, Ay € L(R"*™) defined by the formulae

Ay =In—af-ag, (90)
Ay =1, —aB . ad, (91)

are also nonsingular, then
ola =14+ ¢a- 07" (aB 64— 68), (92)

op =18+ ¢8-AT" - (af -85 - 67). (93)
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Proof. Using definitions (56) - (61), the integral equation

Po=f
can be rewritten in the form
Paa(o14) + Pa(o|B) = fa, (94)
Pp4(0i4) + PeB(0|B) = fiB- (95)

The expansions (88) and (89) for P4p and Pp4, respectively, can then be used to obtain an
explicit solution to the coupled equations (94) and (95) in terms of the functions 74, 7B, ¢4,
and ¢p defined by (71), (72), (74), (75), respectively. Indeed, applying the operator P4 to
equation (94) and the operator Pgg to equation (95), we have

9ja + Py - Pap(ojs) = Pii(fia), (96)
Ppg - Poa(o1a) + oj5 = Pop(fin). (97)

Substituting (88) and (89) into (96) and (97) yields the formulae
14+ Pyi -4 vg -0 = N4, (98)
P§é'¢|B'”g'U|A+U|B=UB, (99)

or

14+ ¢4 vy - 0B = N4, (100)
¢B v} - 0|4+ 0|8 = 1B, (101)

where we have used the definitions (74), (75) for ¢4 and ¢p, respectively. Now, multiplying
(101) by ¢4 - vL and subtracting it from (100), we obtain

(I(L2)"“¢A'”£’¢B'”LT)'0|A=77A—¢A-?J£-UB- (102)
Similarly, multiplying (100) by ép - v¥ and subtracting it from (101) results in the equation
(Izoyn — ¢B - v - G4 - v3)-0g = nB — $B - V2 - Na. (103)
Due to (76), (79), and (82), (85) we can rewrite these equations in the form
(Iz2yn — ¢4~ (af +v1)) 014 =14 — ¢4 - 65, (104)
(Iz2yn — 9B - (of -v3)) -0 = 1B — ¢ - 67 (105)
By application of Lemma 2.5, we obtain
opa = (Igeyn + ¢4 - (In — ok -vf ~¢a)™ -0 -ol) . (na — ¢a - 65), (106)
oB = (I(L2)n + ¢B - (I — af . vf; )t af . vg) -(nB — ¢B -5f). (107)
'(I;)IB equations (92), (93) are now obtained from equations (106), (107) and equations (90{):],
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Remark 3.1 Suppose that b; and by are a pair of real numbers such that a < b; < by < ¢, and
that the interval [by, b3] is denoted by C. We will denote by Pg¢ the restriction of the operator
P to the interval C, and denote by Qcc the restriction of the operator @ to the interval C.
Assuming that Poc,Qcc are nonsingular, we define the functions n¢ : C — R",¢¢ : C —

ne = Pgi(fio), (108)
¢c = Qzo(¥o) - (109)

By applying the above lemma twice (once for the subinterval [a,b;] and once for [a, bs]), we
may easily observe that there exists A € R™ such that

a(z) = nc(z) + do(e) - A (110)

for all z € C. The exact expression for the vector A is complicated, but irrelevant for the
purposes of this paper. The existence of a relation of the form (110), however, will be critically
important in Section 4.

3.4. Further Analytical Results
We now collect a number of identities which are necessary for Algorithm A, to be presented
in Section 4. Corollary 3.1 is similar to Lemma 3.2, but uses the matrix valued function

in place of the vector valued function f to obtain an analytical expression for the function x
defined by (73).

Corollary 3.1 If, in the notation of Section 3.1, all siz operators P, P4, Pep,Q,Q a4, QBB
are nonsingular, then

Xia = ¢a-A7"- (I, - af), (111)
xp = ¢B-A7 - (In—af). (112)

with the matrices aff and o defined by equations (76) and (79), and the matrices Ay, Ay
defined by equations (90) and (91).

Proof. Substituting in equations (106), (107) the functions ¢4, ¢p defined by (74), (75)
for the functions n4, 1B defined by (71), (72), and the matrices af, aZ defined by (76), (79)
for the vectors 67,68 defined by (82), (85), we obtain

Xia = $a—dacag+da-Ay o ap —¢a A7 ap af el (113)
XB = ¢B—¢B-aj +ép-A7' -af-ag—¢B-A1‘1 ol aB .ol (114)
The expressions (111), (112) are now easily obtained from the equations (113), (114). o

We will also require analytical expressions for the inner products §;, and 6 defined by (86),
(87) in terms of the restricted inner products §7,62,64 and 6B defined by (82)-(85).
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Corollary 3.2 If, in the notation of Section 3.1, all siz operators P, Pss, Pp,@Q,Q44,UBB
are nonsingular, then

b, = /:"L(t)'C’(t)dt‘—“/;b”L(t)-U|A(t)dt+/bch(t)-UIB(t)dt

= 6P taf Ay -(of -6 - 6R) +af (AT (e - 67— 67),  (115)

Or

/a " on(t) - o(t) dt = / " on(t) - opa(t) dt + /b “a(t) - oy5(t) dt

= Sp+Etap A7 (B 82 —8B)+aB AT - (0f -85 - 67).  (116)

Proof. Multiplying equation (92) by »I and vZ, and equation (93) by v7 and vL, we obtain

[ o) outyar = sivat-az-af ot - sb), (a17)
[ o0 opar = o +af a7t (af - 6F -1, (118)
[ ont)- oyt = 6+ oA (oF 68— 6E), (119)
/b “oa(t) - opp(t)dt = 68 +aB ATV (k. 68 — 54). (120)
Now, expressions (115), (116) are easily obtained from (117)-(120). o

Corollary 3.3 is similar to Corollary 3.2, but uses ¥, the matrix valued function defined
by (73), in place of o, the vector valued function defined by (57). While the two corollaries
concern different objects (the vectors 6,85 in Corollary 3.2, the matrices oy, ag in Corollary
3.3), their proofs are nearly identical.

Corollary 3.3 If, in the notation of Section 3.1, all siz operators P, Pss, PBB,Q,Q 44,9 BB
are nonsingular, then

ap

[t xwa= [ ou(t) - xalt) dt + o0 xis@)at

= of A7V -(In—aB)+al - ATY (I, - of), (121)

ap = / “on(t) - x(1) di = /ava(t). Xja(t) dt + /b " onlt) - x5 (1) dt

= aﬁ-A;l-(In——ag)—}-ozg-Al'l-(In—af). (122)

Finally, combining Lemma 3.2 with the expressions (111)-(112), we have
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Corollary 3.4 Suppose that in the notation of Section 3.1, all siz operators P, P44, Pgpg,
Q,Q44,Q BB are nonsingular. Suppose further that the function F is defined by the formula

Fz)=x-A+o. (123)
with A € R™. Then on the interval [a,b],
F(z) = ¢a(z) - p+ na(z), (124)
with p € R™ defined by the formula
w= A7 (A= af (A - 64) - 62). (125)
Similarly, on the interval [b, c],
F(z) = ¢p(z) - v + nB(2), (126)
with v € R™ defined via the formula
v=AT'-(A—ad. (A= 6B) - 62). (127)
Proof. Restricting (123) on the subintervals A, B of [a, c], respectively, we have

Fla = XA A+ 0|4, (128)
Fp = xB-A+os. (129)

Combining (128), (129) with (92), (93), (111), (112), we obtain

Fa = ¢a-A7 - (In—aB) X+ (na+¢a-A5" (B - 68 - 6B)), (130)
Fg = ¢B-AT"-(In—af)- A+ (ne+ ¢ - AT' - (aft - 68 — 62)). (131)

