In this report we investigate the solution of boundary value problems for elliptic partial
differential equations on domains with corners. Previously, we observed that when, in
the case of polygonal domains, the boundary value problems are formulated as boundary
integral equations of classical potential theory, the solutions are representable by series
of certain elementary functions. Here, we extend this observation to the general case of
regions with boundaries consisting of analytic curves meeting at corners. We show that the
solutions near the corners have the same leading terms as in the polygonal case, plus a series
of corrections involving products of the leading terms with integer powers and powers of
logarithms. Furthermore, we show that if the curve in the vicinity of a corner approximates
a polygon to order k, then the correction added to the leading terms will vanish like O(t¥),
where t is the distance from the corner.
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1 Introduction

In classical potential theory, elliptic partial differential equations are reduced to second
kind boundary integral equations by representing the solutions as single-layer or double-
layer potentials on the boundaries of the regions.

In general, when the region on which an elliptic partial differential equation is solved
has corners, the solutions to both the differential equation and corresponding boundary
integral equations will be singular at the corners. The existence and uniqueness of the
solutions to both equations in the L2-sense have long been known (see [2], [21]), and the
properties of the solutions to both the differential and integral equations on such regions
have been the subject of extensive research (see, for example, [9], [23], [22]; reviews of
the literature can be found in, for example, [4], [10]).

Recently, the author observed that when the boundary integral equations of classical
potential theory are solved on polygonal domains, the solutions in the vicinity of corners
admit explicit, rapidly-convergent series representations, which appear to have been
overlooked in the classical literature (see [17], [20]). These series also turn out to lend
themselves to the construction of highly efficient and accurate numerical algorithms for
the solution of the integral equations. However, this detailed analysis has so far been
restricted to the relatively narrow case of polygons.

The subject of this report is the extension of the apparatus presented in [20] to the
general case of regions with boundaries consisting of analytic curves meeting at sharp
corners. It turns out that, when the smooth parts of the boundaries are allowed to be
general analytic curves, the singularities near the corners have the same leading terms
as in the polygonal case, plus a series of corrections involving products of the leading
terms with integer powers and powers of logarithms. Furthermore, if the curve in the
vicinity of a corner approximates a polygon to order k, then the correction added to the
leading terms will vanish like O(#*), where ¢ is the distance from the corner.

The structure of this report is as follows. Section [2] provides an overview of the
principal results. In Section [3| we introduce the necessary mathematical preliminar-
ies. Section [4] contains the general analytical apparatus. In Section [5] we analyze the
boundary integral equations and prove the principal theorems.

2 Overview

The following two subsections [2.1] and summarize the Dirichlet and Neumann cases
respectively. The principal results of this report are theorems and

Suppose that : [-1,1] — R? is a curve in R2. Let 7; denote the function (—t),
for 0 < ¢t < 1, and 72 denote the function ~(¢), for 0 < ¢t < 1, and suppose that ~;
and - are two analytic curves (see Definition meeting at a corner at v(0) with
interior angle wma (see Figure . Suppose that, without loss of generality, the curves
are parameterized by arc length (see Theorem . Suppose further that M is a
nonnegative integer and, letting x; and ks denote the signed curvatures of v; and s
respectively (see Definition , suppose that k1 and ko are both polynomials of degree
M. Finally, let v(t) denote the inward-facing unit normal to the curve v at ¢, and let '
denote the set y([—1,1]). By extending the ends of the curves to infinity, we divide R?
into two open sets ©; and {2y (see Figure [1)).
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Figure 1: Two curves meeting at a corner in R?

2.1 The Dirichlet Case

Let ¢: R?\T' — R denote the potential induced by a dipole distribution on ~ with
density p: [—1,1] — R. In other words, let ¢ be defined by the formula

- v
o) = o [ LDy an 1)

2N R PERTONE

for all # € R%2\ T, where || - || denotes the Euclidean norm and (-,-) denotes the inner
product in R2. Suppose that g: [-1,1] — R is defined by the formula
g(t) = lim ¢(z), (2)
z—(t)
xENo

for all —1 < ¢ < 1, i.e. g is the limit of integral when x approaches the point ()
from inside. It is well known that

1
o) = 500 + 5 [ Kt.s)ott)ar Q

for all —1 < s <1, where

ls) = (0, (1)
Kts) = S @ =0 @

for all —1 < s,t < 1, where (-,-) denotes the inner product in R2.

The following defines the three classes of functions F, G, and H—in Theorem
we show that if the boundary data g defined by is smooth on each side of the corner,
then the solution p to equation is a linear combination of functions belonging to F, G,
and H.

Remark 2.1. Suppose that k is a positive integer and (a1, as, . .., a) € R¥. We use the
notation FPg, a,.....a5)" R* — R to denote a polynomial with the following properties:



e The polynomial P, o, q,)(T1,%2,...,7x) is a linear combination of monomials
of the form

wytay® -t (5)
where n; € Z and 0 <n; < a;, fori=1,2,...,k.
e If any of aj,az,...,a; are less than zero, then Py, 45, 4,) = 0.

Definition 2.1 (The class F). We define the class of functions Fj v (p) C L?([—1,1])
for all integers k > 0, N > 0 and real numbers 0 < oo < 2, p € (—%, N1, as follows.

Case 1: Suppose that a ¢ Q. Then Fj, no(p) is the set of all functions of the form

£ = [t + [P (8], sgn(t), (6)
for all —1 <t <1, where P: RZ>Risa polynomial.

Case 2: Suppose now that o € Q. Suppose further that p and ¢ are integers such that
a = p/q, where p/q is a reduced fraction and ¢ > 0. Then Fj v (1) is the set of all
functions of the form

F(&) = [8* + [t Py g1 ngg ) (1t log [t sgn(?)), (7)

for all -1 < t < 1, where P: R®> — R is a polynomial, and, for each n > 0, every
monomial in f containing (log|¢)™ is multiplied by [t|“+, with £ > n - q.

Definition 2.2 (The class G). We define the class of functions Gx y (1) C L?([-1,1])
for all integers k > 0, N > 0 and real numbers 0 < a < 2, p € (—%,N] as the set of all
functions of the form

F(&) = 8" + 1 Py k0 (g 1) (I8 Log [2], sgn (1)), (8)

for all =1 < t < 1, where P: R?> — R is a polynomial and, for each n > 0, every
monomial in f containing (log|¢|)" is multiplied by |t[***, with £ > [n/2] - q.

Definition 2.3 (The class H). We define the class of functions Hy (1) C L?([—1,1])
for all integers k£ > 0, N > 0 and real numbers 0 < a < 2, u € (—%, N] as the set of all
functions of the form

(&) = [t Tog(Jt]) + [t/ Py k1.2 (v/g)+1,1) ([t Log [, sgn (), 9)

for all =1 < ¢t < 1, where P: R?> — R is a polynomial and, for each n > 0, every
monomial in f containing (log |t|)"*! is multiplied by |t|**¢, with £ > [n/2] - q.

In this report, we prove the following theorem, which holds for any angle 0 < T < 27
and almost every curve 7; and 2, and which is the first of the two principal results of
this report.



Theorem 2.1. Suppose that 0 < a < 2 and that N is a nonnegative integer. Suppose
further that k is a nonnegative integer and that /iln) (0) = Hén) (0)=0forn=0,...,k—1,
or, in other words, that the curvatures of y1 and 2, and their first k — 1 derivatives, are
zero at the corner (see Theorem . Let

- [22]. g

-2 w
and

- () w

=[] w

and observe that L+M = N and M+L = N. Then there exist functions X1,1, X1,25 - > X1.T,
and X2,05 X2,15 -3 X2,M > where

c TN (Z2L) if 2L o 2T for each integer 1 < j < M, (14)
X Grna(3Et)  if2l = 23—]& for some integer 1 < j < M,

- fk,N,a(%) if% # % for each integer 1 < i < L, (15)
X2 Hina(5%) ifﬁ—]& = 2L for some integer 1 <i < L,

for1<i <L and0<j <M, and functions ni,1,m1,2, -7 57 and 12,0,92,1, - - N2,L,
where

‘ fk7N7a(22i:(i) if 5= 2i= 1 %J for each integer 1 < j < L, (16)
i QkNa(zl_j) if 5= i 1 = %J for some integer 1 < j < L,
- ka\[,a(%) Zf%] # 5 21 - for each integer 1 < i < M, (17)
123 Hk,N,a(%j) if%] = 2’ 1 L for some integer 1 <i < M,
for1<i< M and 0 < j < L, such that the following holds.
Forward direction: Suppose that p has the form
L M M L
t) = Z butix1,i(t) + Z bixa,i(t) + Z crvisgn(t)ni(t) + Z cisgn(t)nz2i(t), (18)
i=1 i=0 i=1 i=0
forall =1 <t <1, where by, by, ..., by and cg,c1,...,cn are arbitrary real numbers, and

let g be defined by (@ Then there exist real numbers By, B1,...,B8n and &, &1, ..., &N
such that

N N
= Baltl" + D &usen(®)|t" + o(|t]™), (19)
n=0 n=0

forall =1 <t <1.



Converse direction: The converse is also true, in the following sense. Suppose that N
s an arbitrary nonnegative integer. Then, for each 0 < a < 2, there exists an open
ball Bsa) C RM*1 of radius 6(c), centered at zero, and a set K (o) C Bs(a) X Bs(a) of
measure zero, where 0 ¢ K(«), such that the following holds. If the curvatures k1 and
Ko of the curves y1 and s are defined by

p1(t) = a1 +apat + - +appt, (20)
wo(t) = ago + agt + - + ag prtM (21)

forall0 <t <1, and (a10,a11,---,01,0,020,02,1,---,02,M) € Bsa) X Bsa) \K(a), then
for any g of the form , there exist unique real numbers by, by, ...,by and cg,c1,...,cN
such that p, defined by , solves equation (@ to within an error o |t|™).

In other words, if p has the form , then g is smooth on each of the intervals [—1, 0]
and [0,1]. Conversely, if g is smooth on each of the intervals [—1,0] and [0, 1], then for
each nonnegative integer IV, and for each angle ma and almost every curve v and 7o,
there exists a unique solution p of the form that solves equation to within an
error o([t|™V).

Observation 2.2. When o = 1 we observe that, if the boundary data ¢ is smooth on
each of the intervals [—1,0] and [0, 1], then the solution p to equation (3)) is representable
by a series involving products of powers of |t| and powers of |t|log |t|.

2.2 The Neumann Case

Let ¢: R2\ T — R denote the potential induced by a charge distribution on ~ with
density p: [-1,1] — R. In other words, let ¢ be defined by the formula

(@) = —5= [ 10a(ln(t) = alott) ar, 22)

for all z € R2\ T, where || - | denotes the Euclidean norm. Suppose that g: [-1,1] — R
is defined by the formula

. 0¢(x)
) = o ®
rEN

, (23)

for all —1 <t < 1, i.e. g is the limit of the normal derivative of integral when x
approaches the point v(t) from outside. It is well known that

1 1 [t
o) = 50 + 5= [ K(s.ptt)an (21)
for all —1 < s <1, where
(®) = (s),(s))
KD = @ —GE (25)

for all —1 < s,t < 1, where (-,-) denotes the inner product in R?.
The following theorem, which holds for any angle 0 < ma < 27 and almost every
curve 1 and 7s, is the second of the two principal results of this report.



Theorem 2.2. Suppose that 0 < a < 2 and that N is a positive integer. Suppose further
that k is a nonnegative integer and that Hgn) (0) = Kén) (0) =0 forn=0,...,k—1, or, in
other words, that the curvatures of y1 and 2, and their first k — 1 derivatives, are zero

at the corner (see Theorem . Let

- N
L= {O‘ ] (26)
2
alN
L= {—J 27
L= (21)
and
2—a)N
M = Li( @) J, (28)
2
— 2—a)N
N — P @) ] (29)
2
and observe that L+M = N and M+L = N. Then there exist functions X1.1, X1.2, - - - v X1 T
and X2,1,X2,2,-- -, X2,M, where
. ]:k,N_La(%;l — 1) zf% #* 22_—]0[ for each integer 1 < j < M, (30)
XL Grn-1a(2t—1) if2l = 22_—Ja for some integer 1 < j < M,
. fk,N—l,a(% — 1) zf22_—ja =+ 2%1 for each integer 1 < i < L, (31)
X2 ’Hk,N,l,a(ﬁ — 1) if;_—]a = % for some integer 1 < i < L,

for1<i<Land1l < j <M, and functions M1 11,25 -+ -5 Th 37 and 1m2.1,1M2,2, - -, M2.L,
where

e fk,Nﬂ,a(% — 1) 7 % %J for each integer 1 < j < L, (32)
e gk,N—l,a(% - 1) 1 % = %] for some integer 1 < j < L,

- fk,Nq,a(% — 1) if% #* % for each integer 1 < i < M, (33)
0 Hk,N—l,a(%J - 1) if%] = % for some integer 1 < i < M,

for1<i< M and1<j<L (see deﬁnitions and , such that the following
holds.

