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Abstract

Under the widely believed conjecture P#£NP, NP-complete prob-
lems cannot be solved exactly using efficient polynomial time algo-
rithms. Furthermore, any instance of a NP-complete problem can be
converted to an instance of another problem in NP in polynomial time.
Thus, identifying NP-complete problems is very important in algorithm
design and can help computer scientists and engineers redirect their ef-
forts towards finding approximate solutions to these problems. As a
first step towards a digital library for NP-complete problems, we de-
scribe a case study involving two well-known NP-complete problems
3-SAT and CHROMATIC together with a reduction and the corre-
sponding soundness proof in a logical framework.

1 Introduction

Logical frameworks are often used as meta-languages in logic and program-
ming language design to describe deductive systems that are prevalent in
type theories, proof theories, and programming language semantics. In this
paper we apply logical framework technology to a different area, the domain
of NP-complete problems, and study and evaluate one particular example:
The reduction of 3-satisfiability (3-SAT) of conjunctive normal forms where
each clause consists of exactly three literals to the chromatic number of a
graph (CHROMATIC). We implement the reduction in the linear logical
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framework LLF [CP96] which extends the logical framework LF [HHP93]
by the concept of depletable resources.

Problems in complexity theory and their instances are usually described
in terms of graphs, formulas, partitions, matchings, models, colorings etc.,
which lack in general deductive formulations that would render them di-
rectly implementable in a logical framework. Most problems of this kind are
currently formalized, analyzed, and mechanically solved using logic. For ex-
ample, in a second- or higher-order logic propositions such as “G is a graph”,
“pisin P”, or “G is n colorable” may be expressed as types. Any general
purpose proof assistant or theorem prover for such a logic can subsequently
assist the reasoning process. Standard properties that need to be verified of
a reduction include the preservation of solutions, and polynomial space and
time complexity. On the other hand, since second-order and higher-order
logics are designed for a general purpose, no special purpose facilities are
provided to reason about graphs, reductions, running time, space require-
ments, and other properties innate to the question of reducibility.

In this paper we explore an alternative idea and employ special purpose
type theories to represent complexity problems as types, instances of those
problems as objects, and consequently reductions as mappings from well-
typed objects to well-typed objects. We illustrate and evaluate this idea
using the (3SAT) to (CHROMATIC) reduction. The reduction described in
this paper is well-known [GJ79] and turns Boolean formulas in conjunctive
normal form into graphs by inserting two vertices for each variable (one that
corresponds to the positive form of the literal, the other to its negation) and
a vertex for each individual clause. Depending on the literals contained in
each clause, new edges are also inserted into the graph.

The existence of such a reduction entails that finding the chromatic
number of the resulting graph is at least as complex to constructing a model
for a original Boolean formula. Since 3-SAT is known to be NP-complete,
and the reduction is polynomial-time computable (it maps objects of size
n that encode formulas into objects of size p(n) for some polynomial p
that correspond to graphs), CHROMATIC is consequently an NP-complete
problem.

The development presented in this paper gives a deductive account of
all concepts involved, including formulas, semantical models, graphs, col-
orings, and reductions, and it describes the corresponding formalization
in a prototype implementation of LLF, which is called linear Twelf. Un-
fortunately, linear Twelf is lacking automatic support for termination and
coverage checking necessary to ensure that a relational encoding of a to-
tal function really constitutes a proof. We have, however, verified these



conditions by hand. The source code of this development is available from
http://wuw.cs.yale.edu/~jds58/chromatic.elf.

This paper is organized in the following way. In Section 2, we describe
the two central complexity theoretic problems of 3-SAT and CHROMATIC,
respectively, and formulate them in the form of an inference system. How
to convert 3-SAT to CHROMATIC is described in Section 3 followed by
Section 4 on how to encode the problems and the respective reduction in
LLF. In Section 5 we give a correctness proof of the reduction, and show
that it is indeed total. We evaluate the case study in Section 6 and conclude
with future work in Section 7.

2 Two NP-Complete Problems

The two fundamental problems in NP that are studied in this paper are
3-satisfiability (3-SAT) and chromatic number (CHROMATIC). We first
proceed by presenting them in the familiar standard theoretical computer
science discourse below, followed by a reformulation as an inference system.
For more information about these and other NP-complete problems, the
reader may refer to [GJ79)].

Definition 2.1 (3-SAT) Given a setU = {uy,us,...,u,} of Boolean vari-
ables and a conjunctive normal form formula f = ¢yt Aca A ...cmy on the
Boolean wvariables in U such that ¢; = ;1 V lio V 1;3,¥1 = 1,...,m and
lit, lio, lis € UUU where U = {uy, Uz, ..., Un}. Is there a truth assignment
to the Boolean variables such that every clause in f is satisfied?

Definition 2.2 (CHROMATIC) Given a graph G = (V,E) where V is
the set of vertices and E is the set of edges, and a positive integer C. Is G
C-colorable, i.e., does there exist a function x : V — {1,2,...,C} such that
x(u) # x(v) whenever {u,v} € E?

Boolean variables U, U,

Boolean formulas  f, f, = posu|neg u|new u.f | fiu A fo | i V fn
Vertex variables VW, Ty e v oy Uny Wiyy Ty - -

Edges e, en

Graphs G,G, == # | newv u.G | newe e : (U, vn).G | G UGy

Figure 1: Description of instances of Boolean formulas and graphs.



3-SAT’s domain is that of propositional formulas with the connectives
and, or, and not whereas CHROMATIC’s is that of graphs consisting of ver-
tices and edges. Both domains are depicted in Figure 1. Boolean variables
are schematic and denoted with uy ...u,, and vertices and edges are repre-
sented by variables as well, being bound by new, newv, and newe. Without
loss of generality, we assume that the individual conjuncts in a Boolean
formula do not contain references to new. Colors C' can be thought of as
integers.

Next, we capture the essence of 3-SAT and CHROMATIC, formally.
Of course, each definition can simply be expressed as a first-order formula
enriched with predicates that describe formulas and graphs. When using a
logical framework, however, it is easier to capture the respective meaning in
form of two inference systems that are depicted in Figures 2 and 3.

t
n,u — true - (pos u) SAT arp n,u — false - (neg u) SAT satn
ntFy SAT nbFSAT
nt (FLAF) SAT
nF Fy SAT 1 nE Fy SAT 9
nt (Fy vV F) SAT ¢ nt (Fy vV F) SAT ¢
n,u — true = £ SAT " n,u — false = F' SAT i
nt new u.FF SAT ¢ nF new u.F SAT ¢

Figure 2: Inference rules for “Yes” instances of 3-SAT.

The statement that an instance of 3-SAT is a “Yes” instance, i.e. the
Boolean formula F has a model, is written as n = F' SAT where environments
1 contain assignments for the free variables in F'.

Environments: n = -|n,u — true | n,u — false

Environments also satisfy the standard properties of intuitionistic contexts,
such as weakening, strengthening and permutation, allowing us to use higher-
order encodings to represent them in a logical framework as discussed in
Section 4.

Similarly, every “Yes” instance satisfying Definition 2.2 can be expressed
as a derivation in the inference system depicted in Figure 3. For any graph
G and color C, the judgment n = G C' COLORING means that the graph G



7T # C COLORING 9Pty

C'<C n,v— C'GC COLORING
1 F newv v.G C COLORING

cquertex

01§C CQSC Cl#CQ ﬂ,Aﬂcl,BHCQFGCCOLOFNNG
n,A— C1,B — Cynewe e: (A, B).G C COLORING

cgedge

nF Gy C COLORING 5+ G5 C COLORING
nF (G1UG,) C COLORING

cgunion

Figure 3: Inference rules for “Yes” instances of CHROMATIC.

can be colored with at most C colors where colors for free vertices in G are
colored as defined in 7, that is extended to also bind colors to vertices.

Environment extension: 7 == ---|n,A—C

No edge connects two vertices of same color. It is not hard to see that an
instance of 3-SAT or CHROMATIC will have a deduction if and only if it is
a “Yes” instance. As an example, the proof that the Boolean formula 1 Auo
is satisfiable is given in Figure 4.

satn satp
-,u1 — false, us — true - (neg u1) SAT -,u1 — false, us — true - (pos uz) SAT
sat/\
-,u1 — false, up — true - (neg u1) A (pos uz) SAT "
-,u1 — false F new wuz.(neg u1) A (pos uz) SAT stc;
sat,

- F new ui.new uz.(neg ui) A (pos uz) SAT
Figure 4: Proof that the Boolean formula #; A uo is satisfiable

However, it is important to note that the intractability of an NP-complete
problem has a mirror image in the world of inference systems as well. A
graph G and a color C forms an instance of Definition 2.2 if and only if
a derivation of - F G C' COLORING exists, which may involve checking all
possible color assignments for vertices in the instance.

3 3-SAT CHROMATIC Reduction

A polynomial time reduction from 3-SAT to CHROMATIC consists in show-
ing that there exists an algorithm which runs in time polynomial in the size



of the Boolean formula that converts every instance of 3-SAT to an in-
stance of CHROMATIC such that all “Yes” instances of 3-SAT are mapped
to “Yes” instances of CHROMATIC and vice-versa. Instead of mapping a
Boolean formula F' to a graph G, we shall use the inference system formu-
lation from the previous section to represent the polynomial time reduction
as a total function mapping derivation of n + F SAT into derivations of
nt G C COLORING.

Following [Kar72] and [Lew] we sketch the reduction first informally
before formalizing it further. Suppose, we are given an instance of 3-SAT
as described in Definition 2.1.

1. For every variable u;, create vertices v;, v, and z;. For every clause ¢;,
create a vertex c; in the graph.

2. Connect the edges between these vertices as below:

(
(

a) For every i, add an edge {v;, v}}.

)

b) For every ¢ and j, add an edge {z;,z;} when i # j.

(c) For every ¢ and j, add an edge {v;,z;} and {v},z;} when i # j.
)

d) For every i and j, add an edge {c;,v;} if u; does not appear in ¢;
y J g Jj J
and an edge {¢;, 213} if u; does not appear in ¢;.

It is not hard to see that if the Boolean formula with n variables has a truth
assignment then the graph has a n 4 1-coloring and vice versa. Essentially,
the construction given above — connecting v;’s and v;’s to the clique on z;’s
— forces creation of n true colors and one false color.

A formalization of this reduction, again in form of a inference system is
given in Figure 5. The main judgment is of the form I'; A - KoF =¢ C', G,
where T is a list of assumptions of the form (u,v,v’, z) representing a rela-
tionship between a free Boolean variable w in F' and its corresponding free
graph vertices v, v’ and z in G. A is a list of all distinct Boolean variables
used in the Boolean formula (see rule c_new). Eventually, it will contain
all free Boolean variables in F'. We also maintain two colors C' and C’: C
is incremented every time we see a new variable and C’ corresponds to the
total number of variables. All clauses that are contained in the Boolean
formula prompt the insertion of edges into the graph corresponding to step
(d) of the conversion algorithm. We achieve this by maintaining a “continu-
ation” stack of clauses that were already encountered but not yet processed.
The language of continuation stack is given below. Here * is the initial con-
tinuation, indicating that we have no more clauses left. [Pfe0la] describes



T, (u,v,0,2); A, u Ko F =041 C',G
AR Konew u.F =¢ C' newv v v’ z.newe e : (v,0).G

c_new

DAFK;FoF =0 C' G
TAFKoFAF =0 (.G

cN\

;AR K (FLVEYV Fg) =Gy T;AF Gy CLIQUE T;AF Gs VARS-TO-CLIQUE
F;AFKO(Fl\/FQ\/Fg) =cC,G1UG,UG3

cV

-
F:Ak*é#c’*

DAFK=G DiAFF=Gy
TLAFK,F=G UGy €

T, (u1,v1,v], 21), (u2, v2, vh, x2), (u3, v3,v5,23); Ak c | G

’5.1
T, (u1,v1,v], 1), ..., (u3, v3, V5, £3); A, u, ug, uz - (pos u1) V (pos ug) V (pos us)

= newv c.newe ej : (¢, v]) ez : (c,vh) es: (c,v5).G
(39 SIMILAR RULES. SEE APPENDIX A)

m C”,,#

T, (u,v,0",2);AFC | G
T, (u,v,0",2); A,utC | newe e: (C,v) ¢ : (C,v).G

C/// v

m clzque,#

T, (u,v,v',2); A+ Gy CLIQUE T, (u,v,v',z); A = CONNECTX z G2
T, (u,v,0',2); A,u b (G1 UGs) CLIQUE

clique_v

T F # VARS-TO-CLIQUE "2¢7

T, (u,v,v',2); A+ Gy VARS-TO-CLIQUE T, (u,v,v’,2); A = CONNECTX v Gy
T, (u,v,v',2); A = CONNECTX v’ G3
T, (u,v,v',2); A = CONNECTV z G4

T, (u,v,0",2); A,u b (G UG2 UGy U Gy) VARS-TO-CLIQUE

v2c_v

T - CONNECTV X # “omectV#

T, (u,v,v',2'); A= CONNECTV X G
T, (u,v,0',2"); A,u - CONNECTV X newe e : (X,v) e : (X,v).G

connectV_v

T CONNECTX X # “onectX+#

T, (u,v,0',2"); A+ CONNECTX X G
T, (u,v,0v',2"); A,u b CONNECTX X newe e : (X,2).G

connectX v

Figure 5: Linear LF representation of 3-SAT CHROMATIC reduction.
7



continuations and their usage in compilation of expressions in considerable
detail.
Continuations K == x| K;f

Thus, these inference rules allow us to build a valid deduction for a judgment
AR KoF =¢ (', G if and only if the conversion algorithm given above
converts the Boolean formula represented by combining the clauses in F' and
K to the graph G; C should always be more than the sum of the free Boolean
variables in F' and K; and C’ is the total number of Boolean variables in F'.
Since C' is updated every time we see a new variable, the invariant given in
the lemma below always holds.

Lemma 3.1 (Invariant of the Reduction) Given any continuation K,
Boolean formula F, graph G and colors C, C': If DT+ Ko F =¢ C',G
then C < (C'.

Proof: A straightforward induction. The theorem is denoted by the LF
type family lemma3.1 and the encoding of the proof is given in Figure 19
and Appendix D. Note that lemma3.1 is renamed as conv_invariant in
Appendix D. O

The edges in step (a) are added immediately when we encounter a new
variable in rule c_new, the edges in step (b) are added through the in-
ference rules associated with judgment I'; A = G CLIQUE and the edges
in step (c) are added through the inference rules associated with I'; A F
G VARS-TO-CLIQUE.

In step (d), we create a vertex corresponding to every clause and add
edges connecting the clause to vertices corresponding to literals not in the
clause. These edges are added through the inference rules associated with
A F K; F = G. We are only considering clauses with three literals and
hence there are 40 different kinds of clauses: each of the 3 literals in a
clause can have a variable appearing as itself or as its complement, giving
us 8 choices and each clause can have up to 3 distinct variables, giving us
5 choices!. For the sake of conciseness we give only one representative rule
¢”5.1 in Figure 5, the other 39 rules are given in Appendix A.

The predicate CONNECTX adds an edge between its first argument and
every vertex among the resource in A. We note that once we access a
vertex in A, it is automatically consumed (see for example rules ¢”5.1, ¢’_;,

"'When variables appear only positively in each of the 3 literals, the 5 choices are:
(pos u1) V (pos u1) V (pos u1), (pos u1) V (pos u1) V (pos uz), (pos u1) V (pos uz) V (pos u1),
(pos u2) V (pos u1) V (pos u1), (pos u1) V (pos uz2) V (pos us)



clique_v, v2c_v, connectV_v, and connectX_v). Thus, A’s properties are best
described as those of the linear context in the sense of linear logic [Gir87].

Cliques are built recursively, using A as a structure over which to iterate.
Every vertex in A is connected through an edge to every other vertex in that
context defining a clique (see rule clique_v).

If a Boolean formula F' has n variables, 0 free variables and m clauses,
then the number of inference rules used in the derivation -;- F xo F =7 C, G
are m + n + 1 (each new variable corresponds to the inference rule c_new,
each clause corresponds to the inference rule convA and there is one base
case). Further, the deductions for the judgments [A - K = Gp, A F
G9 CLIQUE, and T; A F G35 VARS-TO-CLIQUE have height O(n). Hence,
the total number of inference rules used in the derivation of the reduction is
O(m + n). Thus, the proposed reduction algorithm is in P. Moreover, this
formulation renders it directly amenable to being implemented in a logical
framework which we discuss next.

4 The Linear Logical Framework

A logical framework is a meta-language that serves the representation of
deductive system defined in terms of judgments and inference rules in a
type theory. Several frameworks are available; we mention only few such
as Isabelle [Pau94], Lego [LP92], LF [HHP93] or LLF [CP96]. For a good
overview about logical framework research, consult [Pfe99]. In pursuit of the
overall goal of this work, the design of a digital library for complexity theo-
retic problems, special attention must be paid to the simplicity with which
complexity theoretic problems are to be formulated by the user. Therefore,
for this particular case study, our choice has fallen on LLF, mostly because
the representation of I' and A behave just like the intuitionistic and the
linear context provided by the framework. And indeed, the entire devel-
opment so far through Sections 2 and 3, and the correctness proof to be
discussed below, has been implemented and type checked in a prototype
implementation for LLF. It is given in Appendix B-E.