Now, the expressions (125), (127) immediately follow from the comparisons of (124), (126) with
(130), (131), respectively. o

IV. Description of the Algorithms

We turn now to the construction of the fast algorithm for the solution of the integral
equation (57)
Po=f,

based on the apparatus developed in Section III. The main tool at our disposal is the ability
to merge the solutions of restricted versions of the integral equation in adjacent subintervals
(Lemma 3.2). As this suggests a recursive procedure, we begin by subdividing the whole
interval [a, c], on which the solution to (57) is sought, into a large number of subintervals. For
the sake of simplicity, we assume that m is a positive integer and that M = 2™ is the number
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of subintervals created. The boundary points of the subintervals are then defined by a strictly
increasing sequence of numbers

b17b2>°--7bM,bM+13 (132)

with by = @ and bpr4q = ¢. Foreach i =1,..., M, we define the interval B/ via the expression
7= [bi, i, (133)

and create a hierarchy of intervals Bf by recursively merging adjacent pairs. That is, for each
j=m-1,...,1,0,and i = 1,..., M, we define

= Byt | Bi. (134)

We will refer to each fixed [ as a level. We will also refer to the two intervals Bé'}'_ll and Bé’}'l
as children and to the larger interval B! as a parent.
It is obvious that

B; = [b1+(i—1)-2m—l 301 4s.0m=1], (135)
and that for each level [,

la,c] = U Bf . (136)

4.1. Notation
Generalizing the notation of Section III, we will denote by P;; the restriction to the interval
B! of the integral operator P, so that

P(o)(z) = o(z)+p(z)- /1+i~2m—l

1+(z —1).2m—!

Go(z,t)-o(t)dt (137)
for any o € L*(BY)*. Similarly, we will denote by Qi1 the restriction to the interval B! of the
integral operator @, so that

14i.2m—1l

Qii(x)(z) = x(z)+p(z)- / Go(z,t) - x(t) dt (138)

1+(z 1).2m—l

for any x € L%(B!)"*". For each B! we will define the functions nig: BE — R ¢y : Bl —
L(R"™*™) as the solutions of the equations

Pia(nig) = fist, (139)

Qia(4i1) = ¥ypr, | (140)

provided the operators P;;, Q;; are nonsingular.
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Remark 4.1 Suppose now that the operators P;;,Q;; are nonsingular on the interval Bf.
Then, due to (110), there exists A € R™ such that

a(@) = nig(z) + dia(z) - X (141)
forall z € Bf.

Foreach I =0,1,...,m,and i = 1,2,...,2} we define the matrices ai’l,agl € L(R™") by
the formulae

il  [Prpiam—t

o = / vup(t) - () dt, (142)
b1+(i—1).2m—l

. b]+,‘.2m—l

ot = / ory(t) - $ia() dt, (143)
b1+(-‘-1).2m—’ '

and the vectors 6};’1, 6;’1 € R" by the formulae

; by piam—t

Y= v pp(t) - (1), (144)
b1+(i—1)-2m—l '

; b1+e.2m-'

5if = /b vagpi(t) - mia(t) dt. (145)

14(i—1).2m—1

4.2. Discretization of the Restricted Integral Equations
Choosing an integer p > 1, we construct the p scaled Chebyshev nodes

o= (l’_ﬂz—_”) cos [Q.L;li] + (”ii_”_) i=1,2..,p  (146)
D 2

on each of the intervals B*,i = 1,2,..., M. We then discretize the two integral equations (139),
(140) via a Nystrém algorithm based on p—point Chebyshev quadrature (see, for example, [11]).
The resulting approximations to the functions 7;;, ¢;; at the nodes 7/ will be denoted by

~ ~ ~2 ~
Tl = (771'1,17 iy - ’751) ’
7 1 72 1
bii = (i bits-- 151

respectively.

Remark 4.2 It is well-known that the order of convergence of the approximations i1 95,;1 to
the functions 7;,,¢;; is p. Since all subsequent steps in the construction of an approximate
solution & to the integral equation (57) are analytic, the convergence rate of the full algorithm
depends entirely on the parameter p. For example, by using 16 scaled Chebyshev points on
each subinterval at the finest level, one obtains a sixteenth order method.
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Remark 4.3 The algorithm of this section makes extensive use of the apparatus of Chebyshev
interpolation, quadratures, composite quadratures, etc. This apparatus is quite well-developed,
and can be found in various forms in [6], [8], [10]. For a detailed description in the form most
convenient for our purposes, we refer the reader to [11].

4.3. Informal Description of the Algorithm for Linear ODEs

We begin by directly solving the two integral equations (139), (140) on each subinterval B}™
at the finest level, as discussed in the preceding subsection. Equation (141) then shows that
o restricted to B® can be expressed as a linear combination of the two solutions 7; m, @im.
Thus, it remains only to determine the coefficients A\*™ € R” for each of the M subintervals
B!". Fortunately, this can be done recursively. To see this, suppose that, at some coarse level
I <m —1, we are given the coefficient A% for the subinterval Bf . Then Corollary 3.4 provides
formulae for the calculation of the corresponding coefficients A2—1:H1 \2u41 ¢ R” for the two
child intervals Bé;!'_ll and Béfl, respectively. On the coarsest level, we observe that A% = 0,
i.e. the solution of equation (139) on the whole interval [a,c] is simply o. ‘

However, the formulae (125) and (127) of Corollary 3.4 contain the matrices a?_l’lﬂ,
af{"l’lﬂ, a?f"“’l aff’”'l and the vectors 6gi_l’l+1, 6}2{-_1’“1, 6Ei’l+1, 6,2{”“'1. These quantities
are also computed recursively but in the opposite direction, namely, from the finest level to the
coarsest. They are certainly available at level m directly from the definitions (142)-(145). For
the interval B! at any coarser level I < m — 1, Corollaries 3.2 and 3.3 describe how matrices
ai’l, a’gl and vectors 6};’1, 62’1 are obtained from the matrices o, ay and vectors ., 6 of the two
child intervals.

To summarize, the algorithm consists of three parts. First, a sufficiently fine subdivision
b1,b2,...,bar41 of the interval [a, c] is chosen so that, on each of the intervals B; ,,, the functions
Mi,m» ®i,m can be accurately represented by a low order Chebyshev expansion. On each of the
intervals B; ., the equations (139) - (140) are solved (approximately) by direct inversion of
the linear system arising from a Nystrém discretization. Second, the matrices aﬁ;’l,ai}l and
vectors 62’1,6;’1 are computed in an upward sweep, beginning at the finest level m. Finally,
the coefficients A" are computed in a downward sweep, beginning at the coarsest level. The
desired function ¢ is then recovered on each subinterval from equation (141).

The following is a more detailed description of the numerical procedure.

y

Algorithm A

Comment [Define the computational grid.]

Create M = 2™ subintervals on [a, ¢] by choosing a sequence of boundary points by, bs, ..., bar, bar+1
with b; = a and bar41 = ¢. Choose the number p of Chebyshev nodes on each interval B = [b;, bi41]
fori=1,..., M. Determine the locations of the scaled Chebyshev nodes 7}, 72,..., 7P on each interval

B[, and evaluate the functions f,1 at these nodes, obtaining f; m, %im-
Step 1.

Comment [Construct the approximate solutions 7; ,,, q~5,~,m on each interval B/*.]
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doi=12,...,.M
(1) Construct the two p-n X p - n linear systems on B} obtained through a Nystrém
discretization of the corresponding integral equation.

(2) Solve the two p-n x p - n linear systems on B} by Gaussian elimination,
obtaining the values 7; m, @i m.
end do

Step 2.