Forward direction: Suppose that p has the form

L M M L

p(t) = Z bprxai(t) + Z bixz2,i(t) + Z cp i sen(t)m,i(t) + Z cisgn(t)ne,i(t), (34)
i=1 i=1 i=1 i=1

for all =1 < t < 1, where by,bs,..., by and ci,co,...,cn are arbitrary real num-

bers, and let g be defined by . Then there exist real numbers By, b1, ...,Bn_1 and
£0,&1,-..,&EN—1 such that

N-1 N-1
g(t) =D Balt* + D &usgn(®)|t" + o(t|N ), (35)
n=0 n=0



forall =1 <t < 1.

Converse direction: The converse is also true, in the following sense. Suppose that N
is an arbitrary positive integer. Then, for each 0 < a < 2, there exists an open ball
Bja) C RM+L of radius 6(ct), centered at zero, and a set K(a) C Bs(a) X Bs(a) of
measure zero, where 0 ¢ K(«), such that the following holds. If the curvatures k1 and
Ko of the curves y1 and o are defined by

w1(t) = a1 +arat + - +ap it (36)
Ko(t) = agg + agt + - + ag prtM, (37)

forall0 <t <1, and (a10,a11,--.,01,M,020,021,---,02,M) € Bsa) X Bsa)\ K (), then
for any g of the form , there exist unique real numbers by, bs, ..., by and ci,co,...,cN
such that p, defined by , solves equation to within an error o([t|N~1).

In other words, if p has the form , then g is smooth on each of the intervals [—1, 0]
and [0,1]. Conversely, if g is smooth on each of the intervals [—1,0] and [0, 1], then for
each positive integer N, and for each angle ma and almost every curve 1 and -2, there

exists a unique solution p of the form that solves equation to within an error
o([tN ).

3 Mathematical Preliminaries

3.1 Boundary Value Problems

Figure 2: A simple closed curve in R?

Suppose that v: [0, L] — R? is a simple closed curve of length L with a finite number of
corners. Suppose further that v is analytic except at the corners. We denote the interior
of v by © and the boundary of by I', and let v(¢) denote the normalized internal
normal to v at ¢ € [0, L]. Supposing that g is some function g: [0, L] — R, we will solve
the following four problems.



1) Interior Neumann problem (INP): Find a function ¢: € — R such that

V2ip(z) =0 for x € Q, (38)
9p(x) _
zig?gt) D) g(t) for t € [0, L]. (39)
S

2) Exterior Neumann problem (ENP): Find a function ¢: R?\ Q — R such that

V23p(x) =0 for z € R%\ Q, (40)
im 22 _ for t € [0, L. (41)

z—(t) 8V(t) ’

z€R?\Q

3) Interior Dirichlet problem (IDP): Find a function ¢: Q@ — R such that

V2p(z) =0 for x € Q, (42)
lim ¢(z) = g(t) for ¢t € [0, L]. (43)
)

4) Esterior Dirichlet problem (EDP): Find a function ¢: R? \ Q — R such that

V3¢(x) =0 for z € R?\ Q, (44)
linr%t) o(x) = g(t) for t € [0, L]. (45)
J:EIRVQ\Q

Suppose that g € L2([0,L]). Then the interior and exterior Dirichlet problems have
unique solutions. If g also satisfies the condition

L
/0 g(t)dt =0, (46)

then the interior and exterior Neumann problems have unique solutions up to an additive
constant (see, for example, [7], [3]).

3.2 Integral Equations of Potential Theory

In classical potential theory, boundary value problems are solved by representing the
function ¢ by integrals of potentials over the boundary. The potential of a unit charge
located at zg € R? is the function ¢20: R2\ 29 — R, defined via the formula

U5, (2) = log(||x — o)), (47)

for all # € R?\ zg, where || - | denotes the Euclidean norm. The potential of a unit
dipole located at xp € R? and oriented in direction h € R2, ||h|| = 1, is the function
YL n: R*\ 2o — R, defined via the formula

(h,z — x0)

e — ol

Ppon(T) = (48)

10



for all x € R? \ xg, where (-,-) denotes the inner product.
Charge and dipole distributions with density p: [0, L] — R on I' produce potentials
given by the formulas

L
_ /0 W0 (@)p(t) dt, (49)

and

L
= /0 Oy ey (@)p(t) dt, (50)
respectively, for any z € R?\ T.

Reduction of Boundary Value Problems to Integral Equations

The following four theorems reduce the boundary value problems of Section [3.1]to bound-
ary integral equations. They are found in, for example, [14], [21].

Theorem 3.1 (Exterior Neumann problem). Suppose that p € L*([0,L]). Suppose
further that g: [0, L] — R is defined by the formula

4(s) = —mp(s) /% o (1)) dt, (51)

for any s € [0,L]. Then g is in L*([0,L]), and a solution ¢ to the exterior Neumann
problem with right hand side g is obtained by substituting p into @ Moreover, for any
g € L*([0, L)), equation (ﬂ) has a unique solution p € L*([0, L]).

Theorem 3.2 (Interior Dirichlet problem). Suppose that p € L*([0, L]). Suppose further
that g: [0, L] — R is defined by the formula

g(s) = —mp(s / UL (V()0lE) (52)

for any s € [0,L]. Then g is in L*([0, L]), and the solution ¢ to the interior Dirichlet
problem with right hand side g is obtained by substituting p into (@) Moreover, for any
g € L*([0, L)), equation @ has a unique solution p € L*([0, L]).

The following two theorems make use of the function w: [0, L] — R, defined as the
solution to the equation

L
/0 a(t) log(||z — 4(8))dt = 1, (53)

for all x € Q. In other words, we define the function @ as the density of the charge
distribution on I when  is a conductor.

Theorem 3.3 (Interior Neumann problem). Suppose that p € L?([0, L]). Suppose fur-
ther that g: [0, L] — R is defined by the formula

L
4(s) = mp(s) + /0 By i (VO P(E) (54)

11



for any s € [0,L]. Then g is in L*([0,L]), and a solution ¢ to the exterior Neumann
problem with right hand side g is obtained by substituting p into (@)
Now suppose that g is an arbitrary function in L*([0, L]) such that

L
/o g(t)dt = 0. (55)

Then equation has a solution p € L2([(),L]). Moreover, if p1 and p2 are both
solutions to equation , then there exists a real number C such that

pi(t) — pa(t) = Cw(t), (56)
fort € [0, L], where @ is the solution to .
Theorem 3.4 (Exterior Dirichlet problem). Suppose that p € L*([0, L]). Suppose further
that g: [0, L] — R is defined by the formula

L
o(s) = mp(s) + /0 B (1)) plE) i, (57)

for any s € [0,L]. Then g is in L*([0, L]), and the solution ¢ to the interior Dirichlet
problem with right hand side g is obtained by substituting p into (@)
Now suppose that g is an arbitrary function in L*([0, L]) such that

/ ¥ ) di = 0, (58)
0

where W is the solution to . Then equation has a solution p € L?([0,L]).
Moreover, if p1 and ps are both solutions to equation , then there exists a real number
C such that

p1(t) — p2(t) = C, (59)
fort €0, L].

Observation 3.1. Equation is the adjoint of equation , and equation (b4 is
the adjoint of equation (57)).

Observation 3.2. Suppose that the curve v: [0, L] — R? is not closed We observe that
if p € L2([0,L]), and g is defined by either 1. (52), (54), or (57), then g € L%([0, L)).
Moreover, if g € L?([0, L]), then equations (51)), (52)), (54), and (57) have unique solutions
p e L2([0, L]).

Properties of the Kernels of Equations (51)), (52), (54), and (57))

The following theorem shows that if a curve 7 is has k continuous derivatives, where

k > 2, then the kernels of equations , , , and have k — 2 continuous

derivatives. It is found in, for example, [1].

12



Theorem 3.5. Suppose that v: [0, L] — R? is a curve in R? that is parameterized by
arc length. Suppose further that k > 2 is an integer. If v is C* on a neighborhood of a
point s, where 0 < s < L, then

w'ly(s),u(s) (7(@)7 (60)
djl t),v(t) (7(8)), (61)
are CF—2 functions of t on a neighborhood of s and
1
i a2 o) (V(8) = Tm ey, ((5)) = = 55(s), (62)

where r: [0, L] — R is the signed curvature of v and ! is defined in (@ Furthermore,
if v is analytic on a neighborhood of a point s, where 0 < s < L, then (@) and are
analytic functions of t on a neighborhood of s.

When the curve v is a wedge, the kernels of equations , , , and all
have a particularly simple form, which is given by the following lemma. It is proved
n [18].

™

»
’ o

Figure 3: A wedge in R?

Lemma 3.6. Suppose : [~1,1] — R? is defined by the formula

(1) = { (—t7t(-]>(cos(7ra),sin(7ra)) chalgf t§<170, (63)
shown in Figure[3. Then, for all 0 < s <1,
B0 = T Fostetra] 1SS0 (64)
0 if 0 <t <1,
and, for all —1 < s <0,
0 if =1 <t<0,
Oy (V(E) = —tsin(ra) o<t<l (65)

s2 + 2 4 2st cos(rar)

Corollary 3.7. Identities and @ remain valid after any rotation or translation
of the curve v in R2.

Corollary 3.8. When the curve v is a straight line, ¢7(5 )(5) (y(t)) = 0 for all =1 <
s, t < 1.

13



3.3 Potential Theory and Complex Variables

In two dimensions, the theory of harmonic functions can be formulated in terms of
complex variables. Viewing points in R? as points in C, we have

2, (2) = log(]|2 — 20||) = Im(log(z — 20)), (66)
for all z,z9 € C such that z # zy. Suppose that h € C and |h| = 1. Then, likewise,
1 (th, z — zp) h
: S et ot VA Y (S S
V() =~ =), (67)

for all z, zg € € such that z # 2.
Viewing v: [0, L] — R? then as a curve in ©, it is also easy to observe that

¥4y (2) = Im(log(z — ~(1))), (68)
forall0 <t< Land z€ C\T, and

"(t
Vyywin(2) = Im(z z (’yzt) )» (69)

forall0<¢t< Land z€ C\T.

3.4 The Integral Equations of Potential Theory on a Wedge

MU Q,
i
(1)

Figure 4: A wedge in R?

Suppose that v: [~1,1] — R? is a wedge with interior angle 7o (i.e. both v, and v,
are straight lines) (see Figure [4]).
The following theorem is proved in [20], and is a special case of Theorem

Theorem 3.9 (Dirichlet). Suppose that 0 < o < 2 and that N is a nonnegative integer.
Letting |-| and [-] denote the floor and ceiling functions respectively, suppose that

=[], m
=2 m
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and

M= L@ —2oz)NJ7 (72)
= {(2 —204)]\7}’ (73)

and observe that L + M = N and M + L = N. Suppose further that p is defined by the
formula

L M

2i—1 2i oli

p(t) = bapltl e+ bilt|== (log [¢])7)
i=1 =0

M L
+ D cppsen(t)[t] = + > cisgn(t)|t] < (log |t])", (74)
=1 =0
for all =1 <t <1, where by, by,...,by and cg,c1,...,cn are arbitrary real numbers,
o 2 2j—1 - . _ T
o(i) = 0 zf 25:(1 #+ 2??1 for each mteger 1< j‘g Ij (75)
1 if 5= = === for some integer 1 < j < L,
for0<i< M, and
i 21 . R
(i) = 0 ngaz 225_? for each zr.ufeger 1< ].g M, (76)
1 @fg = Hfor some integer 1 < j < M,

for 0 <4 < L. Suppose finally that g is defined by (@ Then there exist sequences of real
numbers Bo, B1, ... and Yo,71, - - - Such that

o) = 3 Baltl + > g sen(b)lt", (77)
n=0 n=0

for all =1 <t < 1. Conversely, suppose that g has the form . Suppose further that
N is an arbitrary nonnegative integer. Then, for all angles ma, there exist unique real
numbers by, b1, ...,bn and cg,c1,...,cn such that p, defined by , solves equation (@
to within an error O([t|NT1).