LLF is a conservative extension over LF and incorporates three con-
nectives from linear logic, namely multiplicative implication (—), additive
conjunction (&) and additive truth (T). It is a two zone system that explic-
itly distinguishes between intuitionistic assumptions (that play the role of
I'), and linear assumptions (that play the role of resources A). In a deriva-
tion, linear assumptions can be used exactly once. The linear fragment of
LLF is given in Figure 6. Note that the additive conjunction (&) allows the



use of the same set of linear assumptions for proving both the conjuncts
and multiplicative implication (—o) puts a linear assumption into the linear
context. In the case of linear application, the argument may be reused sev-
eral times and can therefore not refer to any linear assumptions. The rule
lax expresses that an intuitionistic assumption can only be used if no linear
assumptions are present as opposed to the Laz rule that consumes one single
linear assumption.

- - T
F,u:A;-Fu:AIa'T l";A,u:AF’u:ALaz DiAR():T op
;A M : A F;AMJQ:B&I TAFM:ALB DiAFEM:ALB
T;AF (M, M) : A&B ;AFFSTM : A &1 [;AFSNDM : B ©71
iAz:AFM:B TAFM:B—A  T;-FMy:B
DiAFM:AM:A—B I;AF M M, : A -

Figure 6: A fragment of LLF.

LLF supports the judgments-as-types methodology for representation
and incorporates the aforementioned linear connectives as type construc-
tors. In addition, each rule is endowed with proof objects that correspond
to the introduction and elimination forms as shown below.

Objects M ::=
Az 2 AM | My M, (Linear functions)
| (M, M) | FST M | SND M (Additive conjunction)
| () (Additive unit)

Thus, a linear LF representation of the judgment I'; A - Jis"T'T—TAT —
TJ" where "T'", "TA™" and "J " are linear LF representations of I', A and
J respectively. And finding a proof is equivalent to finding an object of
the corresponding type generated from the language of linear LF objects
augmented as above.

Although LLF supports quite elegant representations of Boolean formu-
las and graphs given in Figure 1, there is something unsatisfying about the
way the reduction is laid out in Figure 5. The linear context is used as
an auxiliary concept for computing cliques, and to connect a vertex to all
remaining vertices in a graph. Additive conjunction is used to pass this aux-
iliary information to the other relevant judgments. The graph isomorphism
problem is not relevant for this particular case study, but might be in the
general case, as are other operations such as the intersection of two graphs,
or the expansion of a node in graph by another graph. To decide it in LLF
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v : type. /\ t 0o ->0 ->o0.
: type. \/ : 0 ->0 ->o0.
o : type. pos: v —> o.
neg: v -> o

new: (v -> o) -> o.

Figure 7: Encoding of Boolean formulas

vertex : type.

edge : vertex -> vertex -> type.
graph : type.

newv : (vertex -> graph) -> graph.
newe : (edge A B -> graph) -> graph.
+ : graph -> graph -> graph.

Figure 8: Encoding of graphs

would require the user to encode it explicitly — a complicated and expen-
sive operation that is prone for error and difficult to reason about. We can
only speculate if the graph isomorphism problem can be directly incorpo-
rated into a logical framework. Our graph representation stores all vertices
and edges in a graph together with the superfluous history in which order
vertices and edges were inserted. Thus, adequacy of the representation is
guaranteed.

The linear Twelf code for all inference rules shown so far can be directly
derived from the judgments-as-types methodology underlying LLF. We rep-
resent Boolean variables, Boolean values, formulas and vertices by types v,
b, o and vertex respectively. Colors are represented by the type family of
natural numbers nat. We show the implementation of Boolean formulas in
Figure 7 and graphs in Figure 8.

Let Ay and As be LLF types, and M an LLF object. In concrete syntax,
we write {x:A;}Ay for the dependent type Iz : A;.Ag, and [x:A;1M for
the function Az:A;.M. As usual, where convenient we omit the leading
block of II quantifiers from constant declarations to improve readability.
Furthermore we write A; -o As for the linear function type A; —o As, and
Ay & A for the additive conjunction A& As. Furthermore, we write <T>
for T, and <> for ().

11



4.1 Representation of 3-SAT and CHROMATIC

The Twelf code for the inference rules that encode 3SAT (Figure 2) is given
in Figure 9 and for CHROMATIC (Figure 3) is given in Figure 11. Contin-
uations are represented as objects of type cont. We write * for the initial
continuation and K ; F' for a continuation stack with F' being the top ele-
ment.

* : cont.
; @ cont —> o -> cont.

The notion of satisfiability generalizes to continuations, and is given in Fig-
ure 10.

Each of the two problems is hypothetical in nature, 3SAT for example
relies on correctly selecting a truth assignment for rules satt and satf and
CHROMATIC on correctly assigning a color to a vertex in rules cgvertex
and cgedge. In LLF, the encoding of these hypotheses gives rise to new two
type families hyp and colorvertex, respectively.

4.2 Representation of the Reduction

The 3-SAT CHROMATIC reduction (Figure 5) is given in Figure 17 and
encoded as a relation over Boolean formulas F', colors C' and C’, continuation
K and graph G. It is implemented by the type family

conv : o —-> mat -> nat -> cont -> graph -> type.

The assumptions (u,v,v’,z) relating a Boolean variable u with graph ver-
tices v, v' and z are implemented by the type family

relate : u -> vertex -> vertex -> vertex -> type.

Recall, that our reduction is based on the construction of cliques, which
we encode in LLF in terms of a type families clique shown in Figure 12
and vars2clique in Figure 13. Note in these two figures, how the harmless
looking & in clique_v is responsible for duplicating the context A in rule
clique_v in Figure 5. In fact, all assumptions in A are treated as resources (to
control iteration), and hence exclusive represented within the linear context
by assumptions of type family var : vertex -> type.

The three auxiliary judgments ' A - K = G; ', A - F = G; and
A F C | G are given in Figures 14-16, respectively, leading up to the
encoding of the reduction conv that is given in Figure 17.

12



hyp : v => b -> type.

sat : 0o —> type.
storevar : {v:v}{b:b} hyp v b -> true.
satp : sat (pos A)
<- hyp A true.
satn  : sat (neg A)

<- hyp A false.
sat/\ : sat (F1 /\ F2)

<- sat F1

<- sat F2.
sat\/1 : sat (F1 \/ F2)

<- sat F1.
sat\/2 : sat (F1 \/ F2)

<- sat F2.

satnewt: sat (new F)
<= ({v:v} hyp v true
-> sat (F v)).
satnewf: sat (new F)
<= ({v:v} hyp v false
-> sat (F v)).

Figure 9: Encoding of satisfiability.

5 Correctness

In this section, we show that the conversion from 3-SAT to CHROMATIC
maps all “Yes” instances of 3-SAT to “Yes” instances of CHROMATIC and
vice-versa. This section presents a sequence of lemmas cumulating in The-
orem 5.7. All lemmas and theorems presented in this Section have been
encoded as relations in LLF (see Appendix E and type checked in the proto-
type implementation of linear Twelf. Although type checking is not enough
to guarantee that the source code constitutes a proof, we have convinced
ourselves that all cases are covered and our induction principles are sound.

With the deductive description of the reduction algorithm from Figure 5,
we first establish the invariant property about the assumptions in I" with
respect to the context 1 as used in Figure 2 and 3 (Definition 5.1). First
it relates the truth value of each Boolean variable in 3-SAT with the color
assignment to each vertex in CHROMATIC and second it guarantees that
all vertices in the context are assigned distinct colors. That the intuition-

13



satK : cont -> type.

satK* : satK x*.

satK; : satK (K ; F)
<- satK K
<- sat F.

Figure 10: Encoding of continuation satisfiability.

istic LLF context as image of I' satisfies the second part at all times is a
global property of the context and can currently only be enforced by manual
inspection.

Definition 5.1 (Valid environments) Given a set of Boolean variables

UL, U, - . ., Uy and sets of vertices v1,va, ..., Up; V], Vh, ..., U and T1, 22, ..., Ty:
/ / /

Let T' = (u1,v1,v],x1), (U2, v2, 05, 22), ..., (Un,Vn, v, n) and n = u; —

Bi,uy — Ba,...,u, — B, where B; € {true,false} and C be any color. An

environment 1’ is said to be valid under environments I' and 1 and color C

if

1 — C1,29 — Cy, ...,z — Cp
/ / ! !
n =< vy —Cl,ve—Cy,...,v, — C),
/ /! 1 / 1!
v) — Cl,v2 = C5, ... v, — C)

C;’s are distinct, C; < C and

cr— C; if B; = true v | co if B; = true
P\ co  if B; = false ¢t C; if B; = false

We begin now with the presentation of the individual lemmas. First,
we describe an infrastructure lemma about properties of colors. If integers
were available as constraint domain in linear Twelf as they are in the non-
linear version of Twelf (which they are not), colors could have been encoded
directly as integers rendering this lemma unnecessary.

Lemma 5.2 (Properties of colors) Let C' and C' be colors. The follow-
ing properties hold: (1) If C < C" then C < C"+ 1. (2) If C! < C then
C'<C+1. 3)IfC=C"thenC<C'+1. (4)C<C. (5)C<C+1.
(6) IfC < C' then C £C". (7)IfC < C' then C < C'. (8) If C < C' then
C<C+1.

The proofs are straightforward and hence omitted. In subsequent proofs,
we will refer to these properties, and give therefore their encodings as type
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colorvertex : vertex -> nat -> type.
coloring
store_color : {V:vertex}{C:nat}colorvertex V C -> type.

cg#

cgvertex :

: nat -> graph -> type.

: coloring N #.

cgedge

cgunion

coloring C (newv [v] (G v))

<- (C <=0C")

<- ({v:vertex} colorvertex v C’
-> coloring C (G v)).

: coloring C (newe [e: edge A B] G)

<- colorvertex A C1

<- colorvertex B C2

<- C1 !=C2
<-Cl1<=¢C
<-C2<=¢C

<- coloring C G.

: coloring C (G1 + G2)
<- coloring C G1
<- coloring C G2.

Figure 11: Encoding of coloring.

families in LLF (see Appendix C. In the Appendix, lemma5.2(1) is called
lemmal and so on.).

lemmab
lemmab

lemmab.
.2(4)

lemmab

lemmab.
lemmab.
lemmab.
lemmab.

2(0
.2(2)

2(3)

2(5)
2(6)
2(7)
2(8)

QO

AN N N A

: C

: C

<

<= C’

C)

C)

->
->
->

->

C < (s C’) -> type.
C <= (s C’) -> type.

C < (s C’) -> type.
type.
-> type.
C !=C’ -> type.

C <= C’ => type.
C < (s C’) -> type.

Next, we prove the basic property of graph coloring that is a graph that is
colorable with C colors is also colorable with C' + 1 colors.

Theorem 5.3 (Coloring preservation) Let G be a graph and C a color.
IfD::nk G C COLORING then there exists D' :: n+ G (C+1) COLORING.

Proof: The proof proceeds by induction over the height of derivation D.
We have four cases depending on whether the derivation D ends in cg#,

15



connectX : vertex -> graph -> type.
connectX # : connectX X #.
connectXv : (var U -o
connectX X (newe [e:edge X X’] G))

<- relate U _ _ X’
<- connectX X G.
clique : graph -> type.

clique # : clique #.

cliquev : (var U -o clique (G + G’))
<- clique G & connectX X G’
<- relate U _ _ X.

Figure 12: Encoding of CLIQUE.

cguertex, cgedge or cgunion (see figure 3); the case cg# is the base case.
The proof follows naturally using Lemma 5.2 (2). O

In LLF, this proof is represented as a relation over D and D/, i.e. "D~
:coloring C Gand"D'" :coloring (s C) G. This relation is implemented
as a type family

theorem5.3: coloring C G -> coloring (s C) G -> type

where each of the cases of the proof is represented as a declaration as given
in Figure 182. The declarations of inc_v, inc_e and inc_+ correspond
to the cases when the derivation D ends in cgvertex, cgedge and cqgunion
respectively.

The lemmas given below prove that the edges added in the steps (b),
(c) and (d) of the conversion algorithm do not connect vertices assigned the
same color.

Lemma 5.4 (Clique Coloring) Let G be a graph; x1, 2, . .., z, free vari-
ables in G and uy,uo, ..., u, Boolean variables. Let A = uq,u9,..., U, and

I'= (uhﬂ *7'%'1)7 (’U,Q,,, - .Z'Q), ey (una -y = xn)g-
If D :: TA F G CLIQUE and C > ¢y + n then there exists G :: n F
G C COLORING where n = 1 — Cr,x9 — Co,...,xp, — Cyp; Ci’s are
distinct and C; < C.

2In Appendix C, the type family theorem5.3 is renamed as increase_color
3We denote the variables whose values we do not care by the wild-card _.
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connectV : vertex -> graph -> type.
connectV_# : connectV X #.
connectV.v : (var U -o
connectV X (newe [e:edge V X]
newe [e’:edge V’ X] G))
<- relate UV V’ _
<- connectV X G.
vars2clique : graph -> type.
v2c_# : vars2clique #.
v2cv : (var U -o vars2clique (Gl + G2 + G3 + G4))
<- vars2clique G1
& connectX V G2
& connectX V’ G3
& connectV X G4
<- relate UV VvV’ X.

Figure 13: Encoding of VARS-TO-CLIQUE.

conv’’’ : vertex -> graph -> type.
¢’’’ # : conv’’’ C #.
¢’’’ v : conv’’’ C (newe [e:edge C V]
newe [e’:edge C V’] G)
o- var U

<- conv’’’ C G
<- relate UV V’ _.

Figure 14: Encoding of the ', A+ K = G.

Proof: Since the inference rules for CLIQUE only connect the different xz;’s
and these vertices are colored with distinct colors, the proof follows by in-
duction. The proof is implemented by the type family lemma5s.4(renamed
as clique_color in Appendix E) and an encoding of the individual cases is
given in Appendix E. O

This lemma and its proof are encoded in LLF as type family

lemma5.4: {C:nat} clique G -> coloring C G -> type.

Lemma 5.5 Let G be a graph. Let the free variables in G be denoted by
V1, U2y ooy Up; Uy, Vhy oo 0l and 21,2, ..., Ty, and uy, uz, ..., u, be Boolean

17



conv’’ : o -> graph -> type.
c’’51 : conv’’ ((pos U1) \/ (pos U2) \/ (pos U3))
(newv [c]
newe [el:edge c V1’]
newe [e2:edge c V2’]
newe [e3:edge c V3’] (G c)))
o- var U3 o- var U2 o- var Ul
<- relate U1 V1 V1’ _
<- relate U2 V2 V2’_
<- relate U3 V3 V3’ _
<= ({c:vertex} conv’’’ ¢ (G c)).

Figure 15: Encoding of I'; A+ F' = G (case 5 of 40).

conv’ : cont -> graph -> type.
c’ % : conv’ *x # o—- <T>.
c’_; : conv’ (K ; F) (G1 + G2)

<- conv’ K G1 & conv’’ F G2.

Figure 16: Encoding of the A+ C | G.

variables. Furthermore, let A = ui,ug, ..., Un;
/ !/ /
I'= (ulvvlavlax1)7 (’LLQ, 1)2,1)2,(['2), ey (uTwUn?vna Q?n)
and n =uy; — By,uz — Ba,... ,u, — B, where B; € {true, false}.

If D :: ;A F G VARS-TO-CLIQUE and C' > cy + n then there exists
G = n' B G C COLORING where 1 is valid under environments ', n and
color C.

Proof: The inference rules for VARS-TO-CLIQUE only connect v; to z; and
v} to x; if i # j. These pairs of vertices are never assigned same colors if 7’ is
a valid environment. The proof follows again by induction. The proof is im-
plemented by the type family lemma5.5 (renamed as var2clique_color in
Appendix E) and an encoding of the individual cases is given in Appendix E.
O

And again, this lemma and its proof has been implemented in LLF":

lemma5.5: {C:nat} vars2clique G
-> coloring C G -> type.
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conv : o —> nat -> nat -> cont -> graph -> type.
cmnew: conv (new F) C C’ K
(newv [v] newv [v’] newv [x]
newe [e:edge v v’] (G v v’ x))
<= ({u:v}{v:vertex}{v’:vertex}{x:vertex}
relate u v v’ x -> var u
-0 conv (Fu) (sC) C”K (Gv v’ x)).
c/\ : conv (F /A\F’) CC’” KG
<- conv F> C C’> (K ; F) G.
c.\/ : conv (F1 \/ F2 \/ F3) C C K (G1 + G2 + G3)
<- conv’ (K ; (F1 \/ F2 \/ F3)) G1
& clique G2
& vars2clique G3.

Figure 17: Encoding of the reduction

Lemma 5.6 (Coloring graph) Under the same assumptions as given in
Lemma 5.5 the following holds. Let K be a continuation and ui,us, ..., U,
be the free variables in K. If D :T;AF K = G and C > ¢y + n then

Eunk K SAT iff G::n'+ G C COLORING
where n' is valid under environments T', n and color C.

Proof: If the truth assignment in n satisfies all the clauses in K, then we
color every clause vertex c¢; with the color assigned to the literal which
satisfies that clause, i.e. if the literal u; appears in ¢; and is true then we
assign ¢; with color of v; (as defined in 7’) and if the literal @; appears in
¢; and is false then we assign ¢; with color of v} (as defined in 7). In other
words, we color each ¢; with a true color. Since we have n distinct true colors
and c; is connected to vertices corresponding to literals not in ¢;, we do
not add any edges between vertices with same color. The other direction is
similar. The theorem is implemented by the type family lemma5.6 (renamed
as conv’_color in Appendix E). The formal proof is by induction given in
Appendix E. It uses auxiliary theorems which are implemented by the type
families conv’’ _color and conv’’’_color. O]

The proof of Lemma 5.6 is encoded in LLF as type family

lemma5.6: {C:nat} conv’ K G -> satK K
-> coloring C G -> type.
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inc_v : theorem5.3 (cgvertex CG E) (cgvertex CG’ E’)
<- ({v:vertex}{c:colorvertex v C’}
store_color v C’ ¢ —>
theorem5.3 (CG v ¢) (CG’ v ¢))
<- lemma5.2(2) E E’.
inc_e : theorem5.3 (cgedge CG E2 E1 E3 C1 C2)
(cgedge CG’ E2’ E1’ E3 C1 C2)
<- theorem5.3 CG CG’
<- lemma5.2(2) E2 E2’
<- lemmab.2(2) El1 E1’.
inc_+ : theoremb5.3 (cgunion CG1l CG2)
(cgunion CG1’ CG2’)
<- theorem5.3 CG1 CG1’
<- theoremb.3 CG2 CG2’.