Comment [Construct the matrices ai’m, ai;m and vectors 6}:””, 6;’"" on each interval B[ at the finest

level ]

doi=1,2,....M
Evaluate the matrices a2™, o™ and vectors sbm ghm using the p—point
Chebyshev quadrature formula.

end do

Step 3 (Upward Sweep).

Comment [Construct the matrices a’gl,aﬁl and vectors 62’1,621 for all intervals at all coarser levels

l=m-1m-2,...,0]

do 1= m-1, 0, -1
do i=1, 2l
Compute the matrices ai’l, a’,;’l and vectors éi", 65! from the corresponding data in the two child
intervals (afi"l'l"'l, a%i_1’1+1,aii’l“,a,z:’l’q,6§i"1'l+1,6§i_1’l+1,63“’“, 6,2:,i’1+1), using the results
of Corollaries 3.2 and 3.3.
end do
end do

Step 4 (Downward Sweep).

Comment [Construct the coefficient A»™ for all intervals at the finest level.]

Set A0 = 0.
do 1=0,m-1
do i=1, 2!

Use Corollary 3.4 to compute the coefficients A/+1:24=1 324,141
for the child intervals B;’g’l and B;‘{_ll from the coefficient A" of the parent interval BY.
end do
end do

Step 5.

Comment [Compute the solution o of equation (57) at the nodes 7,72, ..., 7" for each interval B}
at the finest level.]
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doi=1, M
do j=1,p )
Determine the values of the solution o of equation (57) at the node 7 via formula (141).
end do
end do

Step 6.
Comment [Compute the solution ¢ of equation (1) from the values of ¢.]

Evaluate the integral (27), by using composite Chebyshev quadrature
(see Remark 4.5 below).

Remark 4.4 Inspection of the above algorithm shows that the amount of work required is of
the order O(M -p®-n?). Step 1 involves solving two (p X n) X (p X n) linear systems for each of
the M intervals. Steps 2 - 5 require no more than O(M -p-n? - (logp + n)) operations. Since
N = M - pis the total number of nodes in the discretization of the interval [a, c], we can write
the CPU time estimate in the form O(N - p? - n3). The cost of evaluating the solution ® of the
differential equation (55) from the integral representation (27) is O(N -logp - n) (see Remark
4.5 below).

Remark 4.5 The final step in the algorithm involves the evaluation of an integral of the form
(27) at each of the Chebyshev nodes 77 on each subinterval B™, namely

(rf) = / " Go(ri, 1) - o(t) dt. (147)

If these integrals were calculated independently for each 'rz-j , the amount of work required
would be of the form O(N?- n), and would dominate the construction of the function ®. In
fact, this is unnecessary, for we may write

o(rf) = r(rg).[ /abivL(t)-cr(t)dt-i- /b vy (t) - o (1) dt

13

+ /T ;.-+1 vr(t) - o(t) dt + /b ; va(t) - o(t) dt] , (148)

where we have used the representation (22) and the fact that Tij lies in the interval B* =
[b;,bi+1]. Step 6 can then be written in detail as follows:

Step 6 (a).

Comment [Precompute the integrals of v, - and vy - & on each subinterval B™ by Chebyshev quadra-
ture. These integrals will be denoted I, and I, respectively.]
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doi=1, M
L(BP) = [y* vu(t) - o(t) dt.

LJBp)zjfﬂzmayaa)a.
end do

Step 6 (b).

Comment [March across interval from a to ¢, computing ® at each node in the discretization. The
. . . b;

variables J, and Jr will be used to accumulate the integrals [ * v (t) - 0(t) dt and j;i.,.l vr(t) - o(t) dt,

respectively.

Set Tn = Yizy In(BP).
Set J, = 0.

do i=1, M
do j=1,p
For each ‘rf , compute
@@):ﬂﬁyF&+ﬁ%anm@ﬁ+ﬁﬁmﬁydﬂﬁ+$]
end do '
Jo=T0 +IL(B,m)
In=JTr — IR(Bm.l)
end do

Thus, the amount of work required in Step 6(a) is O(N -n). The integrals required on each
subinterval in Step 6 (b) can be computed by spectral integration (see, for example, [11]) using
O(p-logp-n) work. The total cost is therefore of the order O(M -p-logp-n) or O(N -logp-n).

4.4. Informal Description of the Algorithm for Nonlinear ODEs

The nonlinear algorithm is a straightforward application of the linear algorithm described in
the previous subsection. The solution is obtained using Newton’s method for nonlinear ODEs;
each Newton iterate is obtained by solving the linearized problem (50) via the algorithm of the
preceding subsection.

As with Algorithm A, we subdivide the interval [a, ¢ into a large number of subintervals A ;
for simplicity we assume M = 2™, with m a positive integer. As before the boundary points
b1,b2,...,bar, bargr are defined by (132), and the intervals B!, (1 <1 < m),(1 <1 < 2 by
(133). |

On the k" step of the Newton process, Algorithm A is applied to the integral equation

Pk(5k = gk, (149)

with the operator P* : (L?[a,c])"* — (L?[a,c])" defined by the formula

PH(8)(@) = u(e) + Qule) - [ Gole,)- 6u(t) dt, (150)
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with 65 the solution of the integral equation (50), Q given by (51), and gx given by (52). The
integral equations (139), (140) now assume the form

Ph(miy) = 9k|BL> (151)
QF(di1) = Uy, (152)
with the operator Pffl : (L?[a, c])™ — (L*[a, c])" defined by the formula

Pilfl(‘sk)(w) = 8p(z) + Qi (2) - by 4igm—t

14(i—1).2m—1

Go(z,t) - 8i(t) d, (153)

and the operator Qi-‘,l : (L%a, ¢])™*™ — (L?[a, c])™*™ defined via the formula

Q¥ (x)(2) = x(2) + Uu(z) - /,, e, 0) - (D) di. (154)

14(i—1)-2m—1

Once Algorithm A has computed the solution & to (149), we obtain og4q via (11), and Py
via (49).

The nonlinear algorithm requires an initial approximation ®q, ®{ to the solution ® and its
derivative @' of equation (5), and we assume that both are supplied by the calling program.
0o is obtained from ®¢, ®} via the identity

oo(z) = ¥p(z) + po(2) - Bo(2). (155)
The procedure is terminated when the stopping criterion

[RZ3IP;
llokll2

<e (156)

is satisfied, with € provided by the calling program. Since Newton’s method frequently fails
to converge, the calling program also permits a certain maximum number of iterations, after
which the algorithm stops, signalling failure.

The following is a more detailed description of the numerical procedure.

Algorithm B

Comment [Define the computational grid.]

Create M = 2™ subintervals on [a, ¢] by choosing a sequence of boundary points by, bs, ..., bar, bars1
with b1 = a and bpr41 = ¢. Choose the number p of Chebyshev nodes on each interval B = [b;, b;11]
for ¢ =1,..., M. Determine the locations of the scaled Chebyshev nodes 7}, 72,..., 77 on each interval

BT, and use the initial approximations ®g, ®; to evaluate the initial approximations ®, ¢ at these nodes,
obtaining ®; ,,, 0; m. Choose tolerance .

Comment [Use Algorithm A to compute Newton iterates @, obtaining the solution ® of equation (5).]
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repeat
(1) Set d=0,6=0.
(2) Evaluate the functions €, § at each of the scaled Chebyshev nodes 7,72, . .., 77 on each
interval B[”, obtaining Q(,-,m),g(,-,m).

(3) Apply Algorithm A to the discretized form of (50), obtaining §.
(4) Set o = &+6.