The following theorem is also proved in [20], and is a special case of Theorem

Theorem 3.10 (Neumann). Suppose that 0 < o < 2 and that N is a positive integer.
Letting |-| and [-] denote the floor and ceiling functions respectively, suppose that

- [2). 2

=] 2
and

- [ =

= [(2 —204)N‘|, (81)
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and observe that L + M = N and M + L = N. Suppose further that p is defined by the
formula

L M
2i—1 Afl
)= byrltl et D bilt]zme " (log [t)7
i=1 i=1

M
+ZcLﬂsgn |t|2 = +Zcz sgn(t |t| L(log |t])®, (82)
=1
for all =1 <t <1, where by, by, ..., by and c1,ca,...,cn are arbitrary real numbers,
) 0 if 2%1’ £ 221 for each integer 1 < j < L,
o(i) = 9 23 1 (83)
1 if 5= for some integer 1 < j < L,
for1<i< M, and
) 0 ifs 2 221 for each integer 1 < j < M,
v(i) = i 22 3 (84)
1 if £ = 5= for some inleger 1 < j < M,

for 1 < i < L. Suppose finally that g is defined by . Then there exist sequences of
real numbers Po, B1, ... and Yo, 71, - .. such that

)= Balt!"+ D ynsen(®)|t", (85)
n=0 n=0

for all =1 <t < 1. Conwversely, suppose that g has the form . Suppose further
that N is an arbitrary positive integer. Then, for all angles o, there exist unique real
numbers by, ba, ..., by and ci,co,...,cy such that p, defined by , solves equation
to within an error O(|t|).

3.5 Ordinary Differential Equations in the Complex Domain

The following theorem is found in, for example, [6].

Theorem 3.11. Let U be an open simply connected set in C, and suppose that A: U —
M, (©) is holomorphic, where M,(C) denotes the set of all n x n matrices over C.
Suppose further that zg € U. Then for any yo € C", there exists a unique holomorphic
function y: U — C" such that

y'(2) = A(2)y(2), (86)
forall z e U, and
y(20) = Yo- (87)

Furthermore, the solution y(z) at any point z € U depends holomophically on the initial
value yg € C™.
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The following corollary states that if the matrix A in depends holomorphically on
some additional parameters w € C™, then the solution y also depends holomorphically
on w. It follows from Theorem by treating the additional parameters as fictitious
dependent variables (see, for example, [6]).

Corollary 3.12. Suppose that U is an open simply connected set in C. Suppose further
that m is a nonnegative integer and that V. C C™ is also open and simply connected.
Suppose finally that A: U x V. — M, (C) is holomorphic, where M,(C) denotes the set
of all n x n matrices over C. Suppose further that zo € U. Then for any yo € C", there
exists a unique holomorphic function y: U — C" such that,

y'(2) = A(z, w)y(2), (88)
forall z € U, and
y(20) = vo- (89)

Furthermore, the solution y(z) at any point z € U depends holomophically on both the
initial value yo € C™ and the parameters w € C™.

3.6 Complex Functions of Several Variables

Suppose that U C C" is open and connected. A function f: U — C is called partially
holomorphic if it is holomorphic in each variable separately. Specifically, f is partially
homomorphic if, for each fixed (z?,zg,...,zg) € U and each integer 1 < j < n, the
function f(z9,.. .,z?_l,zj,zgﬂ, ...,29) is a holomorphic function of zj. If f is both
partially holomorphic and continuous, then f is called holomorphic. It turns out that, as
a result of Hartogs’ extension theorem, every partially holomorphic function is necessarily
continuous (see, for example, [16]).

The following theorem states that the zero set of a holomorphic function f : C" — C

has codimension 1 (see, for example, [§]).

Theorem 3.13. Suppose that U C C" is a open connected set and that f: U — C
is a holomorphic function. Suppose further that f # 0, and let N(f) denote the set
{zx € U: f(x) = 0}. Then, for each point a € N(f), there exists a 1-dimensional affine
subspace T' of C™ such that a is an isolated point of T N N(f).

The following theorem states that a certain kernel involving an analytic function
is equal to the Cauchy kernel plus an analytic function. For completeness, a proof is
provided in Appendix A.

Theorem 3.14. Suppose that U C C is a open simply connected set and that F: U — C
is a analytic function such that F'(z) # 0 for all z € U. Suppose further that K : {(s,t) €
UxU:s#t} — C is defined by

F'(t)
F(s) = F(t)’
forall s,t € U such that s # t. Then there exists some holomorphic function R: UxU —
C such that

K(s,t) = (90)

1 F"(t)
s—t 2F'(t)
for all s,t € U such that s # t.

K(s,t) =

+ (s —t)R(s,1) (91)
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3.7 Real Analytic Functions of Several Variables

The following theorem states that any real analytic function has a complex analytic
extension.

Theorem 3.15. Suppose that n is a positive integer and that U C R™ is an open simply-
connected set. Suppose further that f: U — R is a real analytic function. Then there
exists an open simply-connected set V. C C" which contains U, and a complex analytic
function F: V — C such that Fly = f

The following theorem states that the zero set of a real analytic function has zero
measure and is proved in, for example, [12].

Theorem 3.16. Suppose that U C R”™ is a open connected set and that f: U — R
is a real analytic function. Suppose further that f # 0, and let N(f) denote the set
{x € U: f(x) =0}. Then the set N(f) has zero measure.

3.8 Analytic Curves

This section contains some elementary definitions and lemmas related to analytic curves
in R%

Definition 3.1. Suppose that a < b are real numbers. We refer to a curve v: [a,b] = C
as an analytic curve if, at each point a < tg < b, there is a neighborhood of ¢y on which

the curve v is representable by a Taylor series centered at to, and ~/(tg) # 0 for each
a<ty<b.

Figure 5: An analytic curve in C

The following theorem provides an alternative definition of an analytic curve.

Theorem 3.17. Suppose that a < b are real numbers. Then a curve y: [a,b] — C is an
analytic curve if and only if there exists some simply connected open set [a,b] C U C C,
and some analytic function F': U — C such that Flja, =~ and F'(2) # 0 for all z € U

(see Figure[5).

The following theorem states that if an analytic curve is reparameterized by arc
length, then the result is also an analytic curve. A proof is found in, for example, [13].

Theorem 3.18. Suppose that a < b are real numbers and that v: [a,b] — C is an
analytic curve. Let s: [a,b] — R, denote the arc length of the curve, defined by

/Py )| du, (92)

for alla <t <b. Then yos~':[0,5(b)] = C is also an analytic curve.

18



3.9 Elementary Differential Geometry

The following are some elementary facts from differential geometry, which can be found
in, for example, [11].

Definition 3.2. Suppose that L > 0 is a real number and v: [0, L] — C is an analytic
curve parameterized by arc length. Then we define the unit tangent vector T': [0, L] — C
by

T(x) =9'(=), (93)
for all 0 < x < L, the unit normal vector N: [0,L] — C by

N(z) = iT(2), (94)
for all 0 < x < L, and the signed curvature k: [0, L] — R by
T'(x)

for all 0 < x < L. It is straightforward to show that & is always real-valued.

The following theorem states that the signed curvature of an analytic curve is also
an analytic function.

Theorem 3.19. Suppose that L > 0 is a real number an that v: [0,L] — C is an
analytic curve. Then there exists some open simply connected set [0,L] C U C C and
some analytic function k: U — C such that k| 1) is the signed curvature of .

Proof. Without loss of generality, we suppose that « is parameterized by arc length (see
Theorem . By Theorem there exists some open simply connect set [0, L] C
U C C and some analytic function F': U — C such that F'(z) # 0 for any z € U and
Flo,r) =7- Let £: U — C be defined by

iF"(2)
’{(Z) - F/(Z) ) (96)
for all z € U. Clearly, x is analytic, and
T'(x)
@) = T (97)

for all 0 < z < L, where T is the unit tangent vector of v and N is the unit normal
vector (see Definition [3.2).
[ |

The following theorem states that an analytic signed curvature uniquely determines
an analytic curve parameterized by arc length.

Theorem 3.20. Suppose that L > 0 is an integer and that [0,L] C U C C is an open
simply connected set. Suppose further that k: U — C is an analytic function such that
Im(k(x)) = 0 when x € [0, L]. Then, for each vy € C and real number 0 < 0 < 27, there
exists a unique analytic curve parameterized by arc length ~: [0, L] — C with curvature
kljo,z), such that v(0) = o and +'(0) = . Furthermore, there exists an analytic
function F': U — C such that F|jg 1) = 7.
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Proof. By Theorem [3.11] there exist unique holomorphic functions T': U — C and
N: U — C such that

( J:C((?) ) - < —F?(z) H(oz) ) ( J:Cr((?) ) (98)

for all z € U, and

T(0) = €', (99)
N(0) = iT(0). (100)

Since r(z) is real for all z € [0, L], it follows that equation (98), on the interval [0, L],
describes the Frenet-Serret apparatus for a curve, so |T'(z)| = 1 and N(z) = iT(z) for
all z € [0, L] (see, for example, [11]). Let F': U — C be defined by

F(z) = /OZ T (w) dw + v, (101)

for all z € U, and let v: [0, L] — C be defined by v = Fljo,z)- Then « is an analytic curve
parameterized by arc length with curvature «|jy 1], such that v(0) = 7o and '(0) = e,
|

The following theorem states that the 2nd to the (m + 1)th derivatives of a curve
vanish at a point if and only if the curvature, as well as the curvature’s first m — 1
derivatives, vanish at that point.

Theorem 3.21. Suppose that L > 0 is a real number and that v: [0,L] — C is an
analytic curve parameterized by arc length with curvature k: [0, L] — R. Suppose further
that m s a nonnegative integer. Then, for each 0 < x < L, 7("+2)(3:) =0 forn =
0,1,2,...,m — 1 if and only if K™ (x) =0 forn=0,1,2,...,m — 1.

Proof. The proof follows from repeated differentiation of the formula
T (x) = k(x)iT(z), (102)

for all 0 < x < L, where T is the unit tangent vector of « (see Definition .
[ |

The following theorem states that if the curvature is bounded by ¢, then the curve
lies in a certain sector in R? with subtended angle e.

Theorem 3.22. Suppose that v: [0,1] — R? is an analytic curve, and that v(0) = 7o,
where o € R?, and +'(0) = %, where 0 < 0y < 2m. Let r denote the signed curvature
of v, and suppose further that € > 0 and |k(t)| < € for all0 <t < 1. Then

0.1 € o re040)

IN

0<-,0

IN

€ €
€ € <1}. 103
(<< lio<rs (103
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3.10 Conformal Mapping and Analytic Curves
The principal results of this section are theorems and

The following lemma states that, under certain conditions, the maximum of a con-
tinuous function is also a continuous function of any additional parameters.

Lemma 3.23. Suppose that n and m are positive integers and that K C C™ is a compact
set. Suppose further that g: K x C™ — C is a continuous function and that h: C™ —
[0,00) is defined by

h{w) = max |g(z, w)| (104)

for all w € C™. Then h is also continuous.

The following theorem states that all curves with sufficiently small curvatures are
representable as restrictions of conformal mappings of the unit disc.

Theorem 3.24. Suppose that M is a nonnegative integer and that the function k: [0,1] —
R is defined by

k(t) = ag + art + - - + aptM, (105)

for all 0 < t < 1, where ag,a1,...,ap € R. Suppose further that 0 < 6 < 27 and
Y0 € C, and let y: [0,1] — C be the analytic curve with curvature k, where +'(0) = e¥
and v(0) = o (see Theorem [3.20). Suppose now that € >0 and let Doy 14 C C denote
the open disc of radius 1 + € centered at vo. Then there exists a § > 0 such that, for
each (ag,ay,...,ar;) € Bs, where Bs C RM*1 is the open ball of radius § centered at
zero, there is an open simply-connected set [0,1] C U C C and a conformal mapping (a
biholomorphic function) F': U — Dy, 14, such that Flj ) = 7.