Figure 18: Proof of Theorem 5.3.

The final step of the correctness proof relies on explicit appeals to the
representation invariant as stated in Lemma 3.1. It is implemented as type
family

lemma3.1: conv F C C> K G -> (C <= C’) -> type.

An encoding of its proof is also given in Figure 19.

Theorem 5.7 (Main Theorem) Under the same assumptions from Lemma 5.5
the following holds. Let F be a Boolean formula, K be a continuation and

Uy, U, . . . , Uy be the free variables in F and K. If D = T; A+ KoF =¢ C',G

and C > ¢y +n then

E:nkE FSAT,F:nk K SAT
iff G::n'F G C" COLORING

where ' is valid under environments I' and 1 and color C'*.

Proof: (Sketch) We note that C” is at least n, so we always have n distinct
colors. The proof follows by induction on the height of the derivation D using
lemmas 5.4, 5.5 and 5.6. O

4Given a conjunct F' (or continuation K), we choose the satisfiability proof D :: T'
F SAT which selects the leftmost true literal with least indexed variable. For example,
if F = (pos u1) V (neg u2) V (pos uz) and I' = u; — false, us — false, us — true, then D
consists of inference rules satV2 and satV1, i.e. the literal (neg uz) is selected.
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<= . nat -> nat -> type.
<=s : s M <= s N <- M <= N.
convinvr_base : lemma3.1 (c_\/ D) E
<- lemma4 E.
convinvr_/\ : lemma3.1 (c_/\ D) E
<- lemma3.1 D E.
convinvr new : lemma3.1 (c_.new D) E
<= ({u:vi{v:vertex}{v’:vertex}{x:vertex}
{r:relate u v v’ x}{var: var u}
lemma3.1 (Duv v’ xr "~ var) (<=s E’))
<- lemma5.2(2) E’ E.

Figure 19: Enconding of the proof of the invariant given in Lemma 3.1 of
the 3-SAT CHROMATIC Reduction.

The theorem is represented in LLF by a type family (renamed as main_theorem
in Appendix E):

theorem5.7 : {C:nat} conv F C C> K G -> sat F
-> satK K -> coloring C’ G -> type.

It encodes the relation between color C', representations of the derivations D,
E, Fand G,ie. "D : conv F CC> KG,"E" : sat F,"F ' : satK K,
TG" : coloring C G. Figure 20 gives the three representative cases of the
proof (See Appendix E for the complete proof). The if and only if directions
of the proof are verified by the Twelf mode checker with the following two
mode specifications for the if and only if cases respectively:

Y%mode main_theorem +C +CV +CF +CK -CG.
%mode main_theorem +C +CV -CF -CK +CG.

We write '= : nat -> nat -> type for inequality on natural numbers,
and !'=z : z != s N for the proof that 0 N + 1 if N is positive, and
<= : nat -> nat -> type for the < relation on natural numbers, and

<=z : z <= s N for that proof that 0 < N + 1 for all natural numbers
N.

In the case of caself, the vertices v’ and x are assigned a new unique
true color (s C) and the vertex v is assigned the false color z and we prove
the theorem recursively. The other two cases are a direct translation of the
proof.
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caself : theoremb5.7 C (cnew D) (satnewf E) F
(cgvertex ([v] [cgv] (cgvertex ([v’][cgv’]
(cgvertex ([x] [cgx]
(cgedge (CG v v’ x cgv cgv’ cgx)
H <=z !=z cgv’ cgv)) H)) H)) <=2z)
<= ({u:v}{hypf: hyp u false}{v:vertex}
{v’:vertex}{x:vertex}
{r:relate u v v’ x}
{var: var u}{cgv :colorvertex v z}
{cgv’:colorvertex v’ (s C)}
{cgx :colorvertex x (s C)}
store_color v z cgv -> store_color v’ (s C) cgv’ ->
store_color x (s C) cgx -> store_var u false hypf ->
theorem56.7 (s C) (Du v v’ x r ~ var)
(E u hypf) F
(CG v v’ x cgv cgv’ cgx))
<= ({u:v}{v:vertex}{v’:vertex}{x:vertex}
{r:relate u v v’ x}{var: var u}
lemma3.1 (Duv v’ xr ~ var) H).
case2 : theorem5.7 C (c_/\ D) (sat/\ El E2) F CG
<- theorem5.7 C D E2 (satK; E1 F) CG.
case3 : theorem5.7 C (¢c.\/ (D1 , D2 , D3)) EF
(cgunion CG1 (cgunion CG2 CG3))
<- lemma5.6 C D1 (satK; E F) CG1
<- lemma5.4 C D2 CG2
<- lemma5.5 C D3 CG3.

Figure 20: Proof of Theorem 5.7
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6 Evaluation

This case study has highlighted several advantages of using LF and a few
future challenges that we face to be able to formalize NP-complete prob-
lems and their reductions successfully in a proof assistant based on a logical
framework. Graphs play a prevalent role in complexity theory, and we eval-
uate thus our work with respect to the adequacy of their encoding, available
operations, the expressibility of reductions, and the verification of the meta-
theory.

Adequacy. The main challenge in representing graphs as objects lies in
capturing isomorphisms in between graphs in type theory. Neither LF
nor LLF provide a notion of definitional equality that is compatible
with graph isomorphisms. The solution adopted in this paper is to
consider two graphs equivalent if and only if the order in which vertices
and edges were introduced into the graph coincides. Consequently, a
single graph can correspond to several distinct but equivalent graph
representations.

Operations. Many standard operations that are usually performed on a
graph like addition or deletion of a vertex, iteration over subgraphs,
edges and vertices are necessary to express basic reductions. Our solu-
tion towards incorporating iteration is based on linear constraints [CP96],
where the linear context enforces complete traversal over the set of
edges or vertices. Ideally, however, operations of this kind should be
directly supported by the underlying logical framework.

Reductions. Any valid reduction between two NP complete problems must
be a polynomial time reduction. The reduction of a Boolean formula
I to a graph G is denoted by the derivation D :: ;A F K o F =¢
C’,G. Thus, given an appropriate notion of size of D and F, it is
possible to argue that the reduction is polynomial time if the size
of D is a polynomial in the size of F. Furthermore, since we are
choosing a framework with higher-order terms, we need to develop
notions of polynomial time when higher-order unification is permitted
and these terms are reduced to their canonical forms. What is left to
do is to develop polynomial-time checker for LF and LLF signatures,
respectively. For this purpose, we believe that the research results
of [BC92, Hof99, BNS00] show promise for use in logical frameworks.

Meta-Theory. The nature of this case study exposes a challenge for cov-
erage checking algorithms [SP03] predominantly used in logical frame-
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works as well. For example, an environment was defined to be valid
only if all colors assigned to vertices are pairwise different. This is a
global property that cannot easily be enforced locally as required in
the proof of main theorem. Currently, invariants of this kind are not
supported neither by the meta-logic for LF [Sch00] nor LLF [MS03].
Consequently, further research is necessary to provide coverage check-
ing and automated theorem proving support for all lemmas and theo-
rems contained in this paper.

7 Conclusion and Future Work

While, a lot of research has been undertaken to develop and implement logics
dedicated to the formalization of mathematics [Con86, dB68, dB80, Nup03,
Coq03, Pfe01b], not much attention has been paid to integrating logical
framework technology as an enabling technology into proof assistants and
automated theorem provers. We believe our case study to be a pioneering
attempt to evaluate the potential of modern logical frameworks for repre-
senting and formalizing results in the general area of complexity theory, and
the analysis of NP-complete problems, in particular.

In this paper, we have given a deductive account for a reduction from
3-SAT, the problem of deciding the satisfiability of a formulas in conjunc-
tive normal form with clauses containing exactly three literals, into CHRO-
MATIC, the problem of deciding if a graph has a given chromatic num-
ber. All inference systems, and all proofs presented in this paper have been
formalized in the linear logical framework LLF and implemented in linear
Twelf. We believe this to be the first attempt to employ logical frame-
work technology for representing and reasoning with NP-complete problems.
Eventually we plan to develop a digital library of NP-complete problems,
that contains problems domains, reductions, and correctness proofs, and a
powerful query language to retrieve them.
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Appendix
A 3SAT-CHROMATIC Reduction in Linear LF

The 40 cases mentioned in Figure 5 are given below.

T, (ui,vi,vf,z1); A c | G

T, (u1,v1, 0], 21); Ay ug B (pos ug) V (pos u1) V (pos uq)
= newv c.newe e : (¢,v]).G

1.1

T, (ui,vi, v}, z1); Ak c | G

T, (u1,v1, 0], 21); Ayup B (pos up) V (pos up) V (neg uq)
= newv c.GG

1.2

T, (ug, v, v, 21);AFc | G

T, (u1,v1,v), 21); Ay ug B (pos up) V (neg uy) V (pos uq)
= newv c¢.GG

1.3

T, (ug,v1,0),21);AFc | G

T, (u1,v1,vh,21); Ayur B (pos up) V (neg u1) V (neg uy)
= newv c.GG

1.4

L, (ui,vi, v, 21);AFec | G

T, (u1,v1,v),21); Ayur F (neg ug) V (pos u1) V (pos uq)
= newv c.(G

1.5

T, (ui,vi, v, 21);AFc | G

T, (u1,v1, v}, 21); A,ur F (neg u1) V (pos u1) V (neg uy)
= newv c.(G

1.6

T, (ur,vi, v, 21);AFc | G

T, (u1,v1, v}, 21); A,ur F (neg u1) V (neg up) V (pos uy)
= newv c.(G

A7

T, (ui,vi, v, 21); A c | G

T, (u1,v1,v], 21); A, ug F (neg ug) V (neg ug) V (neg uq)
= newv c.newe e : (¢,v1).G

1.8

T, (u1,v1,v), 1), (u2,v2, 05, 22); A c | G

2.1
F7 (Ul,’l}],l}ﬂ,xl), (’U;Q,’UQ,’U&,IQ); Aau17u2 F (pOS ul) \ (POS ul) \ (POS u2)
= newv c.newe e; : (¢, v]) ez : (¢, v}).G
T, (uq,v1,0),21), (u2, vo,vh,x2); A ¢ | G
2.2

T, (u1,v1, v}, 21), (ug, ve, vy, x2); A, ut, us b (pos up) V (pos u1) V (neg us)
= newv c.newe ej : (¢, v]) ez : (¢, v2).G
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F7 (U],’Ul,’l)ll,Il), (UQ,’UQ,U&,.I?Q);A Fc l G

T, (u1,v1,v), 21), (ug, v2, vh, x2); A, ut, ug F (pos up) V (neg u1) V (pos uz)

= newv c.newe ey : (¢, v4).G

Fv (U],Ul,’(}i,ﬁ()l), (1L2,U2,Ué,$2);A Fec l G

T, (ur, v1, 0], 21), (ug, v2, vh, 22); A, ut, ug F (pos ui) V (neg u1) V (neg ug)

= newv c.newe e : (¢, v2).G

T, (w1, v1, 0], 21), (ug, v2, v, 22); A ¢ | G

T, (u1,v1, v}, 21), (ug, v2, vy, x2); A, ut, uz b (neg u1) V (pos u1) V (pos uz)

= newv c.newe ey : (¢, vh).G

L, (u1,v1,v),21), (u2,v2,v5, 22); A c | G

T, (u, vi, v}, z1), (ug, v2, vh, x2); A, ut, us F (neg u1) V (pos u1) V (neg uz)

= newv c.newe e : (¢, v9).G

L, (uy,v1,0], 21), (U, v2,v5, 22); A c | G

T, (u1,v1,0], 21), (u2, vo,vh, x2); A, ur, ug - (neg u1) V (neg uq) V (pos ug)

= newv c.newe eg : (¢, v1) ez : (¢, v5).G

L, (uy,v1,0], 21), (U, v2,v5, 22); A c | G

T, (u1,v1,v], 21), (u2, v2,vh, T2); A, up, ug b (neg u1) V (neg uq) V (neg uz)

= newv c.newe e : (¢, v1) €2 : (¢, v2).G

L, (ug,v1,0], 21), (ug, v2,v5,22); A ¢ | G

T, (u1,v1,v), 21), (ug, v2, vh, x2); A, ut, ug F (pos ui) V (pos uz) V (pos up)

= newv c.newe e : (¢, v]) ez : (¢, v5).G

F7 (’U,],’Ul,’l)ll,$1), (’UQ,’UQ,UQ,IQ);A Fc l G

T, (u1,v1, v), 21), (ug, v2, vy, x2); A, ut, us F (pos up) V (pos ug) V (neg u1)

= newv c.newe ey : (¢, v4).G

T, (w1, v1, 0], 21), (ug,v2, v, 22); A c | G

T, (u1,v1, v}, 21), (ug, v2, vy, x2); A, ut, us b (pos up) V (neg uz) V (pos uq)

= newv c.newe ej : (¢,v]) ez : (¢, v2).G
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2.3

2.4

2.5

2.6

2.7

2.8

3.1

3.2

’3.3



F7 (U],’Ul,’l)ll,Il), (UQ,’UQ,U&,.I?Q);A Fc l G

T, (ur,v1, 0], 21), (ug, v2, vy, 22); A, ut, ug F (pos ui) V (neg uz) V (neg uy)

= newv c.newe ez : (¢, v2).G

Fv (U],Ul,’(}i,ﬁ()l), (1L2,U2,Ué,$2);A Fec l G

T, (u1,v1, v}, 21), (ug, ve, vy, x2); A, ut, us b (neg u1) V (pos uz) V (pos u1)

= newv c.newe ey : (¢, vh).G

T, (w1, v1, 0], 21), (ug, v2, v, 22); A ¢ | G

T, (uy, v1, v}, 21), (ug, v2, vh, x2); A, ut, us F (neg u1) V (pos uz) V (neg uy)

= newv c.newe ej : (¢,v1) ez : (¢, v}).G

F, (ul,’U1,’U/17£L'1)7 (UQ,'UQ,'Ué,ZL'Q); A " C l G

T, (u, vi, v}, 1), (uz, v2, vh, x2); A, ut, us F (neg u1) V (neg uz) V (pos uy)

= newv c.newe ez : (¢, v2).G

T, (u1,v1, 0], 21), (ug, ve,vh, 22); A ¢ | G

T, (u, vi, v}, z1), (ug, vo, vh, x2); A, ut, uz F (neg u1) V (neg ug) V (neg uq)

= newv c.newe e : (¢,v1) €2 : (¢, v2).G

L, (uy,v1,v], 21), (U, v2,v5, 22); A c | G

T, (u1,v1,0], 21), (u2, v2, vh, T2); A, ug, ug b (pos ug) V (pos uq) V (pos u1)

= newv c.newe e : (¢, v]) ez : (¢, v5).G

L, (ug,v1,0], 21), (ug, v2,v5,22); A ¢ | G

T, (u1,v1, v), 21), (ug, v2, vh, x2); A, ut, ug F (pos ug) V (pos u1) V (neg uq)

= newv c.newe ez : (¢, v}).G

F7 (’U,],’Ul,’l)ll,$1), (’UQ,’UQ,UQ,IQ);A Fc l G

T, (u1,v1, v}, 21), (ug, v2, vy, x2); A, ut, us F (pos ug) V (neg u1) V (pos uq)

= newv c.newe ey : (¢, v4).G

T, (w1, v1, 0], 21), (ug,v2, v, 22); A c | G

T, (u,v1, 0], 21), (ug, v2, vh, x2); A, ut, ug F (pos uz) V (neg u1) V (neg uy)

= newv c.newe ej : (¢,v1) ez : (¢, v}).G
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4.1
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F7 (U],’Ul,’l)ll,Il), (UQ,’UQ,U&,.I?Q);A Fc l G

4.5
T, (u1,v1,v), 21), (ug, v2, vy, x2); A, ut, us F (neg uz) V (pos u1) V (pos u1)

= newv c.newe ej : (¢, v]) ez : (¢, v2).G

Fv (U],Ul,’(}i,ﬁ()l), (1L2,U2,Ué,$2);A Fec l G

4.6
T, (u1, v1, 0], 21), (ug, v2, vh, x2); A, ut, us F (neg ug) V (pos u1) V (neg uy) ¢

= newv c.newe e : (¢, v2).G

T, (u1,v1, 0], 21), (ug, ve,vh, 22); A ¢ | G

4.7
T, (u1, vi, v}, z1), (ug, ve, vh, x2); A, ut, us F (neg uz) V (neg ui) V (pos uy) ¢

= newv c.newe e : (¢, v2).G

T, (u1,v1,v),21), (u2,v2, 05, 22); A c | G

4.8
Fy (ulvvhv/lvml)v (UQ,UQ,UIQ,ZBQ);A,’U/L’U,Q F (neg U,2) \ (neg U1) \ (neg ul) ¢

= newv c.newe e : (¢,v1) ez : (¢, v2).G

P7 (ulyvhviawl); (u2av27U/27w2)7 (U37U3,’Ué,x3); AkFc l G

5.1
T, (u1,v1,01, 21), - - ., (us, v3, v, 23); A, ug, ug, uz b (pos ug) V (pos uz) V (pos u3) ¢

= newv c.newe ej : (¢,v]) eg: (¢, vh) es : (¢, v%).G

T, (u1,v1, vy, 21), (U2, v2,vh, ¥2), (u3,v3,v5, x3); A ¢ | G

"5.2
T, (u1,v1,01, 21), - - ., (us, v3, v, 23); A, w1, ug, us b (pos u1) V (pos uz) V (neg ug)

= newv c.newe e; : (c,v]) e2: (¢, vh) es : (¢, v3).G

T, (u1,v1, vy, 21), (U2, v2, 05, ¥2), (u3,v3,v5, 23); A ¢ | G

5.3
T, (ur,v1, 0], 21), .. ., (us, vs, v5, 23); A, ug, ug, uz = (pos ui) V (neg uz) V (pos us3)

= newv c.newe e; : (¢,v]) e2: (¢,v2) e3: (¢, v%).G

L, (u1,v1,v], 1), (u2, v2, 5, ¥2), (u3, v3,v5, 23); A ¢ | G

d'5.4
T, (ur,v1, 0], 21), ..., (us, vs, v, 23); A, ur, ug, ug = (pos u1) V (neg ug) V (neg us)

= newv c.newe e : (¢,v]) ez : (¢, v2) ez : (¢, v3).G

T, (ug,v1, 07, 1), (ug, v2, vh, 22), (us, v3,v4, 23); Ak c | G

5.5
T, (u1,v1, 0], 21), . . ., (us, v3, 05, 23); A, ur, ug, usz b (neg uy) V (pos ug) V (pos us) ¢

= newv c.newe e; : (c,v1) ez : (¢, v5) e : (¢, v5).G
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L, (u1,v1, v}, 21), (U2, v2, 05, ¥2), (u3,v3,v5, 23); A ¢ | G

5.6
T, (ur,v1, 0], 1), ..., (us, vs, v5, 23); A, ur, ug, uz = (neg uy) V (pos ug) V (neg us)
= newv c.newe e : (¢,v1) ez : (¢, v}) e3 : (¢, v3).G
T, (w1, v1,v1, 1), (u2,v2, 05, 72), (us, v3,v5,23); A c | G e
5.
T, (w1, 01,00, 21), . . ., (us, v3, 04, 23); A, ug, ug, uz F (neg uy) V (neg uz) V (pos u3)
= newv c.newe e; : (c,v1) ez : (¢, v2) e3: (¢, v5).G
F7 (U17U1,U/1,$1), (UQ,UQ,Ué,mQ), (Ug,’l}g,'[}é7.’L‘3);A Fc l G //5 3
5.