(5) Compute the solution @ of equation (49) from the values of o, by using
composite Chebyshev quadrature (see Step 6 of Algorithm A and Remark 4.5 above).
until ||éo|2/[|ool|2 < €

V. Numerical Results

FORTRAN programs have been written implementing both algorithms described in the
preceding section. In this section, we discuss several details of our implementation, and demon-
strate the performance of the scheme with numerical examples.

The following technical details of our implementation appear to be worth mentioning.

1. The algorithms described in the preceding section require that the number M of elementary
subintervals on the interval [a,c] be a power of 2. Clearly, this is not an essential limitation
and it can be removed by simple bookkeeping changes. In the version of the algorithms used
for numerical experiments, these changes were made.

2. Algorithm A depends for its stability on the equations (139), (140) having unique solutions
for all subintervals B! (I = 0,1,...,M, i = 1,...,2"), while Algorithm B depends on (151),
(152) having unique solutions for all subintervals B! and for all Newton iterates k. It is easy
to construct examples for which these conditions are violated, even though equation (57) or
equation (32) has a unique solution. In such cases, a different subdivision of the interval [a, ]
can be attempted, such that none of the subintervals Bf of the new subdivision coincides with
an interval of the original one. This procedure can be viewed as a form of pivoting, and it is
easy to show that it is always possible to make it work. It has not been implemented at this
point, and we have not so far encountered a need for it.

3. We have, however, implemented a crude scheme for detecting high condition numbers in
the algorithms. These can occur in two places: in the solution of the linear systems on each of
the finest level subintervals (Step 1 of Algorithm A), and while computing coefficients Ay, Aq
defined by (90), (91) used when merging solutions on two consecutive subintervals (Step 3 of
Algorithm A). In both cases, the condition number of the system being solved is estimated
in the process of solution (we use a standard LINPACK routine), and the largest of these is
returned to the user. When an extremely large condition number is detected by the LINPACK
routine, the resulting solution of the original ODE should be viewed as suspect. It is easy
to show that when the differential operator is positive definite, this cannot happen. A more
complete treatment of this subject requires further study.
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4. In the upward sweep (Step 3) of Algorithm A, we evaluate the matrices ai’l,agl for all
intervals B;; and use these matrices to evaluate the vectors 6};’1,6;51, the vectors A", and,
finally, the solution o of the integral equation (57). But the matrices aiL’l, agl do not depend
on the right-hand side f of equation (57), and it is easy to see that their evaluation accounts
for more than 90% of the work. Therefore, whenever the equation (57) has to be solved with
multiple right-hand sides, we can precompute the matrices ai’l, agl and store them, saving 90%
of the cost of the evaluation of subsequent solutions.

The algorithms of this paper have been applied to a variety of problems. Seven experiments
are described below, and their results are summarized in Tables 1-18.

Tables 1-13 are associated with examples for which analytic solutions are available. In each
of these tables, the first column contains the total number N of nodes in the discretization of
the interval [a,c]. The second column contains the relative L? error of the numerical solution
as compared with the analytically obtained one at 5000 equispaced points within the interval
[a, c], where Chebyshev interpolation has been used to evaluate the numerical solution at each
of the 5000 points. The third column contains the maximum absolute error obtained at any of
the 5000 points. Columns four and five contain the same information for the derivative of the
solution (i.e. its relative L? and absolute L™ errors respectively). The sixth column contains
the CPU time required to solve the problem, excluding the time used to evaluate the solution
at 5000 equispaced points, where in all cases the times are given for a SUN SPARCstation
1 computer. Tables 11-13, associated with a nonlinear example, have in addition a seventh
column which contains the number of Newton steps taken before the stopping criterion (156)
has been satisfied, with € = 10~1°,

Tables 14-18 are associated with examples for which we did not have analytic solutions. In
these examples, we compare each numerical solution with p Chebyshev nodes and n subintervals
against the solution with p Chebyshev nodes and 2-n subintervals. In each of these tables, the
first column contains the total number N of nodes in the discretization of the interval [a, ¢]. The
second column contains the relative L? error of the numerical solution as compared with the
numerical solution with twice the number of subintervals, where the comparison is made at each
of 5000 equispaced points in the interval [a,c], and where Chebyshev interpolation has been
used to evaluate the numerical solution at each of the 5000 points. The third column contains
the maximum absolute error obtained at any of the 5000 points. Columns four and five contain
the relative L? and absolute L™ errors, respectively, for the derivative of the solution. The
sixth column contains the SPARCstation CPU time required to solve the problem, excluding
the time used to evaluate the solution at 5000 equispace points. Tables 16-18, associated with
a nonlinear example, have in addition a seventh column which contains the number of Newton
steps taken before the stopping criterion (156) has been satisfied, with e = 10710,

Remark 5.1 In Examples 3-4 below, we solve boundary value problems of order 2; in Example
5, we solve a problem of order 4; and in Example 7 we solve a system consisting of four
equations of order 2 and two equations of order 4. In all these cases, the problems were
reduced to canonical first order systems (see, for example, [4]), with the latter solved by means
of algorithms A or B of the preceding section, as appropriate.
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n E2(®) E>(®) EX(®) E>(®") t (sec.)
16 0.962 x10° 0.685 x10! 0.261 x10' | 0.673 x10* | 0.150 x10°
32 0.244 x10! 0.216 x102 0.108 x102 0.169 x10° | 0.300 x10°
64 0.700 x10~! | 0.272 x10* 0.200 x 101 0.261 x10* | 0.560 x10°
128 | 0.255 x10~! | 0.125 x10! 0.754 x10° | 0.125 x10* | 0.108 x10!
256 | 0.667 x10~% | 0.342 x10° 0.198 x10° | 0.342 x10% | 0.214 x10!
512 | 0.805 x10~2 | 0.536 x10~' | 0.238 x10~! | 0.536 x10%2 | 0.428 x10!
1024 | 0.330 x10~* | 0.291 x10~2 | 0.977 x10~3 | 0.291 x10! | 0.846 x10!
2048 | 0.482 x107% | 0.529 x10=* | 0.143 x10~* | 0.529 x10~! | 0.168 x 102
4096 | 0.316 x10~8 | 0.476 x10=% | 0.935 x10~7 | 0.476 x10~3 | 0.337 x 102
8192 | 0.112 x1071% | 0.170 x10~8 | 0.331 x10~2 | 0.170 x10~5 | 0.670 x 102
16384 | 0.115 x10~* | 0.113 x10719 | 0.264 x10~1! | 0.140 x10~7 | 0.137 x 103

Table 1: Numerical results for Example 1, p = 8.

Example 1 This example is taken from [2], where it is introduced as a stiff problem. The
equation to be solved is given by the formulae
$1(x) - 998 gu(x) — 1998 do(z) = 2.4, (157)
$5(z) + 999 - d1(z) + 1999 - ¢o(z) = =z, (158)
subject to the boundary conditions
$1(0) (159)
$2(1) = —6-e1+5.e71904 004.(.999 + .001 - e1090), (160)

We use the results of Theorem 2.3 to reduce the first order system (157) - (160) to one subject
to homogeneous boundary conditions

(161)

1 (0) = 0,
¢2(1) = 0
We apply Algorithm A to this system using equispaced subintervals, with the number of Cheby-

shev nodes p = 8,16, 24. For this experiment, the background Green’s function is chosen to
correspond to the equation

(162)

®'(z) =0, (163)

subject to boundary conditions (161)-(162). The results of this experiment are presented in
Tables 1-3.