Proof. Suppose that k: C x CM*! — C is defined by
k(z,a) = ag+arz + - +apzM, (106)

for all z € C, where a = (ag,a1,...,ap) € CM+1 By Corollary there exist unique
entire functions T: € — C and N: C — C such that

( J€(<Z)> ) B ( w0 ) ( o) ) (107)
for all z € U, and

T(0) = €?, (108)
N(0) = ie®. (109)

Furthermore, for any fixed z € C, the solutions T'(z) and N(z) depend holomorphically
onac€ CMFL Let F: C x CM*! — C be defined by

F(z,a) = /OZ T(w,a) dw + 7o, (110)
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for all z € C and a € CM+1, Note that since (107)) is a Frenet-Seret apparatus, we have
that, for any real a € RM*! ~ = F |[0,1] is an analytic curve parameterized by arc length
with curvature xljo 1], where 7/(0) = ¢ and v(0) = 7. Clearly,

F(z,0) = e”z + 7, (111)

for all z € C.
Suppose that g: C x CM*1 is defined by

g(z,a) = F(z,a) — ey — Y05 (112)

for all z € C and a € CM*!. Suppose further that Dy 9. C € denotes the closed disc of
radius 2 + 2¢ centered at zero, and let h: CM+1 — [0, 00) be defined by

h(a) = max |g'(z,a), (113)
z€D2 2

for all a € CM+1 where ¢’ denotes the derivative of g with respect to z. Clearly,
h(0) = 0. By Lemma h is continuous, so there exists some 6 > 0 such that

1

ha)] < 5. (114)
for all a € Bs, where By C CM*! is the ball of radius ¢ centered at zero.

Suppose that now that a € By is fixed; in an abuse of notation, we omit a where the

meaning is clear. We now show that F, defined by (110)), is injective on Da .. Suppose

w e E2+25 is fixed. We observe that
F(z) = F(w) = g(2) — g(w) + €z — e"w, (115)
6

for all z € Do yo. Clearly, ez — ew is an analytic function of z with only one zero at
z = w. We also observe that, for any z,w € Dajo,

z

9(2) ~ gw)| = | [ gy

w

< max |g'(w)- |z —w|

wEDs 15
= h(a) - |z — w|
< %\z—w[. (116)
Thus,
19(2) = g(w)| < €72 — e, (117)

for all z € Da 2, so, by Rouche’s theorem, F(z) — F(w) also has only one zero at z = w.
Since this holds for any w € 52+26, it follows that F' is injective on Eg+26. We now
show that F'(Day2c) D E70’1+6. Since F is an entire function, and is injective on Dy g,
we observe that F(0Dat2¢) = OF(Dayac), where D29 denotes the boundary of the
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set Doy and OF (Dato¢) denotes the boundary of the set F'(Daioc). By (116]), we have
that, for all z € 9Day o,

[F'(2) =l = |F(2) — F(0)]
= |g(z) — 9(0) — ¢”z|
> |2 = [g(2) — g(0)]

1

> —
14

—1+te (118)

Therefore, if w € OF (Daya.), then |w—~y| > 1+e¢. Hence, F(Daiac) D Ewo,lJre- Letting
the set [0,1] C U C C be defined by the formula U = F~1(D,, 14), we have that F is
a conformal map from U to D, 1.

|

The following theorem states that a curve with curvature x, defined by (106)), depends
analytically on the parameters ag, a1,...,ap. It follows immediately from the proof of
Theorem [3.241

Theorem 3.25. Suppose that M is a nonnegative integer and that k: [0,1] — R is
defined by , where ag,a1,...,apy € R. Suppose further that 0 < 6 < 2w and
Y0 € C, and let v: [0,1] — C be the analytic curve with curvature k, where +'(0) = e¥
and ¥(0) = o (see Theorem[3.20)). Then, for any fized t € [0,1], y(t) is a real-analytic
function of the parameters ag,a1,...,ap.

Remark 3.3. It is straightforward to show that, in a small enough neighborhood of
zero, all analytic curves satisfy the conditions of...

3.11 Elementary Analytical Facts

This section contains a number of miscellaneous elementary lemmas.

Theorem 3.26. Suppose that 0 < o < 2. Then

sin(mrp(l — «))

1=0 119
sin(7p) * ’ (119)
if and only if
2n—1
— , 120
I " (120)
or
2n
= 121
A (121)

for some integer n.
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Theorem 3.27. Suppose that 0 < a < 2 and that o ¢ Q. Suppose further that J # 0 is

an integer and that either

_2n—1
o«

1 +J,

or

- 2n
'u_2—04

+J,

for some integer n. Then

sin(mp(l — «))

sin(7p) +170.

(122)

(123)

(124)

Theorem 3.28. Suppose that 0 < o < 2 and that o € Q, and let p and q be integers
such that o = p/q, where p/q is a reduced fraction and q > 0. Suppose further that J is

an integer and that either

_2n—1
o«

7 +J,

or

_ 2n
'u_2—a

+J,

for some integer n. If

sin(mp(l — «))
sin(7p)

then it must be the case that
J=q-m,

for some integer m.

(125)

(126)

(127)

(128)

Theorem 3.29. Suppose that 0 < o < 2 and that o € Q, and let p and q be integers
such that o = p/q, where p/q is a reduced fraction and q > 0. Suppose further that n

and J are integers and that either

2n—1 m—1 , 2j

= + J, where #* for each integer j,
o 2—-—«a
or
2 2 25 —1
W= z + J, where n % J for each integer j.
2 -« 2—« «
If
. 1
sinfmp(l—a)) | _ o
sin(7p)
then

(1 —a)cos(m(l — a)u) — cot(mp) sin(m (1 — a)pu) # 0.
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Theorem 3.30. Suppose that 0 < o < 2. Suppose further that

2n
_ 133
=9~ (133)
where n is an integer. Then
(1 —a)cos(m(l — a)u) — cot(mu) sin(m(l — a)u) =0, (134)
if and only if
2n 2j—1
_ 135
5o o (135)

for some integer j.

Theorem 3.31. Suppose that 0 < a < 2 and that o € Q, and let p and q be integers
such that o = p/q, where p/q is a reduced fraction and q > 0. Suppose further that n
and J are integers and that

2n—1 m—1 2

Iz + J, where = for some integer j. (136)
« 2 -«

If

3] 1 _

sin(mu(l —a) Ly (137)

sin(mp)

then

(1 —a)cos(m(l —a)u) — cot(mp) sin(m(l — a)u) =0, (138)
and

o2
(1 — @) cot(mp) cos(m(l — a)u) — ((cot(w,u))2 —a+ ?) sin(m(1 —a)u) #0. (139)

Theorem 3.32. Suppose that 0 < o < 2. Then

sin(mu(l — a))

—1=0 140
sin(7p) ’ (140)
if and only if
2n
= — 141
p= (141)
or
2n —1
= 142
=9 (142)

for some integer n.
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Theorem 3.33. Suppose that 0 < a < 2 and that o ¢ Q. Suppose further that J # 0 is
an integer and that either

2
p=""1417 (143)
o)
or
2n—1
_ J 144
P=5—a (144)

for some integer n. Then
sin(mp(l — «))

sin(mp)
Theorem 3.34. Suppose that 0 < o < 2 and that a € Q, and let p and q be integers

such that o = p/q, where p/q is a reduced fraction and q > 0. Suppose further that J is
an integer and that either

—140. (145)

_2n

w=—+J, (146)
(6%
or
2n —1
= 14
p=o——tJ (147)

for some integer n. If

sin(mu(l — a))

—1=0 148
sin () ’ (148)

then it must be the case that
J=q-m, (149)

for some integer m.

Theorem 3.35. Suppose that 0 < a < 2 and that o € Q, and let p and q be integers
such that o = p/q, where p/q is a reduced fraction and q > 0. Suppose further that n
and J are integers and that either

2n—1 2n —1 27
W= " + J, where " #* ) for each integer j, (150)
2—-—«a 2—«a o
or
2 2 27 —1
W= o + J, where o % J for each integer j. (151)
« o 2 -«
If
. 1
sin(mu(l = o)) 4 _, (152)
sin(7p)
then
(1 —a)cos(m(l — a)u) — cot(mp) sin(mw (1 — a)pu) # 0. (153)
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Theorem 3.36. Suppose that 0 < o < 2. Suppose further that

_

— 154
= (154)

where n is an integer. Then

(1 —a)cos(m(l — a)u) — cot(mp) sin(w (1 — a)p) = 0, (155)
if and only if

o 2j—1

w T (156)

for some integer j.

Theorem 3.37. Suppose that 0 < o < 2 and that o € Q, and let p and q be integers
such that o = p/q, where p/q is a reduced fraction and q > 0. Suppose further that n
and J are integers and that

2n—1 2n—1  2j

W= + J, where = — for some integer j. (157)
22—« 2—-«w @
If
. 1
sin(mp(l — @) g (158)
sin(7p)
then
(1 —a)cos(m(l —a)u) — cot(mu) sin(m(l — a)u) =0, (159)
and

o2
(1 — &) cot(mp) cos(m(1 — a)pu) — ((cot(mp))® — o+ ?) sin(m(1 —a)u) # 0.  (160)
4 Analytical Apparatus

4.1 Functions with Branch Points

Suppose that F(z) is an analytic function with a branch point at z = 0 and the branch
cut [0,00). In this section, we characterize the functions F' for which

F(t) — F(e*™t) = t*(log(t))"™, (161)

where © € R and n is a nonnegative integer. The principal results of this section are
theorems [£.7] and

Remark 4.1. When a function F(z) has a branch point singularity at z = 0, we use the
notation F(e*t), where t > 0 is real, to denote the value of F along the ray arg(z) = 6.
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Theorem 4.1. Suppose that p ¢ 7Z is a real number and that n > 0 is an integer. Then
there exists some polynomial P,_3 such that if F: {z € C:0 < arg(z) < 27} — C is
defined by the formula

2in ek

F(z) = - 2"(log(2))" + (1= czmmy 2 (log(2))" gz

1 — e2mip
(1 + e2mi) 22 (n — 1)
- (1 — e2min)3 ’

#(10g(2))" *Linzay + 2" Pas(log(2)),  (162)

for all 0 < arg(z) < 2w, where z* and log(z) have the branch cut [0,00), then
F(t) — F(e*™t) = t(log(t))", (163)
for all real t > 0.

Proof. Let

1
F(Z) = 1 — e2mip : z,u, (164)

for all z € C\ [0,00). Then
F(t) — F(*™t) = t*, (165)

for all real ¢ > 0. Thus, Theorem [4.1] is true for n = 0.

Now suppose that k > 1 is an integer and that Theorem [4.1]is true forn =0,1,... , k—
1. We will show that Theorem is true for n = k. Let G: C\ [0,00) — C be defined
by

1
1 — e2mip '

G(z) = z“(log(z))k, (166)

for all 0 < arg(z) < 27. Then

1%7”4“ (t“(log(t))k _ e2min t“(log(t) + 27ri)k)

1 )
= 1_62mﬂ<t“(log( ik . t“z < ) log(t))? (2mi)* ])

27mu k )
= t#(log(t))* — T Z( > log(t))? (2mi)~~

=0

G(t) — G(*™'t) =

2mip

e27riu

+ 22k (k — 1) -t“(log(t))k_Q]l{kZQ}

1 — e2mip

27rzu k=3 )
1 -t ( ) log(t))? (2mi)* 7, (167)
7=0
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for all real ¢ > 0. By the induction hypothesis, there exist functions Fy, F1,..., Fr_1: C\
[0,00) — € defined by

1 i ;o 2mig ™ i1 i
Fj(z) = 1= oomin © (log(2))? + (1= eZniny? -2 (log(2)) ™ Ljm1y + 2" Pj_a(log(2)),
(168)
for all 0 < arg(z) < 27, where Pj_5 is a polynomial of order j — 2, such that
Fy(#) — Fy(e?mit) = t(log(t))’, (169)
for all real t > 0, for all j =0,1,...,k — 1. Suppose now that F' is defined by
627riu )
F(Z) = G(Z) + mzﬂ'lk . Fk-fl(Z)]l{kzl}
eQm',u 5
TR k(k—1) - Fp2(2) 1>y
eQm',u k—3 k o
t T o Z <j> (2mi)" I Fj(2), (170)
§=0
for all 0 < arg(z) < 27. Combining (167)) and (169)), we observe that
F(t) — F(e*™'t) = t*(log(t))", (171)
for all real ¢ > 0. Moreover, combining (170)), (166)), and (168)), we see that
1 p  2mik e*min k1
F(z)= i 2 (log(2))" + 7(1 — iy - 2M(log(2))" 1)
(1 + e2mi) 2™k 2k(k — 1) _
- (1 — 6271-1'“)3 ’ Zu(log(z))k 2ﬂ{k22} + Zqu—?)(lOg(z))a (172)

where P;_3 is a polynomial of order k£ — 3. Thus, Theorem is true for n = k.
|

Remark 4.2. The polynomial P,_3 in formula of Theorem can be com-
puted explicitly. Specifically, the induction proof of Theorem defines the polynomials
Py, P, ..., P, 3 recursively—a straightforward calculation yields a recurrence relation
for their coefficients.