T, (u1, 01,00, 21), - - ., (us, v3, vk, x3); A, ug, ug, uz F (neg u) V (neg uz) V (neg ug)
= newv c.newe e; : (c,v1) e2 : (¢, v2) e3: (¢,v3).G

B Encoding of 3-SAT

% Boolean variables

v : type. % Variables

b : type. % Boolean Domain
true : b.

false : b.

% Boolean Formulas

o : type.
/\ : 0o ->0 ->o0. %infix right 10 /\.
\/ : 0 ->0->o0. %infix right 10 \/.

pos : v => o.
neg : v -> o.
new : (v -> o) -> o.

% Encoding ’Yes’ instances of 3-SAT
hyp : v => b -> type.
sat : o -> type.
satp : sat (pos A)
<- hyp A true.
satn : sat (neg A)
<- hyp A false.
sat/\: sat (F1 /\ F2)

<- sat F1

<- sat F2.
sat\/1: sat (F1 \/ F2)

<- sat F1.
sat\/2: sat (F1 \/ F2)

<- sat F2.

satnewt: sat (new F)
<= ({v:v} hyp v true -> sat (F v)).
satnewf: sat (new F)
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<= ({v:v} hyp v false -> sat (F v)).

store_var : {v:v}{b:b} hyp v b -> type.
Ymode store_var +V -B -H.

C Encoding of CHROMATIC

% Representation of graphs
vertex : type.

edge : vertex -> vertex -> type.

graph : type.

# : graph. % Empty Graph
newv : (vertex -> graph) -> graph.

newe : (edge A B -> graph) -> graph.

+ : graph -> graph -> graph. %infix right 10 +.
% Colors

nat : type.

z : nat.

S : nat -> nat.

!= : nat -> nat -> type. %infix right 10 !=.
!=z1 : z I=s N.

1=z2 : s N I= z.

!'=s : s N1 != s N2 <- N1 != N2.

< : nat -> nat -> type. %infix right 10 <.
<z : z < s N.
<s : s N1 < s N2 <- N1 < N2.

== : nat -> nat -> type. %infix right 10
=z : z ==
=s : s N1 == s N2 <- N1 == N2.

<= : nat -> nat -> type. %infix left 10 <=.
<=z : z <= N.
<=s : s N1 <= s N2 <- N1 <= N2.

% Some theorems about Colors
lemmal : C < C’> -> C < (s C’) -> type.
Jmode lemmal +E1 -E2.
lemmalz: lemmal <z <z.
lemmals: lemmal (<s D) (<s D’)
<- lemmal D D’.

lemma2 : C <= C’> -> C <= (s C’) -> type.
Jmode lemma2 +E1 -E2.

lemma2= : lemma2 <=z <=z.

lemma2< : lemma2 (<=s D) (<=s D’)
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<- lemma2 D D’.

lemma3 : C == C’> -> C < (s C’) -> type.
Jmode lemma3 +E1 -E2.
lemma3z: lemma3 =z <z.
lemma3s: lemma3 (=s D) (<s D’)
<- lemma3 D D’.

lemma4 : C <= C -> type.

Ymode lemmad -E.

lemmadz: lemmad <=z.

lemmads: lemmad (<=s D)
<- lemma4 D.

lemma5 : C < (s C) -> type.
Ymode lemma5 -E.
lemmabz: lemmab <z.
lemma5s: lemma5 (<s D)

<- lemmab D.

lemma6 : C < C’ -> C != C’ -> type.
Ymode lemma6 +E1 -E2.
lemma6z: lemma6 <z !=z1.
lemma6s: lemma6 (<s D) (!=s D’)
<- lemma6 D D’.

lemma7 : C < C’ -> C <= C’ -> type.
Ymode lemma7 +E1 -E2.
lemma7z: lemma7 <z <=z.
lemma7s: lemma7 (<s D) (<=s D’)
<- lemma7 D D’.

lemma8 : C < C’> -> C < (s C’) -> type.
Ymode lemma8 +E1 -E2.
lemma8z: lemma8 <z <z.
lemma8s: lemma8 (<s D) (<s D’)
<- lemma8 D D’.

% Encoding ’Yes’ instances of CHROMATIC
colorvertex : vertex -> mat -> type.
store_color : {V:vertex}{C:nat} colorvertex V C -> type.
/mode store_color +V -C -CGV.
coloring : nat -> graph -> type.
cg# : coloring N #.
cgvertex : coloring C (newv [v] (G v))
<- (C’ <= 0)
<- ({v:vertex} colorvertex v C’ -> coloring C (G v)).
cgedge : coloring C (newe [e: edge A B] G)
<- colorvertex A C1
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<- colorvertex B C2

<- C1 !'=C2
<-Cl1<=¢C
<- C2<=¢C

<- coloring C G.
cgunion : coloring C (Gl + G2)

<- coloring C G1

<- coloring C G2.

% A property of graph coloring
increase_color : coloring C G -> coloring (s C) G -> type.
Jmode increase_color +CG1l -CG2.
inc_# : increase_color cg# cg#.
inc_v : increase_color (cgvertex CG E) (cgvertex CG’ E’)
<- ({v:vertex}{c:colorvertex v C’} store_color v C’ ¢ ->
increase_color (CG v c) (CG’ v c))
<- lemma2 E E’.
inc_e : increase_color (cgedge CG E2 E1 E3 C1 C2) (cgedge CG’ E2’ E1’ E3 Cl1 C2)
<- increase_color CG CG’
<- lemma2 E2 E2’
<- lemma2 E1 E1°.
inc_+ : increase_color (cgunion CGl CG2) (cgunion CG1’ CG2’)
<- increase_color CG1l CG1’
<- increase_color CG2 CG2’.

D Encoding of 3-SAT CHROMATIC Reduction

% Continuations

cont : type.

* : cont.

; ¢ cont -> o -> cont. %infix right 10 ;.

% Satisfiability for continuations
satK : cont -> type.
satK* : satK *.
satK; : satk (K ; F)
<- satK K
<- sat F.

% Encoding of 3-SAT CHROMATIC reduction

var : v -> type.

relate : v -> vertex -> vertex -> vertex -> type.
conv : o -> nmat -> nat -> cont -> graph -> type.

conv’ : cont -> graph -> type.
conv’’ : o -> graph -> type.
conv’’’ : vertex -> graph -> type.

clique : graph -> type.
connectX : vertex -> graph -> type.

34



connectV :

vars2clique :

c_new:

vertex -> graph -> type.

graph -> type.

conv (new F) C C’ K (newv [v] newv [v’] newv

<- ({u:v} {v:vertex} {v’:vertex} {x:vertex}
-o conv (Fu) (sC) C”K (Gv v’ x)).

c_/\: conv (F
<- conv F> C C’ (K ; F) G.

c_\/: conv

/\F’) CC KG

(F1 \/ F2 \/ F3) C C K (G1 + G2 + G3)

<- conv’ (K ; (F1 \/ F2 \/ F3)) G1 & clique

% Adding edges between clauses and all literals not

c’_%*:
c’_;:

c’’11:

c’’12:

conv’ *x # o- <T>.
conv’

(K

; F) (G1 + G2)

<- conv’ K G1 & conv’’ F G2.

(var U

<-
<-

(var U

<-

-0 conv’’ ((pos U) \/ (pos U)

% Consume

\/ (pos

(newv [c] newe [e:edge c V’] (G

({c:vertex} conv’’’ ¢ (G c))
relate UV V’ _

-0 conv’’ ((pos U) \/ (pos U)
(newv [c] (G ¢)))
({c:vertex} conv’’’ c (G c))

<- relate UV V> _

c’’13:

c’’14:

c’’15:

c’’16:

c’17:

(var U

-o conv’’ ((pos U) \/ (neg U)
(newv [c] (G ¢)))
({c:vertex} conv’’’ ¢ (G c))

relate UV V’ _

-0 conv’’ ((pos U) \/ (neg U)
(newv [c] (G ¢)))
({c:vertex} conv’’’ ¢ (G c))

relate UV V’ _

-0 conv’’ ((neg U) \/ (pos U)
(newv [c] (G ¢)))
({c:vertex} conv’’’ ¢ (G c))

relate UV V’ _

-0 conv’’ ((neg U) \/ (pos U)
(newv [c] (G ¢)))
({c:vertex} conv’’’ ¢ (G c))

relate UV V’ _

-0 conv’’ ((neg U) \/ (neg U)

(newv [c] (G ¢)))
({c:vertex} conv’’’ c (G c))
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\/ (pos

\/ (neg

\/ (pos

\/ (neg

\/ (pos

[x] newe [e:edge v v’] (G v v’ x))
relate u v v’ x -> var u

G2 & vars2clique G3.

in the clause
rest of the linear context
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c)))

)

0)

)

0)

)
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c’’18:

c’’21:

c’’22:

c’’23:

c’’24:

c’’256:

c’’26:

c’’27:

<- relate UV V> _

(var U -o conv’’ ((neg U) \/ (neg U) \/ (neg U))
(newv [c] newe [e:edge c V] (G ¢)))

<= ({c:vertex} conv’’’ ¢ (G c))

<- relate UV V’> _

(var Ul -o var U2 -o conv’’ ((pos U1) \/ (pos
(newv [c] newe [el:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate U1l V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U1) \/ (pos
(newv [c] newe [el:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U1) \/ (neg
(newv [c] newe [e2:edge ¢
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U1) \/ (neg
(newv [c] newe [e2:edge ¢
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((neg U1) \/ (pos
(newv [c] newe [e2:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((neg U1) \/ (pos
(newv [c] newe [e2:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((neg U1) \/ (neg
(newv [c] newe [el:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _
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U1) \/ (pos U2))
V1’] newe [e2:edge c V2’] (G c¢)))

U1) \/ (neg U2))
V1’] newe [e2:edge c V2] (G c)))

U1) \/ (pos U2))
v2’] (G ¢)))

U1) \/ (neg U2))
V2] (G ©)))

U1) \/ (pos U2))
v2’] (G ¢)))

U1) \/ (neg U2))
V2] (G ©)))

U1) \/ (pos U2))
V1] newe [e2:edge c V2’] (G c)))



c’’28:

c’’31:

c’’32:

c’’33:

c’’34:

c’’35:

c’’36:

c’’37:

(var Ul -o var U2 -o conv’’ ((neg U1l) \/ (neg
(newv [c] newe [el:edge c
<= ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U1) \/ (pos
(newv [c] newe [el:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate U1l V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U1) \/ (pos
(newv [c] newe [e2:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U1) \/ (neg
(newv [c] newe [el:edge ¢
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U1) \/ (neg
(newv [c] newe [e2:edge ¢
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((neg U1) \/ (pos
(newv [c] newe [e2:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((neg U1) \/ (pos
(newv [c] newe [el:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((neg U1) \/ (neg
(newv [c] newe [e2:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _
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U1) \/ (neg U2))
V1] newe [e2:edge c V2] (G c)))

U2) \/ (pos U1))
V1’] newe [e2:edge c V2’] (G c)))

U2) \/ (neg U1))
v2’] (G ¢)))

U2) \/ (pos U1))
V1’] newe [e2:edge c V2] (G c)))

U2) \/ (neg U1))
V2] (G ©)))

U2) \/ (pos U1))
v2’] (G ¢)))

U2) \/ (neg U1))
V1] newe [e2:edge c V2’] (G c)))

U2) \/ (pos U1))
V2] (G ©)))



c’’38:

c’’41:

c’’42:

c’’43:

c’’44:

c’’45:

c’’46:

c’’4T:

(var Ul -o var U2 -o conv’’ ((neg U1l) \/ (neg
(newv [c] newe [el:edge c
<= ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U2) \/ (pos
(newv [c] newe [el:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate U1l V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U2) \/ (pos
(newv [c] newe [e2:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U2) \/ (neg
(newv [c] newe [e2:edge ¢
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((pos U2) \/ (neg
(newv [c] newe [el:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((neg U2) \/ (pos
(newv [c] newe [el:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((neg U2) \/ (pos
(newv [c] newe [e2:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o conv’’ ((neg U2) \/ (neg
(newv [c] newe [e2:edge c
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _
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U2) \/ (neg U1))
V1] newe [e2:edge c V2] (G c)))

U1) \/ (pos U1))
V1’] newe [e2:edge c V2’] (G c)))

U1) \/ (neg U1))
v2’] (G ¢)))

U1) \/ (pos U1))
v2’] (G ¢)))

U1) \/ (neg U1))
V1] newe [e2:edge c V2’] (G c)))

U1) \/ (pos U1))
V1’] newe [e2:edge c V2] (G c)))

U1) \/ (neg U1))
V2] (G ©)))

U1) \/ (pos U1))
V2] (G ©)))



c’’48:

c’’b1:

c’’b2:

c’’53:

c’’54:

c’’bb:

<- ({c:vertex} conv’’’ ¢ (G c))
<- relate U1 V1 V1’ _
<- relate U2 V2 V2’ _

(var Ul -o var U2 -o var U3 -o conv’’ ((pos U1l) \/ (pos U2)
(newv [c] newe [el:edge c V1’] newe [e2:

newe [e3: edge c V3’] (G ¢)))
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1° _
<- relate U2 V2 V2’ _
<- relate U3 V3 V3’ _

(var Ul -o var U2 -o var U3 -o conv’’ ((pos U1l) \/ (pos U2)
(newv [c] newe [el:edge c V1’] newe [e2:

newe [e3: edge c V3] (G ¢)))
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate U1l V1 V1° _
<- relate U2 V2 V2’ _
<- relate U3 V3 V3’ _

(var Ul -o var U2 -o var U3 -o conv’’ ((pos Ul) \/ (neg U2)
(newv [c] newe [el:edge c V1’] newe [e2:

newe [e3: edge c V3’] (G c)))
<- ({c:vertex} conv’’’ c (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _
<- relate U3 V3 V3’ _

(var Ul -o var U2 -o var U3 -o conv’’ ((pos U1l) \/ (neg U2)
(newv [c] newe [el:edge c V1’] newe [e2:

newe [e3: edge c V3] (G c)))
<= ({c:vertex} conv’’’ c (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _
<- relate U3 V3 V3’ _

(var Ul -o var U2 -o conv’’ ((neg U2) \/ (neg U1l) \/ (neg U1))
(newv [c] newe [el:edge c V1] newe [e2:edge c V2] (G c)))

\/ (pos U3))
edge c V2’]

\/ (neg U3))
edge c V2’]

\/ (pos U3))
edge c V2]

\/ (neg U3))
edge c V2]

(var Ul -o var U2 -o var U3 -o conv’’ ((neg Ul) \/ (pos U2) \/ (pos U3))

(newv [c] newe [el:edge c V1] newe [e2:edge c V2’]

newe [e3: edge ¢ V3’] (G ¢)))
<= ({c:vertex} conv’’’ ¢ (G c))
<- relate U1 V1 V1’ _
<- relate U2 V2 V2’
<- relate U3 V3 V3’
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c’’66: (var Ul -o var U2 -o var U3 -o conv’’ ((neg Ul) \/ (pos U2) \/ (neg U3))
(newv [c] newe [el:edge c V1] newe [e2:edge c V2’]
newe [e3: edge c V3] (G c)))
<- ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _
<- relate U3 V3 V3’ _

c’’57: (var Ul -o var U2 -o var U3 -o conv’’ ((neg U1) \/ (neg U2) \/ (pos U3))
(newv [c] newe [el:edge c V1] newe [e2:edge c V2]
newe [e3: edge c V3’] (G ¢)))
<= ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’
<- relate U2 V2 V2’
<- relate U3 V3 V3’

c’’58: (var Ul -o var U2 -o var U3 -o conv’’ ((neg Ul) \/ (neg U2) \/ (neg U3))
(newv [c] newe [el:edge c V1] newe [e2:edge c V2]
newe [e3: edge c V3] (G c)))
<= ({c:vertex} conv’’’ ¢ (G c))
<- relate Ul V1 V1’ _
<- relate U2 V2 V2’ _
<- relate U3 V3 V3’ _

c’?’_v: (var U -o conv’’’ C (newe [e: edge C V] newe [e’: edge C V'] G))
<- (conv’’’ C @)
<- relate U V V’> _

c’’’_#: conv’’’ C #.