Example 2 We solve the problem (157) - (160) defined in Example 1, but using an alternate
division of the subintervals. Since the solution of this problem has a fairly sharp boundary
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n E2(®) E>(9) E2(®) E>(®) t (sec.)
16 0.567 x10° 0.436 x10! 0.916 x10° | 0.397 x10* | 0.310 x10°
32 0.251 x 10! 0.192 x10? 0.673 x10! 0.175 x10° | 0.540 x10°
64 | 0.340 x10~! | 0.139 x10! 0.859 x10° | 0.129 x10* | 0.950 x10°
128 | 0.744 x1072 | 0.344 x10° 0.220 x10° | 0.344 x10% | 0.179 x10!
256 | 0.798 x10~3 | 0.389 x10~! | 0.236 x10~! | 0.389 x102 | 0.345 x10!
512 | 0.164 x10~* | 0.930 x10~2 | 0.486 x10~3 | 0.930 x10° | 0.686 x10!
1024 | 0.364 x10~7 | 0.243 x10~5 | 0.108 x10~5 | 0.243 x10~2 | 0.137 x102
2048 | 0.992 x10~! | 0.817 x10~2 | 0.294 x10~° | 0.817 x10~% | 0.274 x102
4096 | 0.942 x10~13 | 0.776 x10~12 | 0.146 x10~12 | 0.753 x10~2 | 0.532 x 102
8192 | 0.214 x107'2 | 0.164 x10~! | 0.328 x10~12 | 0.164 x10~8 | 0.107 x 103
Table 2: Numerical results for Example 1, p = 16.
n E%(®) E>(9) E%(9') E>(®") t (sec.)
24 0.511 x10° 0.373 x 10! 0.752 x109 0.358 x10% | 0.690 x10°
48 0.251 x10° 0.244 x10! 0.112 x 10! 0.200 x10* | 0.116 x10!
96 | 0.591 x10~% | 0.240 x10° 0.175 x10° | 0.240 x10® | 0.209 x10!
192 | 0.496 x10~2 | 0.214 x10~! | 0.147 x10~! | 0.214 x102 | 0.387 x 10!
384 | 0.546 x107° | 0.258 x10™3 | 0.162 x10~3 | 0.258 x10° | 0.765 x 10!
768 | 0.274 x10~% | 0.129 x10~% | 0.811 x10-7 | 0.129 x10-3 | 0.147 x102
1536 | 0.105 x10712 | 0.335 x10~11 | 0.142 x10~1 | 0.256 x10~8 | 0.295 x 102
3072 | 0.663 x10~12 | 0.624 x10~12 | 0.125 x10~12 | 0.621 x10~2 | 0.578 x 102

Table 3: Numerical results for Example 1, p = 24.
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n E?(®) E*(®) E%(9) E*(3) t (sec.)

16 | 0.567 x10° 0.436 x10! 0.916 x10° | 0.397 x10* | 0.310 x10°
32 | 0.251 x10! 0.192 x102 0.673 x10! 0.175 x10° | 0.540 x10°
64 | 0.790 x10~2 | 0.360 x10° 0.222 x10° | 0.345 x103 | 0.950 x10°
128 | 0.992 x10~11 | 0.818 x10~? | 0.294 x10~° | 0.816 x10~% | 0.177 x 10!
256 | 0.244 x10712 | 0.261 x10~1! | 0.525 x10~12 | 0.228 x10~8 | 0.352 x 10!
512 | 0.243 x10712 | 0.261 x10~! | 0.525 x10~12 | 0.229 x10~8 | 0.681 x 10!

Table 4: Numerical results for Example 2, p = 16.

n E?(®) E>(9) E?(%') E>(9") t (sec.)

24 | 0.511 x10° 0.373 x 10! 0.752 x10° 0.358 x10% | 0.710 x10°
48 | 0.251 x10° 0.244 x10! 0.112 x10! 0.200 x10* | 0.117 x10%
96 | 0.496 x10~3 | 0.214 x10~! | 0.147 x10~! | 0.214 x10% | 0.209 x10%
192 | 0.293 x10712 | 0.227 x10~11 | 0.507 x10~12 | 0.229 x10~8 | 0.387 x10!
384 | 0.294 x10~12 | 0.227 x10~1! | 0.509 x10~12 | 0.230 x10~8 | 0.758 x 10!

Table 5: Numerical results for Example 2, p = 24.

layer near the left end of the interval [0, 1], we construct the intervals B™ = [b;, b;4;] via the

formula

by

b;

= 0,

2

1 M+1—1
(—) fori=2,...,.M+1,

(164)

so that they become progressively smaller near the left end of the interval [0,1]. As in Example
1, we reduce the problem (157)- (160) to a first order system subject to homogeneous bound-
ary conditions (161)-(162). Algorithm A has been applied to this problem using the Green’s
function corresponding to the equation (163) subject to boundary conditions (161)-(162), and
with the number of Chebyshev nodes p = 16 and 24. The results of this experiment appear in
Tables 4-5, and are most satisfactory.

Example 3 This example is taken from [15], where it is described as a reasonably difficult one
due to the presence of rapidly growing solutions of the corresponding homogeneous equation.
The equation to be solved is »

#" +400- ¢ = —400 - cos®(7 - z) — 272 . cos(2 - 7 - &), (165)
subject to the boundary conditions

$(0) = ¢(1) = o. (166)
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n E?(®) E*(®) E*(®') E>*(9') t (sec.)

8 0.236 x10° 0.457 x10! 0.210 x10° 0.102 x10% | 0.110 x10°
16 | 0.722 x10~2 | 0.114 x10° | 0.733 x10=2 | 0.381 x10' | 0.190 x10°
32 | 0.245 x1073 | 0.331 x10=2 | 0.258 x10~3 | 0.970 x10~! | 0.380 x10°
64 | 0.220 x10~° | 0.410 x10~* | 0.289 x10~5 | 0.112 x10=2 | 0.720 x10°
128 | 0.988 x10~% | 0.255 x10=% | 0.185 x10~7 | 0.788 x10~°> | 0.139 x10!
256 | 0.365 x1071% | 0.115 x10~8 | 0.850 x10~1° | 0.417 x10~7 | 0.280 x10*
512 | 0.137 x10~'2 | 0.464 x10~'1 | 0.346 x10~12 | 0.192 x10~7 | 0.551 x 101
1024 | 0.403 x10~4 | 0.142 x10~12 | 0.755%10~1* | 0.728 x10~11 | 0.109 x102
2048 | 0.124 x10~13 | 0.188 x10~12 | 0.641 x10~1* | 0.381 x10~!! | 0.222 x10?

Table 6: Numerical results for Example 3, p = 8.

n E?(®) E*(®) E?(9) E>(®") t (sec.)
16 | 0.125 x10~3 | 0.255 x10~2 | 0.119 x10~3 | 0.524 x10~! | 0.360 x10°
32 | 0.290 x10~7 | 0.587 x107% | 0.326 x10~7 | 0.151 x10~* | 0.650 x10°
64 | 0.555 x10~11 | 0.867 x10~19 | 0.568 x10~11 | 0.207 x10~8 | 0.119 x 10!
128 | 0.217 x1071* | 0.391 x10~13 | 0.204 x10~1* | 0.131 x10~11 | 0.231 x 101
256 | 0.262 x1071* | 0.429 x10~'3 | 0.315 x10~14 | 0.153 x10~*! | 0.454 x 10!

Table 7: Numerical results for Example 3, p = 16.

We reduce the problem (165), (166) to a first order system, and apply Algorithm A to this
system using equispaced subintervals, with the number of Chebyshev nodes p = 8,16 and 24.
For this experiment, the background Green’s function is chosen to correspond to the equation

0 -1

e (167)

®'(z) + ( ) -®(z) = 0.

subject to boundary conditions (166). The results of this experiment are presented in Tables
6-8.

Example 4 We solve the problem (165), (166) defined in Example 3, but we use the back-

ground Green’s function corresponding to the equation
®'(z) = 0, (168)

subject to boundary conditions (166). We reduce the problem (165), (166) to a first order
system, and then use the results of Theorem 2.9 to express ® by the formula

3(2) = ¥(z) - I(a),
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n E%(®) E>(9) E%(9') E>(9') t (sec.)