Theorem 4.2. Suppose that m and n are nonnegative integers. Then there exists some
polynomial P,_1 such that if F is defined by the formula

1

FG) = —smms D

2™ (log(z))" ! + % -2 (log(2))" + 2™ Pp—1(log(z)), (173)

for all 0 < arg(z) < 2w, where log(z) has the cut [0,00), then
F(t) — F(e*™t) = ™ (log(1))", (174)

for all real t > 0.
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Proof. Let

F(z) = —% - 2™ log(z), (175)

for all 0 < arg(z) < 27. Then
F(t) — F(e*™t) = t™, (176)

for all real ¢ > 0. Thus, Theorem is true for n = 0.

Now suppose that k£ > 1 is an integer and that Theorem[4.2]is true forn = 0,1,...,k—
1. We will show that Theorem is true for n = k. Let G: C\ [0,00) — C be defined
by

1

GG = T D

2™ (log(2))*, (177)
for all 0 < arg(z) < 27. Then

G(t) — G(e*™t) = (t™ (log(t))* ™ — t™(log(t) + 2mi)* )

2mi(k + 1)
1

k—1
— ; m k m

k—1
= t"™(log(t))* + b m Z <k‘ ;— 1) (log(t))? (2mi)*+1-7
j=0

“ ) ogtyyiemiyt 1)

-t
2mi(k + 1)

k—2

= " (log(t))" + mik - "™ (log(1))" " + 2m<li+1> Ay <k j 1) (log(¢)) (2mi)F+17,
=0
] (178)

for all real ¢ > 0. By the induction hypothesis, there exist functions Fy, F1, ..., Fx_1: C\
[0,00) = C defined by

1

Fj(z) = —m

2™ (log(2)) " + 2™ P (log(2)), (179)
for all 0 < arg(z) < 2w, where P; is a polynomial of order j, such that
Fj(t) — F(e*™t) = t™ (log(1)), (180)

for all real t > 0, for all 7 =0,1,...,k — 1. Suppose now that F' is defined by

k—2
F(z) = G(z) — mik - Fp_1(2) — 27”(]:_{_1) : Z (kj 1) (2mi)" 1y (2), (181)
=0

for all 0 < arg(z) < 27. Combining (178) and (180]), we observe that

F(t) — F(e*™t) = t™(log(t))F, (182)

30



for all real ¢ > 0. Moreover, combining ((181)), (177)), and (179)), we see that

1

F&) ==+

1
2" (log(2))"! + 5 - 2" (log(2))" + 2" P (log ), (183)
where Pj,_; is a polynomial of order k — 1. Thus, Theorem [£.2]is true for n = k.
|

Remark 4.3. Like in Theorern the polynomial P, in formula of Theorem
can be computed explicitly. Specifically, the induction proof of Theorem defines the
polynomials Py, Py, ..., P,_1 recursively—a straightforward calculation yields a recur-
rence relation for their coefficients.

4.2 Integrals Involving the Cauchy Kernel

In this section, we show that the integral of the Cauchy kernel multiplied by t*(log(t))™
is given by an explicit analytic formula. The principal results of this section are theo-
rems [4.3] and [£.4

The following theorem evaluates the integral of the Cauchy kernel multiplied by
t(log(t))™, when u ¢ 7.

Theorem 4.3. Suppose that n is a positive integer and that p > —1 is a real number
such that pu ¢ 7Z. Suppose further that C C C is a simple closed contour, and let U
denote the interior of C; suppose also that [0,1) C U and that 1 € C (see Figure @
Then

A2n 2T

D! 2mi
M N — 7" M no__ L oM n—1
A t— Zt (10g(t>) dt = 1 — e2min z (10g(2’)) (1 _ 627riu)2 z (log(z)) 1{7121}

1+ e2™im)emir . 4ndin(n — 1 e
= ()1 — e2min)3 ( ). 2 (l0g(2))" * Linzay + 2" Pa-3(log(2)) + ¢(2),
(184)

for all z € U\ [0,1], where z"* and log(z) have the cut [0,00), P,_3 is a polynomial of
degree n — 3, and ¢: U — C is an analytic function.

Figure 6: A contour in C
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Proof. By Theorem [4.1] there exists some polynomial P,_3 such that if F': C\ [0, 00) —
C is defined by the formula

1 2win e

. m noy SMME
1 _ o2min © (log(2))" + (1 — e2min)2

1+ ™) e2miir2n(n — 1 .
- (1)_ c2riny3 =D, 2(log(2))" ?1y>0y + 2 Pa_s(log(z)),  (185)

F(z) = -2 (log(2))" M1y

for all 0 < arg(z) < 27, where z* and log(z) have the branch cut [0, c0), then
F(t) — F(e*™t) = t*(log(t))", (186)

for all real ¢ > 0. Suppose that F' is defined by . Suppose further that C is a closed
contour defined by the contour C' together with the intervals [0, 1] and €*7¢[0, 1], oriented
in the counter-clockwise direction (see Figure @ Since F' is analytic on C\ [0,00), by
Cauchy’s theorem

1 1
2mi Jgw — 2

F(w)dw = F(z), (187)

for all z € U\ [0,1]. We observe that

1
7§~ L p(w) dw = /C L p(w)dw + /O L (p@) = F(e*™inyar,  (188)

cw—=z w—z t—=z

for all z € U\ [0,1]. Combining (188]) and (186]),

1 1 g .
féwzF(w)dwz/szF(w)dw—k/o tizt“(log(t)) dt, (189)

for all z € U \ [0,1]. Also,

/ ! F(w) dw (190)
C

w—z
is clearly analytic for all z € U. Therefore, combining ((189)), (187)), and (185]), we have

1 . 2 211
1 2mi dmen e ™H 1
[ rmttontoy it = T s los(0) = e - (082 Loy
(1 4 e2mim)e?min . 4r3in(n — 1)

B (1= e2miny3 2 (log(2))" " Lynzay + 2 Pas(log(2)) + o(2),
(191)

t—=z

for all z € D\ [0, 1], where ¢: U — C is an analytic function.
|

The following theorem evaluates the integral of the Cauchy kernel multiplied by
t™(log(t))™, where m € 7Z. The proof is essentially identical to the proof of Theorem 4.3
except that it uses Theorem instead of Theorem
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Theorem 4.4. Suppose that both n and m are nonnegative integers. Suppose further
that C C C is a simple closed contour, and let U denote the interior of C; suppose also
that [0,1) C U and that 1 € C (see Figure[6]). Then

t—z n+1
+ 2" P,_1(log(2)) + ¢(2), (192)

/1 1 m n 1 m n+1 : m n
; t" (log(t))" dt = — 2™ (log(2))" ™" + i - 2" (log(2))

for all z € U\ [0, 1], where log(z) has the cut [0,00), P,—1 is a polynomial of degree n—1,
and p: U — C is an analytic function.
4.3 Two Technical Lemmas

In this section, we prove two elementary technical lemmas involving functions of complex
variables.

Lemma 4.5. Suppose that 0 € Uy,Us C C are both open simply connected sets, and that
Fy: Uy =V and Fy: Ug — V' are conformal mappings, where V. C C. Suppose further
that F{(0) # 0, F5(0) # 0, and that F;(0)/F5(0) = €™, where 0 < o < 2 is a real
number. Finally, suppose that Fl(n) (0) =0, Fg(n) (0) =0 forn=2,3,...,k+ 1, where k
is a nonnegative integer (if k = 0 assume that possibly Fy'(0) # 0 or Fy(0) #0). Then

Fylo Fi(z) =™z + 2FP20(2), (193)
for all z € Uy, where p: Uy — C is an analytic function.

Proof. This lemma follows immediately from the Lagrange inversion theorem.
|

Lemma 4.6. Suppose that 0 € U C C is an open simply connected set and that p: U —
C is an analytic function. Let F': U — C be defined by

F(2) = €™z 4 M 20(2), (194)

for all z € U, where k is a nonnegative integer and 0 < o < 2 s a real number. Suppose

further that G: €\ [0,00) — C is defined by
G(z) = 2" (log(2))", (195)

for all z € C\ [0,00), where n is a nonnegative integer, u > —1 is a real number, and
both z* and log(z) have the branch cut [0,00). Then, for each positive integer N,

G o F(z) = ™2 (log(2))" + €™ - iran - z“(log(z))"*l]l{nzu
imo § (n — 1) n—2
— eimen T L) b (log(2))" 21 50y + 21 Ps(108(2))
+ ZM+k+1Q(N—u—k—1,n) (Za log(z)) + O(ZN)v (196)

for all z € U\ e7™[0,00), where z* and log(z) have the branch cut e~™[0,0), and
both P: C — C and Q: C?> — C are polynomials. Furthermore, P depends only on n,
a, and p.
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Proof. We observe that
Go F(z) = (™2 + 2F2p(2))" - (log(ei”az + zk+2<p(z)))n

= (™). (1 4 e Tk (). (log(e”o‘z) + log(1 + e_imzkﬂgp(z)))n, (197)

for all z € U\ e”™[0, ). Clearly (for example, by the chain rule), there exists an open
simply connected set 0 € U’ C U and analytic functions s, p3: U’ — € such that

1+ zk+1g02(z) =1+ e_im‘zk"'lgo(z))“, (198)
Hlps(2) = log(1 + e ™ 2F 1 p(2)), (199)
for all z € U'. Thus,

Go F(z) = (e 2) - (14 2"1py(2)) - (log(e™2) +
n—1
= () (1 ) - (a2 + 3 () Gogle™2)) (41 a2 )

= (2 (14 2 (2) - ((log(e™2)"
n—1

() S () Goglem2)) (412

j=0
= (™ 2) (log(e ™))" + Q1 (2,108 (2)) + 0(=), (200)

for all z € U’ \ e7™®[0, 00), where Q: C? — C is a polynomial. Clearly, identity (200))
extends to z € U \ e~™[0, 00), so

G o F(2) = (%2 (log(¢™2))" + Q1. (2,los(2)) +0(zY),  (201)
for all z € U \ e~¥"*[0, 00). Thus,

G o F(z) = ™2 (log(2))" + €™ - iman - z“(log(z))”_l]l{nZI}

motn(n—1) 2 (log(2))" L nx2y + 2 Pos(log())

+ Z/H_k-l_lQ(Nﬁufk’fl,n) (Za IOg(z)) + O(ZN)v (202)

for all z € U \ e"™[0, 00), where 2# and log(z) now have the cut e~"*[0, 00), and P,,_3
is a polynomial of degree n — 3. Furthermore, P clearly depends only on n, a, and pu.

5 Analysis of the Integral Equation

In this section, we assume the following. Suppose that v: [-1,1] — C is a curve in C,
and let v1: [0,1] — ©€ denote y(—t) for 0 < ¢t < 1 and 75: [0,1] — C denote ~(t) for
0 <t < 1. Suppose that v; and o are analytic curves parameterized by arc length and
meeting at a corner at (0) with interior angle ma (see Figure . Suppose that M is
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§a!

Figure 7: Two curves meeting at a corner in R?

a nonnegative integer and that the signed curvatures ki,x2: [0,1] — R of 71 and 72,
respectively, are given by the formulas

r1(t) = a1 +apat + - +ap it (203)
Ka(t) = aso+ag t+---+ (IQ’MtM7 (204)

for 0 <t <1, where a;; and as; are real numbers. Suppose further that e > 0, and that
d(c) > 0 is sufficiently small so that, if (a1,0,a1,1,...,a1,m) and (az0,a2,1,...,a2,) are
in By C RM+1 then the conditions of Theorem 3.24|for € are satisfied, and the curves
v and -2 do not intersect (see Theorem . Then there exist open, simply connected
sets [0,1] € Up,Uy; C C and conformal mappings Fy: Uy — Dite, Fo: Uy — Dige,
where D1, is the unit disc of radius 1 + €, such that F1|[071] = v and F2|[0,1] = 72 (see

Figure . Finally, suppose that k is a nonnegative integer such that mg") (0) = 0 and
mgn)(O) =0forn=0,1,...,k —1 (see Theorem .

In Section [5.1] we describe the principal apparatus which we will use to analyze the
integral equation . In Section we prove the forward direction of Theorem In
Section we prove the converse direction of Theorem The proof of Theorem
is essentially identical and is omitted.