% Encoding of clique construction

clique_v : (var U -o clique (G1 + G2))
<- clique G1 & connectX X G2
<- relate U _ _ X.

clique_# : clique #.

% Adds edges between the vertex X and all x-vertices in the context
connectX_v : (var U -o connectX X (newe [e:edge X X’] G))

<- relate U _ _ X’
<- connectX X G.
connectX_# : connectX X #.

% Connect vertices corresponding to the variables to the clique
v2c_v : (var U -o vars2clique (Gl + G2 + G3 + G4))
<- vars2clique Gl & connectX V G2 & connectX V’ G3 &
connectV X G4
<- relate U V V’ X.
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v2c_# : vars2clique #.

connectV_v : (var U -o connectV X (newe [e:edge V X] newe [e’:edge V’ X] G))
<- relate U V V> _
<- connectV X G.

connectV_# : connectV X #.

% A Property of 3-SAT CHROMATIC Reduction
conv_invariant : conv F C C> K G -> (C <= C’) -> type.
Jmode conv_invariant +CV -E.
convinvr_base : conv_invariant (c_\/ D) E
<- lemma4 E.
convinvr_/\ : conv_invariant (c_/\ D) E
<- conv_invariant D E.
convinvr_new : conv_invariant (c_new D) E
<= ({u:vH{v:vertex}{v’:vertex}{x:vertex}{r:relate u v v’ x}{var: var u}
conv_invariant (Du v v’ xr ~ var) (<=s E’))
<- lemma2 E’ E. % Proof of: (s C) <= C’> ==> C <= C’

E Correctness of Encoding of 3-SAT CHROMATIC
Reduction

% Correctness of CONNECTX: CONNECTX does not add edges between vertices
% having same color
connectX_color : {C:nat} colorvertex X C’ -> (C < C’) -> connectX X G
-> coloring C’ G -> type.
Ymode connectX_color +C +CGV +E +CV -CG.
connectXc_base: connectX_color z CGX E connectX_# cg#.
connectXc_cont: {R:relate _ _ _ X1}
connectX_color (s C) CGX (<s E) (connectX_v DR ~ V)
(cgedge CG F2 F1 NE CGX1 CGX)
<- lemma8 E E’
<- connectX_color C CGX E’ D CG
<- store_color X1 (s C) CGX1
<- lemma4 F1
<- lemma6 (<s E) NE
<- lemma7 (<s E) F2.
connectX_color’ : {C:nat} colorvertex X z -> connectX X G -> coloring (s C) G -> type.
Ymode connectX_color’ +C +CGV +CV -CG.
connectXc’_base: connectX_color’ z CGX connectX_# cg#.
connectXc’_cont: {R:relate _ _ _ X1}
connectX_color’ (s C) CGX (connectX_v DR ~ V)
(cgedge CG E’ <=z !=z1 CGX1 CGX)
<- connectX_color’ C CGX D CG’
<- increase_color CG’ CG
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<- store_color X1 (s C) CGX1
<- lemmab E
<- lemma7 E E’.

% Correctness of encoding of Clique

clique_color : {C:nat} clique G -> coloring C G -> type.

%mode clique_color +C +CV -CG.

cliquec_base : clique_color z clique_# cg#.

cliquec_cont : {R:relate _ _ _ X}
clique_color (s C) (clique_v R (D1 , D2) ~ V) (cgunion CG1 CG2)
<- clique_color C D1 CG1’
<- increase_color CG1’ CG1
<- store_color X (s C) CGX
<- lemma5 E % Proof of C < (s C)
<- connectX_color C CGX E D2 CG2.

% Correctness of CONNECTV
connectV_color : {C:nat} colorvertex X C’> -> (C < C’) -> connectV X G
-> coloring C’ G -> type.
Y%mode connectV_color +C +CGV +E +CV -CG.
connectVc_base: connectV_color z CGX E connectV_# cg#.
connectVc_contl: {R:relate _ V1 Vi’ X1}
connectV_color (s C) CGX (<s E) (connectV_v DR ~ V)
(cgedge (cgedge CG F2 <=z !=z1 CGX CGV1’) F2 F1 NE CGX CGV1)
<- lemma8 E E’
<- connectV_color C CGX E’ D CG
<- store_color V1 (s C) CGV1
<- store_color V1’ z CGV1’
<- lemma6 (<s E) NE
<- lemma7 (<s E) F2
<- lemma4 F1.

connectVc_cont2: {R:relate _ V1 V1’ X1}
connectV_color (s C) CGX (<s E) (connectV_v DR ~ V)
(cgedge (cgedge CG F2 F1 NE CGX CGV1’) F2 <=z !=z1 CGX CGV1)
<- lemma8 E E’
<- connectV_color C CGX E’ D CG
<- store_color V1 z CGV1
<- store_color V1’ (s C) CGV1’
<- lemma6 (<s E) NE
<- lemma7 (<s E) F2
<- lemma4 F1.

% Correctness of vars2clique (VARS-TO-CLIQUE): Edges added between x_j and v_i,
% and x_j and v_i’ do not connect vertices with same color when i!=j
vars2clique_color : {C:nat} vars2clique G -> coloring C G -> type.

Jmode vars2clique_color +C +CV -CG.

vars2cliquec_base : vars2clique_color z v2c_# cg#.

vars2cliquec_contl : {R:relate U V V’ X}
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vars2clique_color (s C)
(v2c_v R (D1 , D2, D3, D4) ~ VAR)
(cgunion CG1 (cgunion CG2 (cgunion CG3 CG4)))

<- vars2clique_color C D1 CG1’

<- increase_color CG1’ CG1

<- store_color V z CGV

<- store_color V’ (s C) CGV’

<- store_color X (s C) CGX

<- lemmab E

<- connectX_color’ C CGV D2 CG2

<- connectX_color C CGV’ E D3 CG3

<- connectV_color C CGX E D4 CG4.

vars2cliquec_cont2 : {R:relate U V V’ X}

vars2clique_color (s C)
(v2c_v R (D1 , D2, D3, D4) ~ VAR)
(cgunion CG1 (cgunion CG2 (cgunion CG3 CG4)))

<- vars2clique_color C D1 CG1’

<- increase_color CG1’ CG1

<- store_color V (s C) CGV

<- store_color V’ z CGV’

<- store_color X (s C) CGX

<- lemmab E

<- connectX_color C CGV E D2 CG2

<- connectX_color’ C CGV’ D3 CG3

<- connectV_color C CGX E D4 CG4.

% For verifying that environment is valid
necolor : {M:nat} {N:nat} M != N -> type.
Jmode necolor +M +N -MN.
necolorl: necolor z (s M) !=zi.
necolor2: necolor (s M) z !=z2.
necolor3: necolor (s M) (s N) (!=s D)
<- necolor M N D.
lecolor : {M:nat}{N:nat} M <= N -> type.
Jmode lecolor +M +N -MN.
lecolorl: lecolor z M <=z.
lecolor2: lecolor (s M) (s N) (<=s D)
<- lecolor M N D.

% Correctness of coloring of the graph created by connecting a clause vertex with
% all literals not in the clause
conv’’’_color : {C:nat} {C’:nat} {C’’:nat} colorvertex V (s C’’) ->

conv’’’ V G -> coloring C’ G -> type.
Jmode conv’’’_color +C +C’ +C’’ +CGV +CV -CG.
conv’’’c_base: conv’’’_color z C’ C’’ CGV c’’’_# cg#.
conv’’’c_contl:{R:relate Ul V1 V1’ _}

conv’’’_color (s C) C’ C>? CGV (c’’’_vRD "~ V)
(cgedge (cgedge CG <=z F !=z2 CGV1’ CGV) F1 F NE CGV1 CGV)
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<- conv’’’_color C C’ C’’ CGV D CG
<- store_color V1 (s C1) CGV1

<- store_color V1’ z CGV1’

<- necolor (s C’’) (s C1) NE

<- lecolor (s C’’) C’ F

<- lecolor (s C1) C’ F1.

conv’’_color : {C:nat} conv’’ F G -> sat F -> coloring C G -> type.
%mode conv’’_color +C +CV +CF -CG.

%o yAA
% Case: F=(pos U) \/ (pos U) \/ (pos )%
% U=True yA
% yAA

conv’’c_11 : {R:relate UV V’ _}

conv’’_color (s C) (c’’11 R D ~ VAR) (sat\/1 (satp H))
(cgvertex ([c] [cgcl (cgedge (CG c cgc) <=z F !=z2 CGV’ cgc)) F)

<- store_color V (s C’) CGV

<- store_color V’ z CGV’

<- store_var U true H

<- lecolor (s C’) (s C) F

<= ({c:vertex}{cgc:colorvertex c¢ (s C’)} store_color c (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cgc)).

Tt
% Case: F=(pos U) \/ (pos U) \/ (neg U)
% U=True

conv’’c_12A:{R:relate U V V’ _}

conv’’_color (s C) (c’’12 R D ~ VAR) (sat\/1 (satp H))
(cgvertex ([c] [cgcl (CG c cgc)) F)

<- store_color V (s C’) CGV

<- store_color V’ z CGV’

<- store_var U true H

<- lecolor (s C’) (s C) F

<- ({c:vertex}{cgc:colorvertex ¢ (s C’)} store_color c (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cge)).

Wt
% Case: F=(pos U) \/ (pos U) \/ (neg U)
% U=False

conv’’c_12B:{R:relate UV V’> _}
conv’’_color (s C) (c’’12 R D ~ VAR) (sat\/2 (sat\/2 (satn H)))
(cgvertex ([c] [cgcl (CG c cgc)) F)
<- store_var U false H
<- store_color V z CGV
<- store_color V’ (s C’) CGV’

<- lecolor (s C’) (s O) F
<- ({c:vertex}{cgc:colorvertex ¢ (s C’)} store_color c (s C’) cgc —>
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conv’’’_color C (s C) C’ cgc (D ¢c) (CG c cge)).

N
% Case: F=(pos U) \/ (neg U) \/ (pos U)
% U=True

conv’’c_13A:{R:relate U V V> _}

conv’’_color (s C) (c’’13 R D ~ VAR) (sat\/1 (satp H))
(cgvertex ([c] [cgc]l (CG c cgc)) F)

<- store_var U true H

<- store_color V (s C’) CGV

<- store_color V’ z CGV’

<- lecolor (s C’) (s C) F

<- ({c:vertex}{cgc:colorvertex c (s C’)} store_color c (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cge)).

N
% Case: F=(pos U) \/ (neg U) \/ (pos U)
yA U=False

conv’’c_13B:{R:relate U V V’ _}

conv’’_color (s C) (c’’13 R D ~ VAR) (sat\/2 (sat\/1 (satn H)))
(cgvertex ([c] [cgc]l (CG c cgc)) F)

<- store_var U false H

<- store_color V z CGV

<- store_color V’ (s C’) CGV’

<- lecolor (s C’) (s C) F

<= ({c:vertex}{cgc:colorvertex c (s C’)} store_color c (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cge)).

Wb
% Case: F=(pos U) \/ (neg U) \/ (neg U)
% U=True

conv’’c_14A:{R:relate UV V’> _}

conv’’_color (s C) (c’’14 R D ~ VAR) (sat\/1 (satp H))
(cgvertex ([c] [cgcl (CG c cge)) F)

<- store_var U true H

<- store_color V (s C’) CGV

<- store_color V’ z CGV’

<- lecolor (s C’) (s C) F

<= ({c:vertex}{cgc:colorvertex ¢ (s C’)} store_color c (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cgc)).

Wb
% Case: F=(pos U) \/ (neg U) \/ (neg U)
% U=False
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conv’’c_14B:{R:relate U V V> _}

conv’’_color (s C) (c’’14 R D ~ VAR) (sat\/2 (sat\/1 (satn H)))
(cgvertex ([c] [cgc]l (CG c cgc)) F)

<- store_var U false H

<- store_color V z CGV

<- store_color V’ (s C’) CGV’

<- lecolor (s C’) (s C) F

<= ({c:vertex}{cgc:colorvertex ¢ (s C’)} store_color c (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cge)).

Wt
% Case: F=(neg U) \/ (pos U) \/ (pos U)
% U=True

conv’’c_15A:{R:relate U V V’ _}

conv’’_color (s C) (c’’15 R D ~ VAR) (sat\/2 (sat\/1 (satp H)))
(cgvertex ([c] [cgcl (CG c cgc)) F)

<- store_var U true H

<- store_color V (s C’) CGV

<- store_color V’ z CGV’

<- lecolor (s C’) (s C) F

<- ({c:vertex}{cgc:colorvertex ¢ (s C’)} store_color ¢ (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cgc)).

Tt
% Case: F=(neg U) \/ (pos U) \/ (pos U)
% U=False

conv’’c_15B:{R:relate U V V’ _}

conv’’_color (s C) (c’’15 R D ~ VAR) (sat\/1 (satn H))
(cgvertex ([c] [cgcl (CG c cgc)) F)

<- store_var U false H

<- store_color V z CGV

<- store_color V’ (s C’) CGV’

<- lecolor (s C’) (s C) F

<= ({c:vertex}{cgc:colorvertex ¢ (s C’)} store_color c (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cge)).

Dot
% Case: F=(neg U) \/ (pos U) \/ (neg U)
% U=True

conv’’c_16A:{R:relate UV V’> _}
conv’’_color (s C) (c’’16 R D "~ VAR) (sat\/2 (sat\/1 (satp H)))
(cgvertex ([c] [cgcl (CG c cgc)) F)
<- store_var U true H
<- store_color V (s C’) CGV
<- store_color V’ z CGV’
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<- lecolor (s C’) (s C) F
<- ({c:vertex}{cgc:colorvertex ¢ (s C’)} store_color c (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cge)).

N
% Case: F=(neg U) \/ (pos U) \/ (neg U)
% U=False

conv’’c_16B:{R:relate U V V’ _}

conv’’_color (s C) (c’’16 R D ~ VAR) (sat\/1 (satn H))
(cgvertex ([c] [cgc]l (CG c cgc)) F)

<- store_var U false H

<- store_color V z CGV

<- store_color V’ (s C’) CGV’

<- lecolor (s C’) (s C) F

<- ({c:vertex}{cgc:colorvertex c (s C’)} store_color ¢ (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cge)).

Nt
% Case: F=(neg U) \/ (neg U) \/ (pos U)
% U=True

conv’’c_17A:{R:relate U V V> _}

conv’’_color (s C) (c’’17 R D ~ VAR) (sat\/2 (sat\/2 (satp H)))
(cgvertex ([c] [cgc]l (CG c cgc)) F)

<- store_var U true H

<- store_color V (s C’) CGV

<- store_color V’ z CGV’

<- lecolor (s C’) (s C) F

<- ({c:vertex}{cgc:colorvertex c (s C’)} store_color ¢ (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cge)).

Tt
% Case: F=(neg U) \/ (neg U) \/ (pos U)
% U=False

conv’’c_17B:{R:relate U V V’ _}

conv’’_color (s C) (c’’17 R D ~ VAR) (sat\/1 (satn H))
(cgvertex ([c] [cgc]l (CG c cgc)) F)

<- store_var U false H

<- store_color V z CGV

<- store_color V’ (s C’) CGV’

<- lecolor (s C’) (s C) F

<- ({c:vertex}{cgc:colorvertex c (s C’)} store_color c (s C’) cgc —>
conv’’’_color C (s C) C’ cgc (D c) (CG c cgec)).
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Wt
% Case: F=(neg U) \/ (neg U) \/ (neg U)
% U=False

conv’’c_18 : {R:relate UV V> _}
conv’’_color (s C) (c’?18 R D ~ VAR) (sat\/1 (satn H))
(cgvertex ([c] [cgc]l (cgedge (CG c cgc) <=z F !=z2 CGV cgc)) F)
<- store_var U false H
<- store_color V z CGV
<- store_color V’ (s C’) CGV’
<- ({c:vertex}{cgc:colorvertex c (s C’)}
conv’’’_color C (s C) C’ cgc (D c) (CG c cgc))
<- lecolor (s C’) (s C) F.

Wt Hoto
% Case: F=(pos U1) \/ (pos U1) \/ (pos U2)}
% Ul=True & U2=True %
Wt Hoto

conv’’c_21A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’21 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG c cgc) <=z F !=22 CGV2’ cgc) <=z F !=2z2 CGV1’ cgc)) F)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C1’) (s (s C)) F
<= ({c:vertex}{cgc:colorvertex c¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

% Case: F=(pos U1) \/ (pos U1) \/ (pos U2)
% Ul=False & U2=True

conv’’c_21B: {Rl:relate U1l V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’21 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satp H2)))
(cgvertex ([c] [cgcl (cgedge (cgedge
(CG ¢ cgc) <=z F2 !=z2 CGV2’ cgc) F1 F2 NE CGV1’ cgc)) F2)
<- store_var U2 true H2
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C2’) (s C1’) NE
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<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c¢ (s C2’) cgc
-> conv’’’_color C (s (s C)) €2’ cgc (D c) (CG c cgc)).