24 | 0.164 x10~% | 0.336 x10~7 | 0.156 x10~8 | 0.676 x10=° | 0.760 x10°
48 | 0.338 x10~1* | 0.568 x10~13 | 0.345 x10~14 | 0.188 x10~1! | 0.136 x10!
96 | 0.264 x10~1* | 0.853 x10~13 | 0.273x10714 | 0.261 x10~!! | 0.257 x10!

with ¥ : [0,1] — L(R?X?) given by the formula

l—z =z

Table 8: Numerical results for Example 3, p = 24.
¥(e) = ( -1 1

and I' : [a,c] — R™ the solution to the equation
I'(z)+ T7'(2)- (V' (z) + p(z) - ¥(z)) - T(z) = T (z)- f(z),

subject to boundary conditions
00

10
(0 0)-\Ii(a)-I‘(a)+(0 1)-‘1’(c)-I‘(c):0,

with the matrix valued function p defined by the formula
-1

0
p(w)=(400 0 )’

and the vector valued function f defined via the formula

-

0
—400 - cos*(m - z) — 272 . cos(2 -7 - z) ) )

(169)

(170)

(171)

(172)

(173)

We apply Algorithm A to this problem using equispaced subintervals, with the number of
Chebyshev nodes p = 16 and 24. The results of this experiment are presented in Tables 9-10.

Example 5 We consider a system of Jacobian elliptic functions sn, cn,dn :
(see, for example, [1]) which are solutions to the equations

sn'(z) = ecn(z)-dn(z),
en'(z) = —sn(z)-dn(z),
dn/(z) = —m-sn(z)-cn(z),
with m = % in our experiments, subject to the boundary conditions
sn(0) = 0,
en(0) = 1,

dn(40-K) = 1,
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n E*(®) E*(®) E%(9) E*(9') t (sec.)

16 | 0.946 x10~* | 0.193 x10~2 | 0.887 x10~% | 0.412 x10~! | 0.320 x10°
32 | 0.281 x10~7 | 0.567 x10~® | 0.307 x10~7 | 0.145 x10~* | 0.530 x10°
64 | 0.517 x10~!! | 0.833 x10~1° | 0.527 x10~!* | 0.198 x10~3 | 0.960 x10°
128 | 0.106 x10~'* | 0.355 x10~13 | 0.139 x10~1* | 0.796 x10~12 | 0.176 x 10!
256 | 0.977 x10~1% | 0.391 x10~'3 | 0.140 x10~'* | 0.853 x10~12 | 0.347 x 10!

Table 9: Numerical results for Example 4, p = 16.

n E%(®) E>(®) E2(®) E®(d) t (sec.)

24 | 0.113 x10~% | 0.232 x10~7 | 0.106 x10~% | 0.484 x10~% [ 0.700 x10°
48 | 0.470 x10~14 | 0.711 x10713 | 0.371 x10~'* | 0.176 x10~!! | 0.116 x 10!
96 | 0.180 x10~* | 0.391 x10~13 | 0.187x10~1* | 0.909 x10~12 | 0.207 x 10!

Table 10: Numerical results for Example 4, p = 24.

with K given by the expression

K:/E dd .
0 V1—m-sin?9

(180)

We use for an initial guess the solution to (176), (179) for m = 0, which is defined by the

formulae

sn(z) =

en(z) =

dn(z) =

sin( i
2. K

o(”
O\ K
1.

.x),
.x),

(181)

(182)
(183)

We reduce the problem (165), (166) to a first order system, and then use the results of
Theorem 2.4 to reduce this system to one subject to the homogeneous boundary conditions

sn(0) = 0,
en(0) = 0,
dn(40-K) =

(184)
(185)
(186)

We then apply Algorithm B to this system using equispaced subintervals, with the number of
Chebyshev nodes p = 8,16 and 32. For this experiment, the background Green’s function is
chosen to correspond to the equation

'(z) =0,
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n E*(®) E>(d) E*(®') E>(®") t (sec.) | Steps
128 | 0.211 x10~! | 0.551 x10~T | 0.333 x10~! | 0.620 x10~T | 0.167 x10? 9
256 | 0.158 X102 | 0.416 x10=2 | 0.228 x10~2 | 0.430 x10=2 | 0.258 x102 7
512 | 0.849 x10~° | 0.226 x10~* | 0.123 x10~* | 0.240 x10~* | 0.439 x102 6
1024 | 0.106 x10~7 | 0.330 x10~7 | 0.180x10~7 | 0.460 x10~7 | 0.883 x102 6
2048 | 0.313 x10710 | 0.984 x10~1° | 0.599 x10~1° | 0.150 x10~° | 0.175 x10° 6
4096 | 0.147 x10~12 | 0.469 x10~12 | 0.264 x10~12 | 0.674 x10~!2 | 0.348 x103 6

Table 11: Numerical results for Example 5, p = 8.

n E%(®) E*(®) E%(®") E*(9) t (sec.) | Steps

64 0.162 x10° 0.505 x10° 0.244 x10° 0.546 x10° | 0.177 x10% | 10
128 | 0.422 x10~! | 0.108 x10° | 0.612 x10~! | 0.113 x10° | 0.246 x 102 7
256 | 0.181 x10~3 | 0.476 x10~3 | 0.268 x10~3 | 0.491 x10~3 | 0.409 x102 6
512 | 0.441 x10~7 | 0.120 x10=% | 0.672 x10~7 | 0.159 x10~-% | 0.851 x 102 6
1024 | 0.425 x10712 | 0.125 x10~' | 0.115 x10~1 | 0.293 x10~'! | 0.164 x10° 6
2048 | 0.115 x10712 | 0.317 x10=12 | 0.164 x10~12 | 0.317 x10~12 | 0.324 x103 6
4096 | 0.569 x10~13 | 0.152 x10~12 | 0.814 x10~13 | 0.154 x10~12 | 0.653 x 103 6

Table 12: Numerical results for Example 5, p = 16.

subject to boundary conditions (184) - (186). The results of this experiment are presented in
Tables 11-13.

Example 6 This example is taken from [14]. Its purpose is to demonstrate the performance
of the method when the equation to be solved contains fourth order derivatives. The deflection
of a beam under a uniform load ¢, with the beam built in at the left end (z = 0) and simply
supported at the right end, is given by the formula

2 (187)

k
" _

subject to the boundary conditions
y(0) = 9'(0) = y(L) = y"(L) = 0,

with k the force per unit deflection per unit length of beam, and E - I the flexural rigidity of
the beam. The values of the constants used are

(188)

(189)
(190)

1.2 x 10? in.,
2.604 x 10® psi,

L
k
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n E%(®) E>*(®) E%(®') E*(9') t (sec.) | Steps
256 | 0.148 x10~3 | 0.388 x10=3 | 0.215 x10=3 | 0.411 x10~3 | 0.163 x103 6
512 | 0.124 x10~° | 0.395 x10~2 | 0.961 x10~° | 0.186 x10~8 | 0.322 x103 6
1024 | 0.450 x10~'2 | 0.119 x10~!! | 0.643 x10~12 | 0.119 x10~!! | 0.632 x 103 6
2048 | 0.266 x10712 | 0.703 x10~12 | 0.381 x10~12 | 0.703 x10~'2 | 0.126 x10% 6
Table 13: Numerical results for Example 5, p = 32.
¢ = 4.34x10* lbs/in., (191)
E = 3.0x107 psi, (192)
I = 3.0x10% in.*, (193)

(see [14], p. 174). The L? norm of y, the solution to (188), is approximately 10° times larger
than the L? norm of y””. Combined with the high number of derivatives in (187), this tends to
present difficulties for finite difference methods. We reduce the problem (187), (188) to a first
order system, and then use the results of Theorem 2.9 to express ® by the formula

®(z) = ¥(z) - I(2),

with ¥(z): [0, L] — L(R***) given by the formula

U(z) =

L—

5 0§ 0
0 10 0
0 0 0 1
-1 010

and I' : [a,c] — R"™ the solution to the equation

I'(2) + ¥ (2) - (¥'(2) + p(z) - U(e)) -

subject to boundary conditions

S O O
o O = O

[e= e R e B an)

o O o o

-¥(a) - I(a)+

= o o O
o O O O
O = OO

(== e R e B e

with the matrix valued function p defined by the formula

p(z) =

0 -1 o0
0 0 -1
0 0 O
k

zr 0 O

L(z) =¥ () f(2),

-¥(c)-T(e) =0,

(194)

(195)

(196)

(197)




n E%(®) E>(3) E2(®) E>(®) t (sec.)