5.1 Principal Analytical Apparatus

In this section, we derive explicit formulas for integrals of the form
.
[ B0l tog " (205)

1
/_ 6300 (7)) - sEn(t) Lo )" . (206)

where p > —1 is real and n is a nonnegative integer. The principal results of this section
are theorems [5.7] and

The following lemma and corollary show that the self interaction on each side of the
corner is smooth.
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Lemma 5.1. Suppose that n > 0 is an integer and that p > —1 is a real number. Then

0 n g bl
p.v./0 Fils) - B (@) t*(log(t))" dt = p.v./0 .

St“(log(t))” dt + (s), (207)

for all0 < s < 1, where ¢: Uy — C is analytic.

Proof. Identity (207) follows immediately from Lemma
[ ]

Corollary 5.2. Suppose that n > 0 is an integer and that > —1 is a real number.
Then

1
/0 V3 () o) (71 () (log (1)) dt = (s), (208)
for all 0 < s < 1, where p: Uy — R is real analytic.

Proof. Identity (208) follows by taking the imaginary part of (207)) and applying .
The principal value then disappears because the integrand is smooth (see Theorem [3.5)).

The following lemma and corollary show that when the density of the double layer
potential on one side of the corner is equal to t*(log(t))", where u ¢ 7 and n is a
nonnegative integer, the potential induced on the other side of the corner takes a certain
explicit form.

Lemma 5.3. Suppose that n > 0 is an integer and that p > —1 is a real number such
that u ¢ 7. Then, for each positive integer N,

B gy dr = T ogey
/0 i) - B (log(t))" dt = sl " (log(s))

ia7r2n . eiw(a—l)y 7T2n X eiﬂ”au
- H n—1
( sin(mu) * (sin(mp))? )8 (log(s)) Lin>1y
(a27r3n( 1) . eiﬂ'(a—l)M Z'onr?’n(n _ 1) . efmap
2sin(7p) (sin(mp))?
73n(n — 1) cos(mpu) - e . o )
i) 108" Loy o+ o Ps(l0g(s)
+ S#+k+1Q(N—u—k—1,n)(S, 10g(8)) + RN(S) + o(sN) (209)

for all0 < s < 1, where P: C — C, Q: C> — C, and R: C — C are polynomials.
Furthermore, the polynomial P depends only on n, o, and p.

+

Proof. We observe that

10 F(t) .
, 7 g osto = / F(F o Fy(s) ~ Bty ()t (210
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for all 0 < s < 1. Applying Theorem to (210)),

1 Fi(t) " —_— 1 1 " §
/0 mt (log(1)) dt—/o F;loFl(s)—tt (log(t))* dt + ¢(s),  (211)

where ¢: Uy — C is an analytic function. Combining (211)) with Theorem and

lemmas and we obtain (209)).
|

Corollary 5.4. Suppose that n > 0 is an integer and that p > —1 is a real number such
that p ¢ 7. Then, for each positive integer N,

[ s r (ot dt = = i
— (1 = @) cos(m(1 — a)p) — cot(mp) sin(m(1 — a)p)) Sig;:ﬂ) s (log(s))" sy
( 1— a) cot(mp) cos(m(1 — a)) — ((cot(mp))? — a + ";2) sin(m(1 — a)u))
L) g5 Pz + 5P los(s)
+ QN k1 (5,10g(8)) + Rv(s) + o(s™), (212)

for all0 < s < 1, where P: R = R, Q: R> = R, and R: R — R are polynomials.
Furthermore, the polynomial P depends only on n, «, and p.

Proof. Identity (212) follows by taking the imaginary part of (209) and applying (69).
[

Similarly, the following lemma and corollary show that when the density of the double
layer potential on one side of the corner is equal to t"(log(t))", where m and n are
nonnegative integers, the potential induced on the other side of the corner takes a certain
explicit form. The proofs are essentially identical to the ones above.

Lemma 5.5. Suppose that m and n are nonnegative integers. Then, for each positive
integer N,

imam

1 Fi(t) m no € . :
/0 mt (log(1))" dt = ——— 5™ (log(s))"""!

. 1 . iTam .
+ (ma(n : +)1 T i €T 5 (log(s))" + 5™ P (log(s))

+ 8m+k+1Q(mefkf1,n+1)(S7 log(s)) + Ry (s) + o(sV) (213)

for all0 < s < 1, where P: C — C, Q: C?> = C, and R: C — C are polynomials.
Furthermore, the polynomial P depends only on n, o, and m.
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Corollary 5.6. Suppose that m and n are nonnegative integers. Then, for each positive
integer N,

[ sy ot dt = T g

n+1
— (1 — a) cos(mam)s™ (log(s))" + s" P,—1(log(s))
+ 8" HQ N k1,041 (5, 108(5)) + R (s) + o(s™), (214)

for all 0 < s < 1, where P: R — R, Q: R> = R, and R: R — R are polynomials.
Furthermore, the polynomial P depends only on n, a, and m.

The following two theorems are the principal results of this section. They follow
immediately from corollaries and

Theorem 5.7. Suppose that n > 0 is an integer, u > —1 is a real number such that
wé¢Z, and o € {0,1}. Then, for each positive integer N,

/ ULy (1(5)) - (sgn()7 [t} (log |¢)™ d

_Wsm< <1 — )

sin(7p1) (—sgn(s))7]s|*(log |s|)™ + ((1 — @) cos(m(1 — a) )

2

+ cot(mp) sin(m(1 — a)p)) siZ(:u) - (—sgn(s))7]s|*(log |5|)n_11{n21}
O£2
- ((1 — a) cot(np) cos(m(1 — a)u) = ((cot(mp))? — a + ) sin(r(1 - a)u))

M(_ n(s))?|s|*(log |s|)" 21 (= sen(s))°|s|“Pa_s(log |s])
sin(p) sghis)) 1517108 |$ {n>2} sgn(s))” |s|" fn—3llog|s

s Qv k—1n) (3], log [l sgn(s)) + Ry (5], sen(s)) +of|s|™),  (215)

for all0 < s < 1, where P: R — R, Q: R* = R, and R: R?> — R are polynomials.
Furthermore, the polynomial P depends only on n, a, and p.

Theorem 5.8. Suppose that m and n are nonnegative integers, and that o € {0,1}.
Then, for each positive integer N,

/ ¢1(t) ~v(s)) - (sgn(t))?|t|™ (log [¢])" dt
_ W
n+1

— (1 — a) cos(mam)(—sgn(s))?|s|™ (log|s])™ + (—sgn(s))?|s|™ P,—1(log |s|)
+ ‘S‘m+k+1Q(N—m—k—l,n+l,l)(’S’a log [s],sgn(s)) + Rn,1)(ls],sgn(s)) + of|s|V), (216)

(—sgn(s))7|s[™ (log |s))"

for all0 < s < 1, where P: R - R, Q: R* = R, and R: R?> — R are polynomials.
Furthermore, the polynomial P depends only on n, o, and m.
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5.2 Proof of the Forward Direction of Theorem [2.7]

Suppose that N is a positive integer. In this section, we prove that for certain values of
, there exist functions p: [—1,1] — R of the forms

p(t) € FNkalt), (217)
p(t) € GNka(p), (218)
p(t) € Hkalp), (219)
sgn(t)p(t) € FN kalth), (220)
sgn(t)p(t) € G k.a(p), (221)
sgn(t)p(t) € Hn ko), (222)

such that the resulting boundary data g, defined by , is smooth on each side of the
corner, to order N (see definitions and . The principal results of this section
are theorems [5.10] [5.11] and [5.12] in the even case (for functions of the forms f
(219)), and theorems |5.13] |5.14} [5.15 and |5.16| in the odd case (for functions of the

forms (220)-(222)).

Even Case

The following theorem shows that when a ¢ @, there exist certain values of p and
functions p(t), where p(t) € Fn k.a(p), such that the resulting boundary data g is smooth
on each side of the corner, to order V.

Theorem 5.9. Suppose that o ¢ Q and that N is a positive integer, and let L = [aN/2].
Then, for each integer 1 < n < L, there exists a function

p(t) € Fn ko (2na_ 1), (223)

where —1 <t <1, such that g, defined by (@, has the form

N N
g(t) =Y Bultl" + Y &usen(®)|t™ + o([t]™), (224)
n=0 n=0
where —1 <t <1 and By, B1,-...,Bn and &, &1, ..., &N are real numbers.

Now let M= |(2 —«)N/2|. Then, likewise, for each integer 1 < n < M, there exists
a function

p(t) € Fnka (2 Q_na) , (225)

where —1 <t <1, such that g, defined by (@, also has the form .

Proof. Suppose that J is a nonnegative integer, and let P; be the proposition that
there exists some function

2n - 1) (226)

ps(t) € ]:N,k,a<
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such that, if g; is defined by (where g replaced by g7), then g; has the form

FIQuy_2nm ([t sen() +o(ltN),  (227)

2n—1

9(t) = Ry ([t], sgn(t)) + [t] =

for all =1 <t < 1, where R: R? - R and Q: R? — R are polynomials. First, combining
Theorem [5.7] with Theorem [3.26] we observe that if

2n

o (228)

pr(t) = [t
for —1 <t <1, then
2n-1
9i(t) = Rov,1)([t],sgn(t)) + [t] = +k+1Q(N_%—k_1,1)(|t|a sgn(t)) + o(|t[™),
(229)

for —1 <t <1, so clearly all of Py, P, ..., P are true.
Now suppose that Pj is true. We will show that this implies that Py is true. If Py
is true, then there exists some function

2n —1
ps(t) € fN,k,a< na )7 (230)

for —1 <t <1, such that

2n

-1
05(t) = Rowa (1t sen(0) + (175 H41Q y zua 5y 1 (1], sen(®) + o(tY),  (231)

for —1 < ¢ < 1. By combining Theorem [5.7 with Theorem [3.27] we observe that there
exist numbers b, ¢ € R such that if

prs(t) = p(t) +blt] =5 T 4 e sgn(e)|t] T T, (232)

for —1 <t <1, then

2n—1
gr+1(t) = Ry 1y ([t],sgn(t)) + [t = +J+2Q(N_2"TK—1—J—2,1)WL sgn(t)) + o([t|™), (233)

for —1 <t < 1. Clearly, since pj+1 € }"Nykya(%c:l), it follows that Py implies Pji;.
The proof of the remaining part of this theorem (in which % is replaced by ;_—"a) is
essentially identical.

The following theorem shows that when o € @, there exist certain values of p and
functions p(t), where p(t) € Fn k.q(p), such that the resulting boundary data g is smooth
on each side of the corner, to order N.

Theorem 5.10. Suppose that a € Q and that N is a positive integer, and let L =
[aN/2]| . Then, for each integer 1 <n < L for which

2n — 1 27
n + J for each integer j, (234)
« 2 -«
there exists a function
2n —1
p(t) € ]:N,k,a( >, (235)
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where —1 <t <1, such that g, defined by (@, has the form

N N
g(t) = > Baltl™ + Y &usgn()lt" + o(t™), (236)
n=0 n=0
where —1 <t <1 and By, B1,...,0n and &, &1, ..., EN are Teal numbers.

Now let M= |(2 — «)N/2|. Then, likewise, for each integer 1 < n < M for which

o 2—1

7 # for each integer j, (237)
there exists a function
2n
p(t) € FNka (2 — a>, (238)

where —1 <t <1, such that g, defined by (@, also has the form .

Proof. Let p and ¢ be integers such that o = p/q is a reduced fraction, with ¢ > 0.
Suppose for now that

2n —1
o

¢ 7. (239)

Suppose further that J is a nonnegative integer, and let P; be the proposition that there
exists some function

2n—1)

pa(t) € ]:N,k,a< (240)

such that, if g; is defined by (where g replaced by gy), then g; has the form
2n-1
9s(t) = Ry 1)([t], sgn(t)) + [¢] < +J+1Q(N_%—J—1,J/q,1)(|t|alog |t], sgn(t))
+o(t|Y),  (241)

for all =1 < ¢t < 1, where R: R> - R and Q: R?> — R are polynomials. First, by
combining Theorem with Theorem [3.26] we observe that if

2n

a, (242)

pr(t) = [t]

for —1 <t <1, then

2n-1
9k(t) = Rv 1y ([t],sgn(t)) + [¢[ +k“Q(N_2@;1_k_1,o,1)(!t!7logItlvsgn(t))+0(It|N),
(243)

for —1 <t <1, so clearly all of Py, Py,..., P are true.
Now suppose that Pj is true. We will show that this implies that P;,; is true. If Py
is true, then there exists some function

2n —1
pa(t) € ]:N,k,a< - ), (244)
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for —1 <t <1, such that

2n—1

P +J+1Q(N 21y gyq) ) (It],log [¢], sgn(t))
+o([tY),  (245)

9.1(t) = R,y ([t] sen(t)) + [¢]

for all =1 <t <1, where R: R? = R and @Q: R?> — R are polynomials.