% Case: F=(pos U1) \/ (pos U1) \/ (pos U2)
% Ul=True & U2=False
conv’’c_21C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’21 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG ¢ cgec) F2 F1 NE CGV2’ cgc) <=z F1 !=z2 CGV1’ cgc)) F1)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C1’) (s C2’) NE
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

N
% Case: F=(pos U1l) \/ (pos U1) \/ (neg U2)
% Ul=True & U2=False

conv’’c_22A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’22 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgcl (cgedge (cgedge
(CG c cgc) <=z F !=z2 CGV2 cgc) <=z F !=z2 CGV1’ cgc)) F)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C1’) (s (s C)) F
<= ({c:vertex}{cgc:colorvertex ¢ (s Cl1’)} store_color c¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

% Case: F=(pos U1) \/ (pos U1) \/ (neg U2)
4 Ul=False & U2=False

conv’’c_22B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’22 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satn H2)))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG c cgc) <=z F2 !=z2 CGV2 cgc) F1 F2 NE CGV1’ cgc)) F2)
<- store_var U2 false H2
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
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store_color V2 z CGV2
store_color V2’ (s C2’) CGV2’
lecolor (s C2’) (s (s C)) F2
lecolor (s C1’) (s (s C)) F1
necolor (s C2’) (s C1’) NE

({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c (s C2’) cgc
=-> conv’’’_color C (s (s C)) €2’ cgc (D ¢) (CG c cgc)).

% Case: F=(pos U1) \/ (pos U1l) \/ (neg U2)

A U1=True

conv’’c_22C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _
conv’’_color (s (s C)) (c’’22 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))

(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG ¢ cgec) F2 F1 NE CGV2 cgc) <=z F1 !=z2 CGV1’ cgc)) F1)

hh

& U2=True

store_var Ul true H1
store_color V1 (s C1’) CGV1
store_color V1’ z CGV1’
store_color V2 (s C2’) CGV2
store_color V2’ z CGV2’
lecolor (s C2’) (s (s C)) F2
lecolor (s C1’) (s (s C)) F1
necolor (s C1’) (s C2’) NE

({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

% Case: F=(pos U1l) \/ (neg U1) \/ (pos U2)

% U1=True

conv’’c_23A : {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _
conv’’_color (s (s C)) (c’’23 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

hh

& U2=_

store_var Ul true H1
store_color V1 (s C1’) CGV1
store_color V2’ C2’ CGV2’
lecolor C2’ (s (s C)) F2
lecolor (s C1’) (s (s C)) F1
necolor (s C1’) C2’ NE

({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s Cl1’) cgc
=> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

% Case: F=(pos U1) \/ (neg U1) \/ (pos U2)
% Ul=False & U2=_

conv’’c_23B : {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _
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conv’’_color (s (s C)) (c’’23 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satn H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul false H1

<- store_color V1’ (s C1’) CGV1’

<- store_color V2’ C2’ CGV2’

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s C1’) cgc
=> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

hh
% Case: F=(pos U1) \/ (neg U1) \/ (neg U2)
% Ul=True & U2=_

conv’’c_24A : {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’24 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2 cgc)) F1)

<- store_var Ul true H1

<- store_color V1 (s C1’) CGV1

<- store_color V2 C2’ CGV2

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

hh
% Case: F=(pos U1l) \/ (neg U1) \/ (neg U2)
% Ul=False & U2=_

conv’’c_24B : {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’24 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satn H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2 cgc)) F1)

<- store_var Ul false Hi1

<- store_color V1’ (s C1’) CGV1’

<- store_color V2 C2’ CGV2

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

Dot
% Case: F=(neg U1) \/ (pos U1) \/ (pos U2)
A Ul=True & U2=_

conv’’c_25A : {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
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conv’’_color (s (s C)) (c’’25 R2 R1 D ~ VAR2 "~ VAR1) (sat\/2 (sat\/1 (satp H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul true H1

<- store_color V1 (s C1’) CGV1

<- store_color V2’ C2’ CGV2’

<- lecolor €2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s C1’) cgc
=> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

W
% Case: F=(neg U1) \/ (pos U1) \/ (pos U2)
% Ul=False & U2=_

conv’’c_256B : {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’25 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul false H1

<- store_color V1’ (s C1’) CGV1’

<- store_color V2’ C2’ CGV2’

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

N
% Case: F=(neg U1) \/ (pos U1) \/ (neg U2)
% Ul=True & U2=_

conv’’c_26A : {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’26 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satp H1)))
(cgvertex ([c] [cgc]l (cgedge (CG c cgc) F2 F1 NE CGV2 cgc)) F1)

<- store_var Ul true H1

<- store_color V1 (s C1’) CGV1

<- store_color V2 C2’ CGV2

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<- ({c:vertex}{cgc:colorvertex ¢ (s Cl1’)} store_color c¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

N
% Case: F=(neg U1) \/ (pos U1) \/ (neg U2)
A Ul=False & U2=_
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conv’’c_26B : {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’26 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2 cgc)) F1)

<- store_var Ul false H1

<- store_color V1’ (s C1’) CGV1’

<- store_color V2 C2’ CGV2

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex c¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

N
% Case: F=(neg U1l) \/ (neg U1) \/ (pos U2)
% Ul=False & U2=True

conv’’c_27A :{Rl:relate U1l V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’27 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG c cgc) <=z F !=22 CGV2’ cgc) <=z F !=z2 CGV1 cgc)) F)
<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C1’) (s (s C)) F
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

% Case: F=(neg U1l) \/ (neg U1) \/ (pos U2)
% Ul=True & U2=True

conv’’c_27B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’27 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satp H2)))
(cgvertex ([c] [cgcl (cgedge (cgedge
(CG ¢ cgc) <=z F2 !=z2 CGV2’ cgc) F1 F2 NE CGV1 cgc)) F2)
<- store_var U2 true H2
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C2’) (s C1’) NE
<- ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c¢ (s C2’) cgc
-> conv’’’_color C (s (s C)) C2’ cgc (D c) (CG c cge)).
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% Case: F=(neg Ul1l) \/ (neg U1) \/ (pos U2)
h Ui=False & U2=False

conv’’c_27C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’27 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgcl (cgedge (cgedge
(CG ¢ cgc) F2 F1 NE CGV2’ cgc) <=z F1 !=z2 CGV1 cgc)) F1)
<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C1’) (s C2’) NE
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’ _color C (s (s C)) C1’ cgc (D c) (CG c cge)).

N
% Case: F=(neg U1l) \/ (neg U1) \/ (neg U2)
% Ul=False & U2=False

conv’’c_28A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’28 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG c cgc) <=z F !=22 CGV2 cgc) <=z F !=22 CGV1 cgc)) F)
<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C1’) (s (s C)) F
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s C1’) cgc
-> conv’’’ _color C (s (s C)) C1’ cgc (D c) (CG c cge)).

% Case: F=(neg U1l) \/ (neg U1) \/ (neg U2)
% Ul=True & U2=False

conv’’c_28B: {Rl:relate U1l V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’28 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satn H2)))
(cgvertex ([c] [cgcl (cgedge (cgedge
(CG ¢ cgc) <=z F2 !=22 CGV2 cgc) F1 F2 NE CGV1 cgc)) F2)
<- store_var U2 false H2
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
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<- lecolor (s C2’) (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C2’) (s C1’) NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c (s C2’) cgc
-> conv’’’_color C (s (s C)) €2’ cgc (D c) (CG c cgc)).

% Case: F=(neg U1) \/ (neg U1) \/ (neg U2)
h Ul=False & U2=True

conv’’c_28C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’28 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgc] (cgedge (cgedge
(CG ¢ cgc) F2 F1 NE CGV2 cgc) <=z F1 !=z2 CGV1 cgc)) F1)
<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C1’) (s C2’) NE
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

Dot hh
% Case: F=(pos U1) \/ (pos U2) \/ (pos U1)%
A Ul=True & U2=True y/
Dot hh

conv’’c_31A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’31 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG c cgc) <=z F !=22 CGV2’ cgc) <=z F !=z2 CGV1’ cgc)) F)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C1’) (s (s C)) F
<- ({c:vertex}{cgc:colorvertex ¢ (s Cl1’)} store_color c¢ (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

% Case: F=(pos U1) \/ (pos U2) \/ (pos Ul)
% Ul=False & U2=True
conv’’c_31B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’31 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satp H2)))
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(cgvertex ([c] [cgcl (cgedge (cgedge
(CG c cgc) <=z F2 !=z2 CGV2’ cgc) F1 F2 NE CGV1’ cgc)) F2)

store_var U2 true H2

store_color V1 z CGV1

store_color V1’ (s C1’) CGV1’

store_color V2 (s C2’) CGV2

store_color V2’ z CGV2’

lecolor (s C2’) (s (s C)) F2

lecolor (s C1’) (s (s C)) F1

necolor (s C2’) (s C1’) NE

({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c (s C2’) cgc

-> conv’’’_color C (s (s C)) C2’ cgc (D c) (CG c cge)).

% Case: F=(pos U1) \/ (pos U2) \/ (pos Ul)

% Ul=True & U2=False

conv’’c_31C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’31 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))

hh

(cgvertex ([c] [cgcl (cgedge (cgedge
(CG c cgc) F2 F1 NE CGV2’ cgc) <=z F1 !=z2 CGV1’ cgc)) F1)

store_var Ul true H1
store_color V1 (s C1’) CGV1i
store_color V1’ z CGV1’
store_color V2 z CGV2
store_color V2’ (s C2’) CGV2’
lecolor (s C2’) (s (s C)) F2
lecolor (s C1’) (s (s C)) F1
necolor (s C1’) (s C2’) NE

({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

% Case: F=(pos U1) \/ (pos U2) \/ (neg U1)
% Ul=True & U2=_

conv’’c_32A

:{Rl:relate U1l V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’32 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))

(cgvertex ([c] [cgc]l (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

store_var Ul true H1
store_color V1 (s C1’) CGV1
store_color V2’ C2’ CGV2’
lecolor C2’ (s (s C)) F2
lecolor (s C1’) (s (s C)) F1
necolor (s C1’) C2’ NE

({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).
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D
% Case: F=(pos U1) \/ (pos U2) \/ (neg U1)
% Ul=False & U2=_

conv’’c_32B :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’32 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satn H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul false Hi1

<- store_color V1’ (s C1’) CGV1’

<- store_color V2’ C2’ CGV2’

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

W
% Case: F=(pos U1) \/ (neg U2) \/ (pos U1)
A Ul=True & U2=False

conv’’c_33A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’33 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG ¢ cgec) <=z F !=z2 CGV2 cgc) <=z F !=z2 CGV1’ cgc)) F)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C1’) (s (s C)) F
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

% Case: F=(pos U1l) \/ (neg U2) \/ (pos Ul)
% Ul=False & U2=False

conv’’c_33B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’33 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satn H2)))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG ¢ cgc) <=z F2 !=22 CGV2 cgc) F1 F2 NE CGV1’ cgc)) F2)
<- store_var U2 false H2
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
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<- necolor (s C2’) (s C1’) NE
<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color ¢ (s C2’) cgc
-> conv’’’_color C (s (s C)) C2’ cgc (D c) (CG c cge)).

% Case: F=(pos U1l) \/ (neg U2) \/ (pos Ul)
% Ul=True & U2=True

conv’’c_33C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’33 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG ¢ cgc) F2 F1 NE CGV2 cgc) <=z F1 !=z2 CGV1’ cgc)) F1)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C1’) (s C2’) NE
<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s C1’) cgc
=> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

hh
% Case: F=(pos U1l) \/ (neg U2) \/ (neg U1)
% Ul=True & U2=_

conv’’c_34A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’34 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgcl (cgedge (CG c cgc) F2 F1 NE CGV2 cgc)) F1)

<- store_var Ul true H1

<- store_color V2 C2’ CGV2

<- store_color V1 (s C1’) CGV1

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

hh
% Case: F=(pos U1) \/ (neg U2) \/ (neg U1)
% Ul=False & U2=_

conv’’c_34B :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’34 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satn H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2 cgc)) F1)
<- store_var Ul false H1
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<- store_color V2 C2’ CGV2

<- store_color V1’ (s C1’) CGV1’

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

Do
% Case: F=(neg U1) \/ (pos U2) \/ (pos U1l)
A Ul=True & U2=_

conv’’c_35A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’35 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satp H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul true H1

<- store_color V2’ C2’ CGV2’

<- store_color V1 (s C1’) CGV1

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

hh
% Case: F=(neg U1) \/ (pos U2) \/ (pos Ul)
% Ul=False & U2=_

conv’’c_35B :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’35 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul false H1

<- store_color V2’ C2’ CGV2’

<- store_color V1’ (s C1’) CGV1’

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s Cl1’) cgc
-> conv’’’ _color C (s (s C)) C1’ cgc (D c) (CG c cge)).

N
% Case: F=(neg U1) \/ (pos U2) \/ (neg Ul)
% Ul=False & U2=True

conv’’c_36A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’36 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
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(cgvertex ([c] [cgcl (cgedge (cgedge
(CG c cgc) <=z F !=22 CGV2’ cgc) <=z F !=22 CGV1 cgc)) F)

<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C1’) (s (s C)) F
<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s C1’) cgc

-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

% Case: F=(neg U1) \/ (pos U2) \/ (neg U1)
% Ul=True & U2=True

conv’’c_36B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’36 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satp H2)))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG c cgc) <=z F2 !=22 CGV2’ cgc) F1 F2 NE CGV1 cgc)) F2)
<- store_var U2 true H2
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C2’) (s C1’) NE
<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color ¢ (s C2’) cgc
-> conv’’’_color C (s (s C)) C2’ cgc (D c) (CG c cgc)).

% Case: F=(neg U1) \/ (pos U2) \/ (neg U1)
% Ul=False & U2=False

conv’’c_36C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’36 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgcl (cgedge (cgedge
(CG ¢ cgec) F2 F1 NE CGV2’ cgc) <=z F1 !=z2 CGV1 cgc)) F1)
<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C1’) (s C2’) NE
<- ({c:vertex}{cgc:colorvertex ¢ (s Cl1’)} store_color ¢ (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).
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% Case: F=(neg U1) \/ (neg U2) \/ (pos Ul)
YA Ul=True & U2=_

conv’’c_37A :{Rl:relate U1l V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’37 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satp H1)))

(cgvertex ([c] [cgc]l (cgedge (CG c cgc) F2 F1 NE CGV2 cgc)) F1)
<- store_var Ul true H1
<- store_color V2 C2’ CGV2
<- store_color V1 (s C1’) CGV1
<- lecolor C2’ (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C1’) C2’ NE
<- ({c:vertex}{cgc:colorvertex ¢ (s Cl1’)} store_color c¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

hh
% Case: F=(neg U1) \/ (neg U2) \/ (pos U1)
% Ul=False & U2=_

conv’’c_37B :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’37 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgc]l (cgedge (CG c cgc) F2 F1 NE CGV2 cgc)) F1)

<- store_var Ul false Hi1

<- store_color V2 C2’ CGV2

<- store_color V1’ (s C1’) CGV1’

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex ¢ (s Cl1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

hh
% Case: F=(neg U1) \/ (neg U2) \/ (neg Ul1)
4 Ul=False & U2=False

conv’’c_38A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’38 R2 R1 D ~ VAR2 ~ VAR1l) (sat\/1 (satn H1))
(cgvertex ([c] [cgcl (cgedge (cgedge
(CG ¢ cgc) <=z F !=2z2 CGV2 cgc) <=z F !=z2 CGV1 cgc)) F)
<- store_var Ul false Hi1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C1’) (s (s C)) F
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<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

% Case: F=(neg U1) \/ (neg U2) \/ (neg U1)
h Ul=True & U2=False

conv’’c_38B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’38 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satn H2)))

(cgvertex ([c] [cgc] (cgedge (cgedge
(CG c cgc) <=z F2 !=z2 CGV2 cgc) F1 F2 NE CGV1 cgc)) F2)

<- store_var U2 false H2

<- store_color Vi1 (s C1’) CGV1

<- store_color V1’ z CGV1’

<- store_color V2 z CGV2

<- store_color V2’ (s C2’) CGV2’

<- lecolor (s C2’) (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C2’) (s C1’) NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c (s C2’) cgc
-> conv’’’_color C (s (s C)) C2’ cgc (D c) (CG c cge)).

% Case: F=(neg U1l) \/ (neg U2) \/ (neg Ul)
% Ul=False & U2=True

conv’’c_38C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’38 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG c cgc) F2 F1 NE CGV2 cgc) <=z F1 !=z2 CGV1 cgc)) F1)
<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C1’) (s C2’) NE
<- ({c:vertex}{cgc:colorvertex ¢ (s Cl1’)} store_color c¢ (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

Wt Hoto
% Case: F=(pos U2) \/ (pos U1) \/ (pos U1)}
% Ul=True & U2=True y/
Wb Toto

conv’’c_41A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’41 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H2))
(cgvertex ([c] [cgcl (cgedge (cgedge
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(CG c cgec) <=z F !=2z2 CGV2’ cgc) <=z F !=22 CGV1’ cgc)) F)

<- store_var U2 true H2
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C1’) (s (s C)) F
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c (s C1’) cgc

-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

% Case: F=(pos U2) \/ (pos U1) \/ (pos Ul)
% Ul=False & U2=True

conv’’c_41B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’41 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H2))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG ¢ cgc) <=z F2 !=22 CGV2’ cgc) F1 F2 NE CGV1’ cgc)) F2)
<- store_var U2 true H2
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C2’) (s C1’) NE
<- ({c:vertex}{cgc:colorvertex c (s C2’)} store_color c (s C2’) cgc
=> conv’’’_color C (s (s C)) C2’ cgc (D c) (CG c cgc)).