4 | 0.115 x10% | 0.672 x10~1 [ 0.277 x10~T | 0.433 x10~3 | 0.110 x10°
8 |0.755 x10~2 | 0.506 x10~2 | 0.215 x10~2 | 0.426 x10~* | 0.220 x10°
16 | 0.474 x10~3 | 0.369 x10~3 | 0.141 x10=3 | 0.317 x10~° | 0.400 x10°
32 | 0.269 x10~* | 0.249 x10~* | 0.891 x10~° | 0.212 x10~% | 0.780 x10°
64 | 0.185 x10~° | 0.162 x10~% | 0.554 x10=® | 0.137x10~7 | 0.153 x10!
128 | 0.117 x10% | 0.103 x10% | 0.338 x10~7 | 0.866x10~2 | 0.303 x10!
256 | 0.891 x10~8 | 0.652 x10~8 | 0.223 x10~8 | 0.539%x10~1° | 0.603 x10%
512 | 0.306 x10~% | 0.170 x10~8 | 0.338 x10~8 | 0.416x10~1° | 0.120 x102

Table 14: Numerical results for Example 6, p = 4.

n E%(®) E>(®) E%(9) E*(9") t (sec.)

8 | 0.130 x107° | 0.816 x10~° | 0.688 x10~° | 0.139 x10~7 | 0.280 x10°
16 | 0.792 x10~8 | 0.510 x10~8 | 0.101 x10~7 | 0.149 x10~2 | 0.530 x10°
32 | 0.465 x10~8 | 0.235 x10~8 | 0.468 x10~8 | 0.565 x10~1° | 0.105 x 10!
64 | 0.916 x10~8 | 0.463 x10~8 | 0.927 x10~8 | 0.111x10~° | 0.201 x10%

Table 15: Numerical results for Example 6, p = 8.

and the vector valued function f defined via the formula

f(z) = (198)

|-eooo

E.T

We apply Algorithm A to this problem using equispace subintervals, with the number of
Chebyshev nodes p = 4 and 8. For this experiment the background Green’s function is chosen

to correspond to the equation
®'(z) =0,

subject to boundary conditions (188). The results of this experiment are presented in Tables
14-15.

Example 7 This example is taken from [13], and was developed in cooperation with the author
of [13]. The problem is a system of six nonlinear equations with inhomogeneous boundary
conditions, and is described in detail in Appendix A. Since 2 of the ODEs are fourth order,
and 4 are second order, the problem reduces to a system of 16 first order nonlinear equations.
The 2 fourth order ODEs have in their fourth derivatives a boundary layer of order 10° at the
left end of the interval.
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n E*(®) E*®(d) E%(®") E*(9) t (sec.) | Steps
80 | 0.697 x10~! | 0.516 x102 | 0.118x10° | 0.415 x10% | 0.249 x103 6
160 | 0.854 x10~2 | 0.773 x10' | 0.167 x10~1 | 0.790 x103 | 0.542 x103 6
320 | 0.795 x10~3 | 0.952 x10° | 0.177 x10~2 | 0.111 x103 | 0.105 x10* 6
640 | 0.589 x10~% | 0.917 x10~! | 0.143 x10~3 | 0.114 x102 | 0.205 x10% 6
Table 16: Numerical results for Example 7, p = 4.

n E?(®) E*(®) E%(®') E*(9) t (sec.) | Steps
80 | 0.814 x10=2 | 0.686 x10 | 0.151x10~1 | 0.667 x103 | 0.633 x103 6
160 | 0.409 x1072 | 0.380 x10' | 0.871 x10~3 | 0.454 x102 | 0.107 x10% 6
320 | 0.884 x10~° | 0.977 x10=2 | 0.238 x10~* | 0.140 x10! | 0.206 x10% 6
640 | 0.930 x10~7 | 0.130 x10~3 | 0.312 x10~® | 0.213 x10~! | 0.396 x10* 6

Table 17: Numerical results for Example 7, p = 8.

We use for an initial guess the solution to the problem for n 40,p = 4. We apply
Algorithm B to this system using equispaced subintervals, with the number of Chebyshev
nodes p = 4,8, and 16. The results of this experiment are presented in Tables 16-18.

The following observations can be made from Tables 1 - 18, and are corroborated by our
more extensive experiments.

1. The practical convergence rate of the method is consistent with the theoretical one. For
larger p, the exact numerical verification of the order of convergence tends to be difficult, since
the precision of calculations is exhausted before the behavior of the scheme becomes asymptotic.
However, this is often encountered when dealing with rapidly convergent algorithms.

2. For small-scale problems and large p, the algorithm produces essentially exact results with
a small number of nodes. For large-scale problems, double precision accuracy is achieved at
approximately 20 nodes per wavelength with p = 20, at 12 nodes per wavelength with p = 24,

n E?(®) E>(®) E%(9) E>(®') t (sec.) | Steps
80 | 0.301 x10™2 | 0.269 x10° | 0.673x10~3 | 0.338 x10% | 0.155 x10% 6
160 | 0.419 x10~° | 0.393 x10=2 | 0.106 x10~* | 0.557 x10° | 0.291 x10* 6
320 | 0.114 x10~7 | 0.115 x10™* | 0.378 x10~7 | 0.199 x10~2 | 0.565 x10* 6
640 | 0.624 x1071! | 0.728 x10~% | 0.287 x10~1° | 0.158 x10~% | 0.112 x10° 6

Table 18: Numerical results for Example 7, p = 16.
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and at 10 nodes per wavelength with p = 32. The optimal timings are achieved at p between
24 and 32 (provided that about 10 - 12 digits of accuracy are desired).

3. The condition number of a Nystrém discretization of a second kind integral equation is
asymptotically bounded, and our results reflect this fact. The relatively poor accuracy (8 -
11 digits) obtained in Examples 6 and 7 is due to the ill-conditioning of the original ODE, as
opposed to that of the numerical scheme used.

4. The algorithm is completely indifferent to the stiffness near the left end of the interval [0, 1]
of equations (157), (158) in Examples 1-2.

5. It is easy to use the algorithm in an adaptive manner, as demonstrated in Example 2.
However, a fully adaptive version of the scheme has not been implemented. The intervals B™
in Example 2 were provided by the calling program (as opposed to having been constructed by
the algorithm itself).

6. The numerical advantages of one background Green’s function over another tend to be minor,
as indicated in Examples 3-4. However, using the Green’s function given in Lemma 2.2 does
result in a slightly faster algorithm. This is because this Green’s function is constant in each
of the intervals (z < t),(z > t), which provides in Step 2 of Algorithm A faster evaluation of
the matrices o™, o™ given by equations (142)-(143) and vectors 62™,§%™ given by equations
(144)-(145), and provides in Step 6 a faster evaluation of the solution ® of equation (27).