Case 1: Suppose first that J+1 # m-g, for each integer m. Then, combining Theorem[5.7]
with Theorem there exist real numbers bo, b1,...,b /4 and co,c1,...,¢| 14 sSuch
that if

[J/q] [J/a]
prra(t) = ps(t)+ Y bilt] o T (log ) + D i sen(t)lt] T+ log [t])',
=0 7=0

(246)

for —1 <t <1, then

2n—1

gs+1(t) = Rv 1y ([t],sgn(t)) + [t @

TIRQ v 2nm1 g g0 ([t log [t sgn(t)
+o(|t|Y),  (247)

for =1 <t < 1. Clearly, since pjy1 € Fn i a( o ) it follows that Pj implies Pji;.

Case 2: Suppose now that J +1 = m - q, for some integer m. Then, combining Theo-
remwith Theorem [3.29] there exist real numbers bo, b1, . - ., b j/q|+1 and co, c1, - - -, €[ j/q]+1
such that if

LJ/qJ+1 . [J/q]+1 s
pria(t) =ps(t)+ D bilt] e T ogt) + D ci-sen()|t e T (log]t]),
i=0 i=0

(248)

for —1 <t <1, then

2n—1

gi+1(t) = Ry 1y ([t],sgn(t)) + [t « +J+2Q(N7%7J72,J/q+1,1)(Wv log [t],sgn(t))

+o([t|Y),  (249)

for —1 <t < 1. Since, in this case, |J/q| +1 = |(J 4+ 1)/q], we observe that pjii €
FNk a(Q"(;l) and that Pj,q is true. Thus, Py implies Pj1.

The proof is s1m1lar in the case when M € Z, except that it uses Theorem
instead of Theorem |5.7, The proof of the rest of this theorem (in which 2—”06 replaces
2n=1) js essentially 1dent1cal

[

The following theorem shows that when a € @Q, there exist certain values of p and
functions p(t), where p(t) € Gn . (1), such that the resulting boundary data g is smooth
on each side of the corner, to order N.
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Theorem 5.11. Suppose that a € Q and that N is a positive integer, and let L =
[aN/2] . Then, for each integer 1 < n < L for which

m—1 2

for some integer j, (250)
« 2 -«
there exists a function
2n —1
p(t) € Gna (T, (251)

where —1 <t < 1, such that g, defined by (@, has the form

N N
g(t) = Balt” + ) &usen(®)[t]" + o(|t|™), (252)
n=0 n=0
where —1 <t <1 and By, B1,...,0n and &, &1, ..., &N are Teal numbers.

Now let M= | (2 — «)N/2|. Then, likewise, for each integer 1 < n < M for which

2 25 —1
no_2 for some integer j, (253)
2—-«
there exists a function
2n
t) e < ) 254
p(t) € Gnrals—4 (254)

where —1 <t <1, such that g, defined by @, also has the form .

Proof. Let p and ¢ be integers such that o = p/q is a reduced fraction, with ¢ > 0.
Suppose that J is a nonnegative integer, and let P; be the proposition that there exists
some function

2n—1)’ (255)

ps(t) € gN,k,a(
such that, if g; is defined by (where g replaced by gy), then g; has the form

2n

—1
9(t) = Rv1y([t], sgn(t)) + [t] = +J+1Q(N_%—J—1,2-LJ/qJ,1)(|t|’10g |t],sgn(t))
+o(lt|Y),  (256)

for all —1 < ¢t < 1, where R: R?> - R and Q: R?> — R are polynomials. First, by
combining Theorem [5.7] with Theorem [3.26] we observe that if

2n

a (257)

pr(t) = [t]

for —1 <t <1, then

2n—1

gr(t) = Ry ([t],sgn(t)) + [t] =

+k+1Q(N—2”a—_1—k—1,0,1)(’t’a log |t], sgn(t)) + o([t|™),
(258)

for —1 <t <1, so clearly all of Py, P, ..., P are true.
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Now suppose that Pj is true. We will show that this implies that P is true. If Py
is true, then there exists some function

2n—1>

pa(t) € QN,;W( (259)

for —1 <t <1, such that

2n—1

97(t) = Ren1y([t],sgn(t)) + [t «

+J+1Q(N,%,J,1’2.L]/(M,1)(‘t‘a log \t\,sgn(t))
+o(t[Y),  (260)
for all —1 <t <1, where R: R> - R and Q: R? — R are polynomials.

Case 1: Suppose first that J+1 # m-q, for each integer m. Then, combining Theorem[5.7]
with Theorem there exist real numbers b, by, ..., ba.| j/4) and co, c1, ..., C2.| 7/q| Such
that if

2-[J/q] . ' 2:[J/q] - .
prea(t)=ps&)+ D bilt] s T og )+ Y ci-sen()t e T (loglt]),
i=0 i=0

(261)

for —1 <t <1, then

2n—1

9+1(t) = R,y ([t sgn(t) + [

+J+2Q(N,%7J72,2.U/qj71) (\t‘, log ‘t‘ ) sgn(t))

+o([t|Y), (262

for —1 <t < 1. Clearly, since pj4+1 € QN&OC(%), it follows that Py implies Py 1.

Case 2: Suppose now that J +1 = m - q, for some integer m. Then, combining Theo-

remwith Theorem there exist real numbers bo, b1, . . ., b.| 7/q|+2 and co, €1, - - -, Co.| 1/q| 2
such that if

2-|J/q]+2 - 2-|J/q]+2 -
prat)=ps)+ D bilt] e gl + Y ci-sen()|t] e T (log [t]),
=0 1=0

(263)

for —1 <t <1, then

2n—1
gi+1(t) = R(N,l)(’t’a sgn(t)) + [t e +J+2Q(N_%_J_2,2A\_J/qJ+271)(|t|7IOg It[,sgn(t))
+o([t]Y),  (264)

for —1 < ¢ < 1. Since, in this case, |J/q| +1 = [(J +1)/q], we observe that pji1 €
QN,k,a(Qna_l) and that Pjiq is true. Thus, Py implies Pj1.

The proof of the rest of this theorem (in which % replaces %)

identical.

is essentially
|
The following theorem shows that when a € @), there exist certain values of p and

functions p(t), where p(t) € Hn ko (1), such that the resulting boundary data g is smooth
on each side of the corner, to order V.
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Theorem 5.12. Suppose that a € Q and that N is a positive integer, and let L =
[aN/2] . Then, for each integer 1 < n < L for which

m—1 2

for some integer j, (265)
« 2 -«
there exists a function
2n —1
p(t) € HN,k,a( - ) (266)

where —1 <t < 1, such that g, defined by (@, has the form

N N
g(t) = Balt” + ) &usen(®)[t]" + o(|t|™), (267)
n=0 n=0
where —1 <t <1 and By, B1,...,0n and &, &1, ..., &N are Teal numbers.

Now let M= | (2 — «)N/2|. Then, likewise, for each integer 1 < n < M for which

2 25 —1
no_2 for some integer j, (268)
2—-«
there exists a function
2n
t) e ( ) 269
p(t) € Hnmal5g— (269)

where —1 <t <1, such that g, defined by @, also has the form .

Proof. Let p and ¢ be integers such that o = p/q is a reduced fraction, with ¢ > 0.
Suppose that J is a nonnegative integer, and let P; be the proposition that there exists
some function

2n - 1), (270)

ps(t) € HN,k,a<
such that, if g; is defined by (where g replaced by gy), then g; has the form

2n

—1
9(t) = Rv1y([t], sgn(t)) + [t] = +J+1Q(N_%—J—1,2-LJ/qJ+1,1)(|t|7108? |t],sgn(t))
+o(t|Y), (271

for all —1 < ¢t < 1, where R: R?> - R and Q: R?> — R are polynomials. First, by
combining Theorem with theorems and we observe that if

2n

= logltl, (272)

pr(t) = [t]

for —1 <t <1, then

2n—1

gr(t) = Ry ([t],sgn(t)) + [t] =

+k+1Q(N—2”a—_1—k—1,1,1)(’t’a log |t], sgn(t)) + o([t|™),
(273)

for —1 <t <1, so clearly all of Py, P, ..., P are true.
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Now suppose that Pj is true. We will show that this implies that P is true. If Py
is true, then there exists some function

271—1)7 (274)

ps(t) € HN,k,a(

for —1 <t <1, such that

2n—1

9.1(t) = Ry ([t] sgn(t)) + [t~ =

+J+1Q(N—%—J—1,2- 17/q)+1,) ([t] log [¢], sgn(t))
+o(lt™),  (275)

for all =1 <t <1, where R: R> = R and Q: R? = R are polynomials.

Case 1: Suppose first that J+1 # m-q, for each integer m. Then, combining Theorem [5.7]
with Theorem there exist real numbers bo, b1, ..., ba.| j/q4+1 and co, €1, .+, Co. g/q 41
such that if

2-[J/q]+1 - ' 2:[J/q]+1 - .

praa®)=ps&)+ D bl e Toglt) + > ci-sgn()t e T (loglt]),
i=0 i=0

(276)

for —1 <t <1, then

2n—1

9s+1(t) = Ren 1y ([t], sgn(t)) + [t @

+J+2Q(N7%7J72,2.\_J/qJJrl,l) (‘t‘ ’ IOg ‘t‘ ) Sgn(t))
+o(tY),  (277)

for —1 <t < 1. Clearly, since pji1 € HN7k7a(2%f), it follows that Py implies Pyq.

Case 2: Suppose now that J + 1 = m - ¢, for some integer m. Then, combining Theo-

remwith Theorem|3.31} there exist real numbers bg, b1, ..., ba.| j/q)+3 and co, 1, ..., €2 1/q)+3
such that if

2:[J/q]+3 - ' 2:[J/q]+3 - .
praa®)=ps&)+ D bl e Toglt) + > ci-sgn()t e T (loglt]),
i=0 i=0

(278)

for —1 <t <1, then

2n—1

9s+1(t) = Ren 1y ([t], sgn(t)) + [t @

+J+2Q(N7%7J72,2.\_J/qJJr?),l) (‘t‘ ) IOg ‘t‘ ; Sgn(t))

+o([t|Y),  (279)

for —1 < ¢ < 1. Since, in this case, |J/q| +1 = [(J +1)/q], we observe that pyi1 €
HN7k7a(2”a_1) and that Pjiq is true. Thus, Py implies Pjq.

The proof of the rest of this theorem (in which ;2L replaces 2-1)

identical.

is essentially
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Odd Case

The proofs in this section are essentially identical to those in the even case, and are
omitted.

The following theorem shows that when o ¢ @), there exist certain values of p and
functions p(t), where sgn(t)p(t) € Fn i a(pt), such that the resulting boundary data g is
smooth on each side of the corner, to order N.

Theorem 5.13. Suppose that o ¢ ©Q and that N is a positive integer, and let M =
[(2— «)N/2]. Then, for each integer 1 < n < M, there exists a function p(t), where

2n —1
sgn(t)p(t) € JrN,k,a( 5o ) (280)
and —1 <t <1, such that g, defined by @, has the form
N N
g(t) =D Balt]" + > &usen(t)[t]" + o(Jt|™), (281)
n=0 n=0

where —1 <t <1 and By, B1,-..,Bn and &, &1, .- ., &N are real numbers.
Now let L = |aN/2]|. Then, likewise, for each integer 1 < n < L, there exists a
function p(t), where

sgn(t)p(t) € Fn ko (%) (282)

and —1 <t <1, such that g, defined by (@/, also has the form .

The following theorem shows that when « € @Q, there exist certain values of p and
functions p(t), where sgn(t)p(t) € Fnk,a(p), such that the resulting boundary data g is
smooth on each side of the corner, to order N.