% Case: F=(pos U2) \/ (pos U1) \/ (pos U1)
% Ul=True & U2=False
conv’’c_41C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’41 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satp H1)))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG ¢ cgc) F2 F1 NE CGV2’ cgc) <=z F1 !=z2 CGV1’ cgc)) F1)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C1’) (s C2’) NE
<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).
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% Case: F=(pos U2) \/ (pos U1) \/ (neg U1)
% Ul=True & U2=_

conv’’c_42A

hh

:{Rl:relate U1l V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’42 R2 R1 D ~ VAR2 ~ VAR1l) (sat\/2 (sat\/1 (satp H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul true H1

<- store_color V2’ C2’ CGV2’

<- store_color V1 (s C1’) CGV1

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

% Case: F=(pos U2) \/ (pos U1) \/ (neg U1)
% Ul=False & U2=_

conv’’c_42B

hh

:{R1:relate U1l V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’42 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satn H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul false H1

<- store_color V2’ C2’ CGV2’

<- store_color V1’ (s C1’) CGV1’

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

% Case: F=(pos U2) \/ (neg U1) \/ (pos Ul)
% Ul=True & U2=_

conv’’c_43A

:{Rl:relate U1l V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’43 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satp H1)))
(cgvertex ([c] [cgc]l (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul true H1

<- store_color V2’ C2’ CGV2’

<- store_color V1 (s C1’) CGV1

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<- ({c:vertex}{cgc:colorvertex c (s Cl1’)} store_color c (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).
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% Case: F=(pos U2) \/ (neg U1) \/ (pos U1)
% Ul=False & U2=_

conv’’c_43B :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’43 R2 R1 D ~ VAR2 ~ VAR1l) (sat\/2 (sat\/1 (satn H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul false H1

<- store_color V2’ C2’ CGV2’

<- store_color V1’ (s C1’) CGV1’

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex c¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

N
% Case: F=(pos U2) \/ (neg U1) \/ (neg Ul)
% Ul=False & U2=True

conv’’c_44A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’44 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satn H1)))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG c cgc) <=z F !=22 CGV2’ cgc) <=z F !=2z2 CGV1 cgc)) F)
<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C1’) (s (s C)) F
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

% Case: F=(pos U2) \/ (neg U1) \/ (neg U1)
% Ul=True & U2=True

conv’’c_44B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’44 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satp H2))
(cgvertex ([c] [cgcl (cgedge (cgedge
(CG ¢ cgc) <=z F2 !=2z2 CGV2’ cgc) F1 F2 NE CGV1 cgc)) F2)
<- store_var U2 true H2
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
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<- lecolor (s C2’) (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C2’) (s C1’) NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c (s C2’) cgc
-> conv’’’_color C (s (s C)) €2’ cgc (D c) (CG c cgc)).

% Case: F=(pos U2) \/ (neg U1) \/ (neg U1)
% Ul=False & U2=False
conv’’c_44C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’44 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satn H1)))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG c cgc) F2 F1 NE CGV2’ cgc) <=z F1 !=z2 CGV1 cgc)) F1)
<- store_var Ul false Hi1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C1’) (s C2’) NE
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

N
% Case: F=(neg U2) \/ (pos U1) \/ (pos Ul)
% Ul=True & U2=False

conv’’c_45A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’45 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satp H1)))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG c cgc) <=z F !=22 CGV2 cgc) <=z F !=22 CGV1’ cgc)) F)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C1’) (s (s C)) F
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s Cl1’) cgc
-> conv’’’ _color C (s (s C)) C1’ cgc (D c) (CG c cge)).

% Case: F=(neg U2) \/ (pos U1) \/ (pos Ul)
% Ul=False & U2=False
conv’’c_45B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’45 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H2))
(cgvertex ([c] [cgcl (cgedge (cgedge
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(CG ¢ cgc) <=z F2 !=22 CGV2 cgc) F1 F2 NE CGV1’ cgc)) F2)
<- store_var U2 false H2
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C2’) (s C1’) NE
<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c (s C2’) cgc
-> conv’’’_color C (s (s C)) C2’ cgc (D c) (CG c cgc)).

% Case: F=(neg U2) \/ (pos U1) \/ (pos U1)
YA Ul=True & U2=True

conv’’c_45C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’45 R2 R1 D ~ VAR2 ~ VAR1l) (sat\/2 (sat\/1 (satp H1)))
(cgvertex ([c] [cgc] (cgedge (cgedge
(CG ¢ cgc) F2 F1 NE CGV2 cgc) <=z F1 !=22 CGV1’ cgc)) F1)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C1’) (s C2’) NE
<= ({c:vertex}{cgc:colorvertex c (s C1’)}
conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

Dot
% Case: F=(neg U2) \/ (pos U1) \/ (neg U1)
% Ul=True & U2=_

conv’’c_46A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’46 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satp H1)))
(cgvertex ([c] [cgc]l (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul true H1

<- store_color V2 C2’ CGV2’

<- store_color V1 (s C1’) CGV1

<- lecolor €2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

hh
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% Case: F=(neg U2) \/ (pos U1) \/ (neg U1)
% Ul=True & U2=_

conv’’c_46B :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’46 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satp H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2’ cgc)) F1)

<- store_var Ul true H1

<- store_color V2 C2’ CGV2’

<- store_color V1’ (s C1’) CGV1’

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex c¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgec)).

hh
% Case: F=(neg U2) \/ (neg U1) \/ (pos U1)
% Ul=True & U2=_

conv’’c_47A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’47 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/2 (satp H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2 cgc)) F1)

<- store_var Ul true H1

<- store_color V2 C2’ CGV2

<- store_color V1 (s C1’) CGV1

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<= ({c:vertex}{cgc:colorvertex c¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

N
% Case: F=(neg U2) \/ (neg U1) \/ (pos Ul)
% Ul=False & U2=_

conv’’c_47B :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}

conv’’_color (s (s C)) (c’’47 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satn H1)))
(cgvertex ([c] [cgc] (cgedge (CG c cgc) F2 F1 NE CGV2 cgc)) F1)

<- store_var Ul false H1

<- store_color V2 C2’ CGV2

<- store_color V1’ (s C1’) CGV1’

<- lecolor C2’ (s (s C)) F2

<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) C2’ NE

<- ({c:vertex}{cgc:colorvertex ¢ (s Cl1’)} store_color c¢ (s Cl1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cgc)).

hh
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% Case: F=(neg U2) \/ (neg U1) \/ (neg U1)
) Ul=False & U2=False

conv’’c_48A :{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’48 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satn H1)))
(cgvertex ([c] [cgc] (cgedge (cgedge
(CG ¢ cgec) <=z F !=22 CGV2 cgc) <=z F !=z2 CGV1 cgc)) F)
<- store_var Ul false Hi1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C1’) (s (s C)) F
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s C)) C1’ cgc (D c) (CG c cge)).

% Case: F=(neg U2) \/ (neg U1) \/ (neg Ul)
% Ul=True & U2=False

conv’’c_48B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’48 R2 R1 D ~ VAR2 ~ VAR1) (sat\/1 (satn H2))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG ¢ cgc) <=z F2 !=22 CGV2 cgc) F1 F2 NE CGV1 cgc)) F2)
<- store_var U2 false H2
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- lecolor (s C2’) (s (s C)) F2
<- lecolor (s C1’) (s (s C)) F1
<- necolor (s C2’) (s C1’) NE
<- ({c:vertex}{cgc:colorvertex c (s C2’)} store_color c (s C2’) cgc
=> conv’’’_color C (s (s C)) €2’ cgc (D c) (CG c cgc)).

% Case: F=(neg U2) \/ (neg U1) \/ (neg Ul1)
4 Ul=False & U2=True

conv’’c_48C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
conv’’_color (s (s C)) (c’’48 R2 R1 D ~ VAR2 ~ VAR1) (sat\/2 (sat\/1 (satn H1)))
(cgvertex ([c] [cgc]l (cgedge (cgedge
(CG ¢ cgc) F2 F1 NE CGV2 cgc) <=z F1 !=z2 CGV1 cgc)) F1)
<- store_var Ul false Hi1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- lecolor (s C2’) (s (s C)) F2
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<- lecolor (s C1’) (s (s C)) F1

<- necolor (s C1’) (s C2’) NE

<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s C1’) cgc
=> conv’’’_color C (s (s C)) C1’ cgc (D ¢) (CG c cgc)).

hh hh
% Case: F=(pos U1) \/ (pos U2) \/ (pos U3)%
% Ul=True & U2=_ & U3=_ h
N T

conv’’c_b1A: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’51 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F1 NE3 CGV3’ cgc) F2 F1 NE2 CGV2’ cgc)
<=z F1 !=z2 CGV1’ cgc)) F1)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2’ C2’ CGV2’
<- store_color V3’ C3’ CGV3’
<- lecolor (s C1’) (s (s (s C))) F1
<- lecolor C2’ (s (s (s C))) F2
<- necolor (s C1’) C2’ NE2
<- lecolor C3’ (s (s (s C))) F3
<- necolor (s C1’) C3’ NE3
<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s Cl1’) cgc
-> conv’’’_color C (s (s (s C))) C1’ cgc (D c) (CG c cgc)).

% Case: F=(pos U1) \/ (pos U2) \/ (pos U3)
% Ul=_ & U2=True & U3=_

conv’’c_51B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’51 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/1 (satp H2)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F2 NE3 CGV3’ cgc) <=z F2 !=z2 CGV2’ cgc)
F1 F2 NE1 CGV1’ cgc)) F2)
<- store_var U2 true H2
<- store_color V1’ C1’ CGV1’
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- store_color V3’ C3’ CGV3’
<- lecolor C1’ (s (s (s C))) F1
<- lecolor (s C2’) (s (s (s C))) F2
<- necolor (s C2’) C1’ NE1
<- lecolor C3’ (s (s (s C))) F3
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<- necolor (s C2’) €3’ NE3
<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c¢ (s C2’) cgc
-> conv’’’_color C (s (s (s C))) C2’ cgc (D c) (CG c cgec)).

% Case: F=(pos U1) \/ (pos U2) \/ (pos U3)
) Ul=_ & U2=_ & U3=True

conv’’c_51C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’51 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/2 (satp H3)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
<=z F3 !=22 CGV3’ cgc) F2 F3 NE2 CGV2’ cgc)
F1 F3 NE1 CGV1’ cgc)) F3)
<- store_var U3 true H3
<- store_color V1’ C1’ CGV1’
<- store_color V2’ C2’ CGV2’
<- store_color V3 (s C3’) CGV3
<- store_color V3’ z CGV3’
<- lecolor C1’ (s (s (s C))) F1
<~ lecolor C2’ (s (s (s C))) F2
<- necolor (s C3’) C1’ NE1
<- lecolor (s C3’) (s (s (s C))) F3
<- necolor (s C3’) C2’ NE2
<- ({c:vertex}{cgc:colorvertex c (s C3’)} store_color c¢ (s C3’) cgc
-> conv’’’_color C (s (s (s C))) C3’ cgc (D c) (CG c cgc)).

N
% Case: F=(pos U1l) \/ (pos U2) \/ (neg U3)
% Ul=True & U2=_ & U3=_

conv’’c_b2A: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’52 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F1 NE3 CGV3 cgc) F2 F1 NE2 CGV2’ cgc)
<=z F1 !=z2 CGV1’ cgc)) F1)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2’ C2’ CGV2’
<- store_color V3 C3’ CGV3
<- lecolor (s C1’) (s (s (s C))) F1
<- lecolor €2’ (s (s (s C))) F2
<- necolor (s C1’) C2’ NE2
<- lecolor C3’ (s (s (s C))) F3
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<-
<-

necolor (s C1’) €3’ NE3
({c:vertex}{cgc:colorvertex ¢ (s C1°)} store_color ¢ (s C1’) cgc
-> conv’’’_color C (s (s (s C))) C1’ cgc (D c) (CG c cgec)).

% Case: F=(pos U1) \/ (pos U2) \/ (neg U3)
% Ul=_ & U2=True & U3=_

conv’’c_b52B:

{R1:relate U1l V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’52 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/1(satp H2)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F2 NE3 CGV3 cgc) <=z F2 !=z2 CGV2’ cgc)
F1 F2 NE1 CGV1’ cgc)) F2)
store_var U2 true H2
store_color V1’ C1’ CGV1’
store_color V2 (s C2’) CGV2
store_color V2’ z CGV2’
store_color V3 C3’ CGV3
lecolor C1’ (s (s (s C))) F1
lecolor (s C2’) (s (s (s ©))) F2
necolor (s C2’) C1’ NE1
lecolor C3’ (s (s (s C))) F3
necolor (s C2’) C3’ NE3
({c:vertex}{cgc:colorvertex c (s C2’)} store_color c (s C2’) cgc
-> conv’’’_color C (s (s (s C))) C2’ cgc (D c) (CG c cgc)).

% Case: F=(pos U1) \/ (pos U2) \/ (neg U3)
) Ul=_ & U2=_ & U3=False

conv’’c_b2C:

{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’52 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/2 (satn H3)))
(cgvertex ([c] [cgcl (cgedge (cgedge (cgedge (CG c cgc)
<=z F3 !=z2 CGV3 CgC) F2 F3 NE2 CGV2’ CgC)
F1 F3 NE1 CGV1’ cgc)) F3)
store_var U3 false H3
store_color V1’ C1’ CGV1’
store_color V2’ C2’ CGV2’
store_color V3 z CGV3
store_color V3’ (s C3’) CGV3’
lecolor C1’ (s (s (s C))) F1
lecolor C2’ (s (s (s C))) F2
necolor (s C3’) C1’ NE1
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<- lecolor (s C3’) (s (s (s C))) F3
<- necolor (s C3’) C2’ NE2
<- ({c:vertex}{cgc:colorvertex ¢ (s C3’)} store_color c (s C3’) cgc
-> conv’’’_color C (s (s (s C))) C3’ cgc (D c) (CG c cgc)).

hh
% Case: F=(pos U1) \/ (neg U2) \/ (pos U3)
% Ul=True & U2=_ & U3=_

conv’’c_b63A: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’53 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F1 NE3 CGV3’ cgc) F2 F1 NE2 CGV2 cgc)
<=z F1 !=z2 CGV1’ cgc)) F1)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 C2’ CGV2
<- store_color V3’ C3’ CGV3’
<- lecolor (s C1’) (s (s (s C))) F1
<- lecolor €2’ (s (s (s C))) F2
<- necolor (s C1’) C2’ NE2
<- lecolor C3’ (s (s (s C))) F3
<- necolor (s C1’) C3’ NE3
<- ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s Cl1’) cgc
-> conv’’’_color C (s (s (s C))) C1’ cgc (D c) (CG c cgc)).

% Case: F=(pos U1l) \/ (neg U2) \/ (pos U3)
% Ul=_ & U2=False & U3=_

conv’’c_53B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’53 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/1 (satn H2)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F2 NE3 CGV3’ cgc) <=z F2 !=z2 CGV2 cgc)
F1 F2 NE1 CGV1’ cgc)) F2)
<- store_var U2 false H2
<- store_color V1’ C1’ CGV1’
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- store_color V3’ C3’ CGV3’
<- lecolor C1’ (s (s (s C))) F1
<- lecolor (s C2’) (s (s (s C))) F2
<- necolor (s C2’) C1’ NE1
<- lecolor C3’ (s (s (s C))) F3
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<- necolor (s C2’) €3’ NE3
<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c¢ (s C2’) cgc
-> conv’’’_color C (s (s (s C))) C2’ cgc (D c) (CG c cgec)).

% Case: F=(pos U1) \/ (neg U2) \/ (pos U3)
) Ul=_ & U2=_ & U3=True

conv’’c_b63C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
{CGV3’ :colorvertex V3’ z}
conv’’_color (s (s (s C))) (c’’53 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/2 (satp H3)))
(cgvertex ([c] [cgcl (cgedge (cgedge (cgedge (CG c cgc)
<=z F3 !=z2 CGV3’ cgc) F2 F3 NE2 CGV2 cgc)
F1 F3 NE1 CGV1’ cgc)) F3)
<- store_var U3 true H3
<- store_color V1’ C1’ CGV1’
<- store_color V2 C2’ CGV2
<- store_color V3 (s C3’) CGV3
<- store_color V3’ z CGV3’
<- lecolor C1’ (s (s (s C))) F1
<- lecolor €2’ (s (s (s C))) F2
<- necolor (s C3’) C1’ NE1
<- lecolor (s C3’) (s (s (s C))) F3
<- necolor (s C3’) C2’ NE2
<- ({c:vertex}{cgc:colorvertex ¢ (s C3’)} store_color c (s C3’) cgc
-> conv’’’_color C (s (s (s C))) C3’ cgc (D c) (CG c cgc)).

hh
% Case: F=(pos U1) \/ (neg U2) \/ (neg U3)
A Ul=True & U2=_ & U3=_

conv’’c_54A: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’54 R3 R2 R1 D ~ VAR3 "~ VAR2 ~ VAR1) (sat\/1 (satp H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F1 NE3 CGV3 cgc) F2 F1 NE2 CGV2 cgc)
<=z F1 !=22 CGV1’ cgc)) F1)
<- store_var Ul true H1
<- store_color V1 (s C1’) CGV1
<- store_color V1’ z CGV1’
<- store_color V2 C2’ CGV2
<- store_color V3 C3’ CGV3
<- lecolor (s C1’) (s (s (s C))) F1
<- lecolor C2’ (s (s (s C))) F2
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<-
<-
<-
<-

necolor (s C1’) C2’ NE2
lecolor €3’ (s (s (s C))) F3
necolor (s C1’) C3’ NE3
({c:vertex}{cgc:colorvertex c (s C1’)} store_color ¢ (s C1’) cgc
-> conv’’’_color C (s (s (s C))) C1’ cgc (D c) (CG c cgc)).