7. The algorithm can solve systems of high order equations with no numerical difficulty, as
demonstrated by Examples 6-7.

VI. Conclusions

An algorithm has been presented for the solution of two-point boundary value problems of
ordinary differential equations. The algorithm is based on reducing the differential equation to
a second kind integral equation, with the subsequent solution of the latter via a Nystrom type
scheme. It has CPU time requirements proportional to N -p%.n3, with N the number of nodes in
the discretization of the interval of definition of the equation, p the desired order of convergence
of the scheme, and n the number of equations in the first order system. The method does not
involve the solution of linear systems with large condition numbers, permits the use of schemes
with extremely high orders of convergence, and is quite insensitive to boundary layers or to
end-point singularities in the coefficients of the differential equation.

The algorithm has been combined with Newton’s method, resulting in a scheme for the
solution of boundary value problems for nonlinear ODEs. In this case, each Newton iterate is
expressed as the solution of a linear second kind integral equation; the analytical and numerical
advantages of integral equations are thus obtained for nonlinear boundary value problems.
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Appendix A.

Numerical Solution of Square-Cell Convection with Strongly Variable Viscosity

This problem is introduced in [13] as a model for square-cell convection with strongly
variable viscosity. The model is used to examine the influence of temperature-dependent and
pressure-dependent viscosity on convective heat transfer and surface motion. The problem is
given by the system of six coupled, nonlinear equations

¢Illll(m)

#'(@) =

1

T (z)

01(z)

03(2)

1/)//(:1:)

= (4-R-0:(2) +4-(2-}-¢{(2) - a} - du(2) + 7+ ($](2) - T"(a) (199)

+2-¢1'(2) - T'(2) - 2- 0} - ¢}(2) - T'(2) — 2 o} - () - T(x)
+a}-T'(2)-¢1(2) + at - d1(2) - T(2))) + 2 7 (¢5(2) - 6 (=)

+2-65/(2) - 01(2) + ¢5"(2) - 61(2) — 2 af - $(2) - 6(2) — 3- 0} - $3(2) - 61(2)
+2- i ¢a(2) - 0{(2) + 2 a - da(2) - 61(2) — 2 af - $1(2) - B3 (a)

=2 ai - 41(2) - 02(2)) + 7 (¥'(2) - 65(2) + 2 9"(2) - O() + 9" () - b5()
=3 af - P'(2) - Ox(x) — 4 - a} - 03(2) - ¥(2)))/(4- (1 — 7 - T(2))),

(2- R-02(z) + 2 (4 af - ¢5(2) — 4 - a} - $a(2) + 7 - (¢5(2) - T'(2) (200)
+2-¢7'(2) T (2) - 4-af - ¢)() - T'(2) - 4 - a} - ¢4(2) - T(=)

+2- a3 - T"(2) - ¢a(2) + 4 a} - do() - T(w) + ${(2) - 0 (2) + 2 ¢'(2) - ()
+¢1"(2) - 61(e) — 4- 0k - ¢ (2) - 01 () — 3 a - ¢7(2) - 61 (2)

+ai - 1(2) - 01(2) + 2+ af - $u(2) - 61(2))) + 7 - (—'(2) - 6 ()

—2-9"(z) - 61(2) - ¥"(2) - 6a(2) + 4 - af - P'(2) - 1(2) + 6 - &} - 6 (2) - Y(2)))
[(2- (1~ -T(2))),

ol V]

a

(G1(2) - 01(@) + $1(2) - 61(2) + 3 (e - Oa(e) 4 5 - ba(z) - O3(x)),  (200)

T4 B0 + T (2) 41(2)) 42 65(0) - 1(2) + 2 04(2) - u(2) (202)

+2- ¢3(2) - 61(2) + 4 01(2) - ho() — P(2) - 6a(2)),

af -+ (2-02(2) + 2-T'(2) - §o(2) + 2 61(2) - d1(2) + (=) - 61 (2)), (203)
(7 (#{(2) - O3(2) + ¢{'(2) - ba(z) — 3- a} - $1(2) - 0s(a) + 0} - f(2) - Gh(w)  (204)
=~ $3(2) - 01(2) — ¢'(2) - 61(2) + 4 - a} - $3(2) - 1(2) — 2 0} - fa(2) - ¥ ()

+10-(5- k- (o) + 7+ (#(2) - T'(2) = 5-a} - 9(2) - T(2)
3 (=4 9(@) - 05(2) 4 T-ad - $(2) - 6:(2)))/(10~ 107 - T(2) + 27 - ba(x)),
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subject to boundary conditions
#1(0) = ${(0) = $2(a) = $4(a) = T(a) 5 = (@) = (@) = Y/(a) = 0, (20)
p1(c) = ¢1(c) = ¢a(c) = ¢5(c) = T(c) - % =0i1(c) =ba(c)=9'(c) = 0, (206)

and with z € [-1/2,1/2]. We use as an initial guess the approximations

¢1(z) = e-cos(m-2), (207)
$2(z) = € .cg-sin(2-7-2), (208)
T(z) = €-c3-sin(2-7-2) -2, (209)
01(z) = €-c1-cos(m-z), (210)
02(z) = € -cq-sin(2-7-2), (211)

cos(m - ) + Dy - cosh(v/5 - ay, - )

P@) = €-7-(cs

2+ 5-a?
cos(3 -7 -2) — 3. Dy - cosh(v/5ax2) 9
. 5ay). 212
feo e )/(502) (212)
The constants in this experiment are given by the formulae
R = 2000, (213)
ar = 2.2, (214)
r, = 10, (215)
2-(rp=1)
= — 7 216
v PO (216)
roo = 8-7°%.aj}, (217)
2
[ — _g’_]g_’ (218)
72+ a}
2
_7'[' . a’k . cl . 7‘00
cy = 219
2 2-a,2c-7*00—8-7'00-a,2€’ (219)
2
ak M 01
= £ - 220
C3 4.7 ° ( )
2
a7z - (2-co+7-c
g = = (2-c . 1), (221)
2. Too * (I,k
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al c
s = w2 (G =5-a})—er-er-(2-77 4 5-a)), (222)
— ai e 2, 2 2 293
cg = 7r-3~(—2—-(3-7r +ag)—3-c1-c3- 700" af), (223)

Dy = 7/(V5-a-sinh(V5 - ax/2)), (224)
e = \/ £ = 700 (225)

- (Cg-l- 64/4) . 7‘00.

In order to reduce the problem to a system of integral equations, we first solve for ¢7”, ¢5"
in the linear system involving ¢{”, ¢4” 1", obtaining a new problem which does not contain
dependencies among the variables. We reduce this new problem to a first order system, and
then use the results of Theorem 2.10 to express ® by the formula

3(2) = U(z) - I(a),

with ¥ : [a, ] — L(R!®*16) given by the formula

‘I’(.’t) = diag(¢A7¢A7 ¢A,¢A7¢A7 ¢A7¢A7¢B)v (226)
with 94,95 : [-3,1] — L(R?*?) defined by the formulae
1_ 1
pa(z) = < 2_137 21‘:10 >, (227)
-1 1
Yp(z) = (%_x %H), (228)

and with T : [a,c] — R™ the solution to an equation of the form (40), subject to boundary
conditions of the form (41). The results of Theorem 2.4 are then applied to reduce this new
problem with inhomogeneous boundary conditions to a problem which boundary conditions are
homogeneous. For these experiments, the background Green’s function is chosen to correspond
to the equation

®'(z) =0, (229)
subject to boundary conditions (206).
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