% Case: F=(pos U1) \/ (neg U2) \/ (neg U3)
h Ul=_ & U2=False & U3=_

conv’’c_b4B:

{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’54 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/1 (satn H2)))
(cgvertex ([c] [cgcl (cgedge (cgedge (cgedge (CG c cgc)
F3 F2 NE3 CGV3 cgc) <=z F2 !=z2 CGV2 cgc)
F1 F2 NE1 CGV1’ cgc)) F2)
store_var U2 false H2
store_color V1’ C1’ CGV1’
store_color V2 z CGV2
store_color V2’ (s C2’) CGV2’
store_color V3 C3’ CGV3
lecolor C1’ (s (s (s C))) F1
lecolor (s C2’) (s (s (s C))) F2
necolor (s C2’) C1’ NE1
lecolor C3’ (s (s (s C))) F3
necolor (s C2’) C3’ NE3
({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color ¢ (s C2’) cgc
-> conv’’’_color C (s (s (s C))) C2’ cgc (D c) (CG c cgc)).

% Case: F=(pos U1l) \/ (neg U2) \/ (neg U3)
YA Ul=_ & U2=_ & U3=False

conv’’c_b4cC:

{Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’54 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/2 (satn H3)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
<=z F3 !=22 CGV3 cgc) F2 F3 NE2 CGV2 cgc)
F1 F3 NE1 CGV1’ cgc)) F3)
store_var U3 false H3
store_color V1’ C1’ CGV1’
store_color V2 C2’ CGV2
store_color V3 z CGV3
store_color V3’ (s C3’) CGV3’
lecolor C1’ (s (s (s C))) F1
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<- lecolor C2’ (s (s (s C))) F2
<- necolor (s C3’) C1’ NE1
<- lecolor (s C3’) (s (s (s C))) F3
<- necolor (s C3’) C2’ NE2
<= ({c:vertex}{cgc:colorvertex ¢ (s C3’)} store_color c (s C3’) cgc
-> conv’’’_color C (s (s (s C))) C3’ cgc (D c) (CG c cgec)).

N
% Case: F=(neg U1l) \/ (pos U2) \/ (pos U3)
% Ul=False & U2=_ & U3=_

conv’’c_bbA: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’55 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F1 NE3 CGV3’ CgC) F2 F1 NE2 CGV2’ CgC)
<=z F1 !=22 CGV1 cgc)) F1)
<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2’ C2’ CGV2’
<- store_color V3’ C3’ CGV3’
<- lecolor (s C1’) (s (s (s C))) F1
<- lecolor €2’ (s (s (s C))) F2
<- necolor (s C1’) C2’ NE2
<- lecolor €3’ (s (s (s C))) F3
<- necolor (s C1’) C3’ NE3
<= ({c:vertex}{cgc:colorvertex ¢ (s Cl1’)} store_color c (s C1’) cgc
-> conv’’’_color C (s (s (s C))) C1’ cgc (D c) (CG c cgc)).

% Case: F=(neg U1) \/ (pos U2) \/ (pos U3)
% Ul=_ & U2=True & U3=_

conv’’c_55B: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’55 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/1 (satp H2)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F2 NE3 CGV3’ cgc) <=z F2 !=z2 CGV2’ cgc)
F1 F2 NE1 CGV1 cgc)) F2)
<- store_var U2 true H2
<- store_color V1 C1’ CGV1
<- store_color V2 (s C2’) CGV2
<- store_color V2’ z CGV2’
<- store_color V3’ C3’ CGV3’
<- lecolor C1’ (s (s (s C))) F1
<- lecolor (s C2’) (s (s (s C))) F2
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<- necolor (s C2’) C1’ NE1
<- lecolor C3’ (s (s (s C))) F3
<- necolor (s C2’) C3’ NE3
<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c (s C2’) cgc
-> conv’’’_color C (s (s (s C))) C2’ cgc (D c) (CG c cgc)).

% Case: F=(neg U1) \/ (pos U2) \/ (pos U3)
) Ul=_ & U2=_ & U3=True

conv’’c_55C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’55 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/2 (satp H3)))
(cgvertex ([c] [cgcl (cgedge (cgedge (cgedge (CG c cgc)
<=z F3 !=z2 CGV3’ cgc) F2 F3 NE2 CGV2’ cgc)
F1 F3 NE1 CGV1 cgc)) F3)
<- store_var U3 true H3
<- store_color V1 C1’ CGV1
<- store_color V2’ C2’ CGV2’
<- store_color V3 (s C3’) CGV3
<- store_color V3’ z CGV3’
<- lecolor C1’ (s (s (s C))) F1
<- lecolor €2’ (s (s (s C))) F2
<- necolor (s C3’) C1’ NE1
<- lecolor (s C3’) (s (s (s C))) F3
<- necolor (s C3’) C2’ NE2
<- ({c:vertex}{cgc:colorvertex ¢ (s C3’)} store_color c (s C3’) cgc
-> conv’’’_color C (s (s (s C))) C3’ cgc (D c) (CG c cgc)).

N
% Case: F=(neg U1l) \/ (pos U2) \/ (neg U3)
% Ul=False & U2=_ & U3=_

conv’’c_56A: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’56 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgcl (cgedge (cgedge (cgedge (CG c cgc)
F3 F1 NE3 CGV3 CgC) F2 F1 NE2 CGV2’ ch)
<=z F1 !=22 CGV1 cgc)) F1)
<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2’ C2’ CGV2’
<- store_color V3 C3’ CGV3
<- lecolor (s C1’) (s (s (s C))) F1
<- lecolor C2’ (s (s (s C))) F2
<- necolor (s C1’) C2’ NE2
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<-
<-
<-

lecolor €3’ (s (s (s C))) F3
necolor (s C1’) C3’ NE3
({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s Cl1’) cgc
-> conv’’’_color C (s (s (s C))) C1’ cgc (D ¢) (CG c cgc)).

% Case: F=(neg U1) \/ (pos U2) \/ (neg U3)
% Ul=_ & U2=True & U3=_

conv’’c_b6B:

{R1:relate U1 V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’56 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/1 (satp H2)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F2 NE3 CGV3 cgc) <=z F2 !=z2 CGV2’ cgc)
F1 F2 NE1 CGV1 cgc)) F2)
store_var U2 true H2
store_color V1 C1’ CGV1
store_color V2 (s C2’) CGV2
store_color V2’ z CGV2’
store_color V3 C3’ CGV3
lecolor C1’ (s (s (s C))) F1
lecolor (s C2’) (s (s (s C))) F2
necolor (s C2’) C1’ NE1
lecolor C3’ (s (s (s C))) F3
necolor (s C2’) C3’ NE3

<- ({c:vertex}{cgc:colorvertex c (s C2’)} store_color c (s C2’) cgc

-> conv’’’_color C (s (s (s C))) C2’ cgc (D c) (CG c cgc)).

% Case: F=(neg U1l) \/ (pos U2) \/ (neg U3)
% Ul=_ & U2=_ & U3=False

conv’’c_b6C:

{R1l:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’56 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/2 (satn H3)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
<=z F3 !=z2 CGV3 cgc) F2 F3 NE2 CGV2’ cgc)
F1 F3 NE1 CGV1 cgc)) F3)
store_var U3 false H3
store_color V1 C1’ CGV1
store_color V2’ C2’ CGV2’
store_color V3 z CGV3
store_color V3’ (s C3’) CGV3’
lecolor C1’ (s (s (s C))) F1
lecolor C2° (s (s (s C))) F2
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<- necolor (s C3’) C1’ NE1
<- lecolor (s C3’) (s (s (s C))) F3
<- necolor (s C3’) C2’ NE2
<= ({c:vertex}{cgc:colorvertex c (s C3’)} store_color c (s C3’) cgc
-> conv’’’_color C (s (s (s C))) C3’ cgc (D c) (CG c cgc)).

N
% Case: F=(neg U1l) \/ (neg U2) \/ (pos U3)
% Ul=False & U2=_ & U3=_

conv’’c_b7A: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’57 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgcl (cgedge (cgedge (cgedge (CG c cgc)
F3 F1 NE3 CGV3’ cgc) F2 F1 NE2 CGV2 cgc)
<=z F1 !=22 CGV1 cgc)) F1)
<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 C2’ CGV2
<- store_color V3’ C3’ CGV3’
<- lecolor (s C1’) (s (s (s C))) F1
<- lecolor €2’ (s (s (s C))) F2
<- necolor (s C1’) C2’ NE2
<- lecolor C3’ (s (s (s C))) F3
<- necolor (s C1’) C3’ NE3
<= ({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color ¢ (s C1’) cgc
-> conv’’’_color C (s (s (s C))) C1’ cgc (D c) (CG c cgc)).

% Case: F=(neg U1l) \/ (neg U2) \/ (pos U3)
% Ul=_ & U2=False & U3=_

conv’’c_57B: {Ri:relate U1l V1 V1’ _ }{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’57 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/1 (satn H2)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F2 NE3 CGV3’ cgc) <=z F2 !=z2 CGV2 cgc)
F1 F2 NE1 CGV1 cgc)) F2)
<- store_var U2 false H2
<- store_color V1 C1’ CGV1
<- store_color V2 z CGV2
<- store_color V2’ (s C2’) CGV2’
<- store_color V3’ C3’ CGV3’
<- lecolor C1’ (s (s (s C))) F1
<- lecolor (s C2’) (s (s (s C))) F2
<- necolor (s C2’) C1’ NE1
<- lecolor C3’ (s (s (s C))) F3
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<- necolor (s C2’) €3’ NE3
<= ({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c¢ (s C2’) cgc
-> conv’’’_color C (s (s (s C))) C2’ cgc (D c) (CG c cgec)).

% Case: F=(neg U1l) \/ (neg U2) \/ (pos U3)
h Ul=_ & U2=_ & U3=True

conv’’c_57C: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’57 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/2 (satp H3)))
(cgvertex ([c] [cgcl (cgedge (cgedge (cgedge (CG c cgc)
<=z F3 !=z2 CGV3’ cgc) F2 F3 NE2 CGV2 cgc)
F1 F3 NE1 CGV1 cgc)) F3)
<- store_var U3 true H3
<- store_color V1 C1’ CGV1
<- store_color V2 C2’ CGV2
<- store_color V3 (s C3’) CGV3
<- store_color V3’ z CGV3’
<- lecolor C1’ (s (s (s C))) F1
<- lecolor €2’ (s (s (s C))) F2
<- necolor (s C3’) C1’ NE1
<- lecolor (s C3’) (s (s (s C))) F3
<- necolor (s C3’) C2’ NE2
<- ({c:vertex}{cgc:colorvertex ¢ (s C3’)} store_color c (s C3’) cgc
-> conv’’’_color C (s (s (s C))) C3’ cgc (D c) (CG c cgc)).

N
% Case: F=(neg U1l) \/ (neg U2) \/ (neg U3)
% Ul=False & U2=_ & U3=_

conv’’c_58A: {Rl:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’58 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1) (sat\/1 (satn H1))
(cgvertex ([c] [cgcl (cgedge (cgedge (cgedge (CG c cgc)
F3 F1 NE3 CGV3 CgC) F2 F1 NE2 CGV2 ch)
<=z F1 !=22 CGV1 cgc)) F1)

<- store_var Ul false H1
<- store_color V1 z CGV1
<- store_color V1’ (s C1’) CGV1’
<- store_color V2 C2’ CGV2
<- store_color V3 C3’ CGV3
<- lecolor (s C1’) (s (s (s C))) F1
<- lecolor C2’ (s (s (s C))) F2
<- necolor (s C1’) C2’ NE2
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<-
<-
<-

lecolor €3’ (s (s (s C))) F3
necolor (s C1’) C3’ NE3
({c:vertex}{cgc:colorvertex ¢ (s C1’)} store_color c¢ (s Cl1’) cgc
-> conv’’’_color C (s (s (s C))) C1’ cgc (D ¢) (CG c cgc)).

% Case: F=(neg U1l) \/ (neg U2) \/ (pos U3)
% Ul=_ & U2=False & U3=_

conv’’c_b8B:

{R1:relate U1 V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’58 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/1 (satn H2)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
F3 F2 NE3 CGV3 cgc) <=z F2 !=z2 CGV2 cgc)
F1 F2 NE1 CGV1 cgc)) F2)
store_var U2 false H2
store_color V1 C1’ CGV1
store_color V2 z CGV2
store_color V2’ (s C2’) CGV2’
store_color V3 C3’ CGV3
lecolor C1’ (s (s (s C))) F1
lecolor (s C2’) (s (s (s C))) F2
necolor (s C2’) C1’ NE1
lecolor C3’ (s (s (s C))) F3
necolor (s C2’) C3’ NE3
({c:vertex}{cgc:colorvertex ¢ (s C2’)} store_color c (s C2’) cgc
-> conv’’’_color C (s (s (s C))) C2’ cgc (D c) (CG c cgc)).

% Case: F=(neg U1l) \/ (neg U2) \/ (pos U3)
% Ul=_ & U2=_ & U3=False

conv’’c_58C:

{R1l:relate Ul V1 V1’ _}{R2:relate U2 V2 V2’ _}
{R3:relate U3 V3 V3’ _}
conv’’_color (s (s (s C))) (c’’58 R3 R2 R1 D ~ VAR3 ~ VAR2 ~ VAR1)
(sat\/2 (sat\/2 (satn H3)))
(cgvertex ([c] [cgc]l (cgedge (cgedge (cgedge (CG c cgc)
<=z F3 !=2z2 CGV3 cgc) F2 F3 NE2 CGV2 cgc)
F1 F3 NE1 CGV1 cgc)) F3)
store_var U3 false H3
store_color V1 C1’ CGV1
store_color V2 C2’ CGV2
store_color V3 z CGV3
store_color V3’ (s C3’) CGV3’
lecolor C1’ (s (s (s C))) F1
lecolor C2° (s (s (s C))) F2
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<- necolor (s C3’) C1’ NE1
<- lecolor (s C3’) (s (s (s C))) F3
<- necolor (s C3’) C2’ NE2
<= ({c:vertex}{cgc:colorvertex ¢ (s C3’)} store_color c (s C3’) cgc
-> conv’’’_color C (s (s (s C))) C3’ cgc (D c) (CG c cgc)).

% Correctness of coloring of all graphs corresponding to all clauses

% on the continuation

conv’_color : {C:nat} conv’ K G -> satK K -> coloring C G -> type.

%mode conv’_color +C +CV +CK -CG.

conv’c_base : conv’_color C (c’_* ~ ()) satKx cgt.

conv’c_cont : conv’_color C (c’_; (D1 , D2)) (satK; E2 E1) (cgunion CG1l CG2)
<- conv’_color C D1 E1 CG1
<- conv’’_color C D2 E2 CG2.

% Proof of the Reduction - from 3-SAT to Chromatic Number
main_theorem : {C:nat} conv F C C’ K G -> sat F -> satK K -> coloring C’ G -> type.
/mode main_theorem +C +CV +CF +CK -CG.
caselt : main_theorem C (c_new D) (satnewt E) F
(cgvertex ([v] [cgv] (cgvertex ([v’][cgv’]
(cgvertex ([x][cgx] (cgedge (CG v v’ x cgv cgv’ cgx)
<=z H !=2z2 cgv’ cgv)) H)) <=z)) H)
<= ({u:v} {hypt: hyp u truel{v:vertex}{v’:vertex}{x:vertex}
{r:relate u v v’ x}{var: var ul{cgv :colorvertex v (s C)}
{cgv’:colorvertex v’ z}{cgx :colorvertex x (s C)}
store_color v (s C) cgv —-> store_color v’ z cgv’ ->
store_color x (s C) cgx -> store_var u true hypt ->
main_theorem (s C) (Duv v’ xr ~ var) (E u hypt) F
(CG v v’ x cgv cgv’ cgx))
<= ({u:vHv:vertex}{v’ :vertex}{x:vertex}
{r:relate u v v’ x}{var: var u}
conv_invariant (Du v v’ x r ~ var) H).

caself : main_theorem C (c_new D) (satnewf E) F
(cgvertex ([v] [cgv] (cgvertex ([v’][cgv’]
(cgvertex ([x][cgx] (cgedge (CG v v’ x cgv cgv’ cgx)
H <=z !=z1 cgv’ cgv)) H)) H)) <=2z)
<= ({u:v} {hypf: hyp u false}{v:vertex}{v’:vertex}{x:vertex}
{r:relate u v v’ x}{var: var ul{cgv :colorvertex v z}
{cgv’:colorvertex v’ (s C)}{cgx :colorvertex x (s C)}
store_color v z cgv -> store_color v’ (s C) cgv’ ->
store_color x (s C) cgx -> store_var u false hypf ->
main_theorem (s C) (Du v v’ xr ~ var) (E u hypf) F
(CG v v’ x cgv cgv’ cgx))
<=({u:vH{v:vertex}{v’:vertex}{x:vertex}
{r:relate u v v’ x}{var: var u}
conv_invariant (D u v v’ x r ~ var) H).

case?2 : main_theorem C (c_/\ D) (sat/\ E1 E2) F CG
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<- main_theorem C D E2 (satK; E1 F) CG.

case3 : main_theorem C (c_\/ (D1 , D2 , D3)) E F (cgunion CG1l (cgunion CG2 CG3))
<- conv’_color C D1 (satK; E F) CG1
<- clique_color C D2 CG2
<- vars2clique_color C D3 CG3.
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