Theorem 5.14. Suppose that o € ©Q and thaLN is a positive integer, and let M =
[(2—a)N/2] . Then, for each integer 1 <n < M for which

2n—1 29
" + ) for each integer j, (283)
a

2—«

there exists a function p(t), where

sen(t)p(t) € Frpo () (284)

and —1 <t <1, such that g, defined by (@, has the form

N N

g(t) =D Bult" + Y Eusen()le]" + o(lt™), (285)
n=0 n=0

where —1 <t <1 and By, B1,...,0n and &, &1, ..., &N are Teal numbers.
Now let L = |aN/2|. Then, likewise, for each integer 1 < n < L for which

2 27 —1

o #+ J for each integer j, (286)

« 2 -«
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there exists a function p(t), where

san(t)o(t) € Frpa(0) (257)

and —1 <t <1, such that g, defined by @, also has the form .

The following theorem shows that when o € @), there exist certain values of p and
functions p(t), where sgn(t)p(t) € Gy k.a(p), such that the resulting boundary data g is
smooth on each side of the corner, to order N.

Theorem 5.15. Suppose that o € Q and that N is a positive integer, and let M =
[(2—a)N/2] . Then, for each integer 1 < n < M for which

2n—1 29
n = 2 for some integer j, (288)
22—« «@

there exists a function p(t), where

2n—1>

sen(t)p(t) € Gna(5—

(289)

and —1 <t <1, such that g, defined by @, has the form

N N
g(t) =D Balt]" + > Ensen(t)[t]" + o([t|™), (290)
n=0 n=0

where —1 <t <1 and By, B1,--.,Bn and &, &1, - - ., &N are real numbers.
Now let L = |aN/2]|. Then, likewise, for each integer 1 < n < L for which

o2 2j—1

o 2 —«

for some integer j, (291)

there exists a function p(t), where

2n
sen(t)p(t) € Ona (=) (292)
and —1 <t <1, such that g, defined by (@, also has the form .

The following theorem shows that when o € @Q), there exist certain values of p and
functions p(t), where sgn(t)p(t) € Hn k(1) such that the resulting boundary data g is
smooth on each side of the corner, to order N.

Theorem 5.16. Suppose that a« € Q and that N is a positive integer, and let M =
[(2—a)N/2] . Then, for each integer 1 <n < M for which

2n —1 29
" ) for some integer j, (293)
2—« «

there exists a function p(t), where

2n - 1) (294)

sen(Hp(t) € Huvpa (53—
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and —1 <t <1, such that g, defined by (@, has the form

N N
=3Bt + S Eusen()lt” + o[t),

n=0 n=0
where —1 <t <1 and By, B1,...,Bn and &, &1, ..., &N are real numbers.
Now let L = |aN/2|. Then, likewise, for each integer 1 < n < L for which
2 2j—1

= for some integer j,
« 2 -«

there exists a function p(t), where
2n
sen(0p(t) € Hra ()
and —1 <t <1, such that g, defined by (@, also has the form .

5.3 Proof of the Converse Direction of Theorem [2.1]

The following theorem is the principal result of this section.

Theorem 5.17. Suppose that 0 < o < 2 and that N is a nonnegative integer. Let

- (2]
alN
L=|%)
and
M= [(2 _QQ)NJ’
— 2—a)N
M= {( 2 ) 1

(295)

(296)

(297)

(298)

(299)

(300)

(301)

and observe that L + M = N and M + L = N. Suppose further that the functions

X1,1,X1,2 -5 X1 L 0nd X2,0, X2,15 - - - X2,M Satisfy

Xlie{ kNoz(
’ Na(%5
a

kNa(
i €
XQ,J { HkNO‘(Z o

if% =+ 22_—3a for each integer 1 < j < M,
if 221 = i—] for some integer 1 < j < M,

if 22] # 21 L for each integer 1 < i < L,
if 22,3(1 = 2’a L for some integer 1 < i < L,

‘ o

)
)
)
)

for1<i<Land0 < j <M, and the functions N1 M1,25 - - -1y 77 @A 12,0,M2,15 - - -

satisfy

N

c Fena(322)  if 2=l %for each integer 1 < j < L,
i o Na( A ) if $= i 1 = %J for some integer 1 < j < L,

. FrNa
i { Hio N (2

N
Q

[
<
—_

Nw

QR |

[~
\_/\/ Q

zf%j # 5 21 - Jor each integer 1 < i < M,
if% = 2’ i = for some integer 1 <i < M,
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(302)

(303)

y 112, L

(304)

(305)



for1<i< M and 0 < j < L, and that, if p has the form

L M M L
p(t) = Z bprixai(t) + Z bixz,i(t) + z cpyisen(t)m,i(t) + Z cisgn(t)n2,i(t),
i=1 i=0 i=1 i=0
(306)
for all =1 <t < 1, then, for any arbitrary real numbers by, b1, ..., by and cg,c1,-..,CN,
the function g defined by (@ has the form
N N
g(t) =D Balt]" + > &nsen(t)[t]" + o(Jt|™), (307)
n=0 n=0
for all =1 <t <1, where By, B1,...,0n and &, &1, ..., &N are real numbers (see theo-

rems . Then, for each 0 < a < 2, there exists an open ball Bs(, of radius 0(a),
centered at zero, and a set K(a) C Bs(a) X Bj(a) of measure zero, where 0 ¢ K (), such
that the following holds. If the curvatures k1 and ko of the curves v1 and o are defined

by
k1(t) = aro+ayat + -+ ag it (308)
Iig(t) =azo + a271t —+ -+ (IQ’MtM7 (309)
fO?" all 0 S t S 1, and (alyo, ail,---,0a1,M,020,021,--- ,(IQ’M) € Bé(a) X BE(a) \ K(a),

then for any g of the form , there exist unique real numbers bg,bi,...,by and
0, C1, ..., CN such that p, defined by , solves equation to within an error o([t|V).

Proof. Suppose that 0 < a < 2 is fixed, and let A(a1, a2) denote the (2N +2) x (2N +2)
real matrix satisfying

bo Bo
b1 B1
Alas,a) | ™V [ =| PV |, (310)
co o
c1 &1
cN N
where
a1 = (a10,a1,1,...,01,M), (311)
as = (a270, agyl, . ,CLQ,M). (312)

By combining Theorem with the proofs of theorems[5.7]and it is straightforward
to show that the entries of A(a1,az) are real analytic functions from Bj(,) X Bs(o) — R.
Thus,

det(A(ay, az)) (313)
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is a real analytic function from Bj,) X Bs(q) — R. By Theorem 3.9
det(A(0,0)) # 0, (314)

so (313) is not identically equal to zero. Hence, by Theorem there exists some set
K(a) C Bj(a) X Bs(a) of measure zero, where 0 ¢ K(a), such that

det(A(ay, az)) £ 0 (315)

for all (0,1, (1,2) S B(S(a) X Bd(a) \K(Og)
[

6 Extensions and Generalizations

6.1 Numerical Algorithms

In [B], Jeremy Hoskins, Vladimir Rokhlin, and the author use the explicit and rapidly
convergent series representations provided in [I7] to construct accurate and efficient
numerical algorithms for the solution of the integral equations of potential theory on
polygonal domains. The numerical apparatus presented in [5] extends in a straightfor-
ward manner to the general case of analytic curves meeting at corners. In particular,
the generalized quadratures and discretizations described there can be augmented by
the additional terms arising from the presence of curved boundaries (i.e. powers of
logarithms).

6.2 Helmholtz Equation

In [19], the author and Vladimir Rokhlin show that, on polygonal domains, the solutions
to the boundary integral equations associated with the Helmholtz equation are repre-
sentable by explicit series of certain Bessel functions of noninteger orders. It turns out
that, when the boundaries of the regions consist of analytic curves meeting at corners,
the solutions are representable by series identical to those in the Laplace case (presented
in this report). The proof proceeds in a similar fashion, with lemmas involving Cauchy’s
formula replaced by lemmas involving Green’s theorem. A detail analysis is in prepara-
tion.

6.3 Stokes Equation

In [15], Manas Rachh (together with the author) demonstrates that when, on polygonal
domains, Stokes equation is formulated as a boundary integral equation, the solution is
representable by the real part of a series of powers of the form ¢*, where ¢ is the distance
from the corner and z is complex. Preliminary work suggests that, in the more general
case of regions with boundaries consisting of analytic curves meeting at corners, the
solution is, like in the Laplace case, augmented by correction terms involving the leading
terms ¢* multiplied by integer powers of ¢ and powers of log(¢). The detailed analysis is
currently underway.

51



7 Acknowledgements

The author is very grateful to Manas Rachh, Jeremy Hoskins, Philip Greengard, Vladimir
Rokhlin, and Leslie Greengard for many helpful and insightful conversations and com-
ments.

8 Appendix A

In this section we prove Theorem [B:3] which is a restatement of Theorem [3.14] in the
main text.

The following two lemmas state that, locally, the kernel K (s,t) is partially holomor-
phic in both s and t.

Lemma 8.1. Suppose that U C C is a open simply connected set and that F': U — C is
a analytic function such that F'(z) # 0 for all z € U. Suppose further that K : {(s,t) €
UxU:s#t} — C is defined by

F(t)

RO 0}

(316)
for all s,t € U such that s # t. Then, for each t € U, there exists an open simply
connected set t € Uy C C and an analytic function ¢y: Uy — C such that

1 P
s—t 2F(t)

K (s,t) = + (s = )be(s), (317)

for all s € U\ {t}.

Proof. Suppose that ¢ € U. Since F is analytic on U, there exists an open simply
connected set ¢ € Uy C U and an analytic function ¢ ¢: Uy — C, such that

F(s)=F(t)+ F'(t)(s —t) + F’;(t) (s — t)2 +(s— t)3¢)07t(s) (318)
for all s € U;. Thus,
_ F@)

Kt = 5o - Fo
_ F(t)

Fi(t)(s —t) + 220 (s — £)2 + (s — £)3¢0 4(s)

1 1

_ , ; : 319

5=t 14 B0 ()1 (s — 02600(5) 1)

for all s € Uy \ {t}. By examining the Taylor series of the quotient in (319), we observe
that there exists an analytic function ¢;: Uy — C such that

K(s,t) = Sit : (1_ ;;f,((’?) (s—t)+(s—t)2¢t(3)>
1 P
EETi T RS (320)

52



for all s € Up \ {t}.
|

Lemma 8.2. Suppose that U C C is a open simply connected set and that F': U — C is
a analytic function such that F'(z) # 0 for all z € U. Suppose further that K : {(s,t) €
UxU:s#t} — C is defined by

F'(t)
F(s) = F(t)’
for all s,t € U such that s # t. Then, for each s € U, there exists an open simply
connected set s € Ug C C and an analytic function ¢s5: Us — C such that

1 F'(t)
st g T e, (322)

K(s,t) = (321)

K(s,t) =

for allt € Ug \ {s}.
Proof. Suppose that s € U. Since F' is analytic on U, there exists an open simply
connected set s € Us; C U and an analytic function ¢ s: Us — C, such that

r "2(8) (t—8)% + (t — 5)30.(t), (323)

F(t)=F(s)+ F'(s)(t —s) +
for all t € Us. Thus,
F'(t)
F(s) — F(t)
CF(s)+ F(s)(t = 5) +3(t — 5)%o,s(t) + (t — 5)°d (¢)
—F/(s)(t = ) = T2 (1 = 5) = (£ = )30,5(0)
F'(s)
CF(s)(t—s) — (- 5)2 — (1 — 5)30.4(t)
N F'(5)(t — 5) +3(t — 5)%¢0,5(t) + (t — 5)°¢p (1)
—F/(s)(t = ) = T2 (1 = )% = (1 = 5)30,5(1)
1 ' 1
St 14 gmid (t— ) + g (t— 5)260,6(1)
F''(5) +3(t — 5)ps(t) + (t — 5)°¢p (1)
+ I n/j _ EZXE) _ _ _ 2 ’
Fi(s) = 5= (t —s) = (t = 5)*o,s(t)
for all t € U \ {s}. By examining the Taylor series of the two quotients in (324), we
observe that there exist analytic functions ¢ : Us = C and ¢2 s: Us — C such that

K(s,t) =

(324)

K(sut) = 1 (1 (=) + 1= 960.(0)
F"(s)

- F/(S) + (t - S)¢2,8(t)

— g = (60— 61,(0)

1 F(t) N (f};',((?) _ ;};’f(?)) (t — 5)(p2,s(t) — d1,s(t)), (325)
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for all t € Us\ {s}. Clearly then, there exists another analytic function ¢5: Us — C such
that

B F”(t)
s—t 2F'(t)

K(s,t) = + (s = 1)os (), (326)

for all t € Us \ {s}.
|

The following theorem states that the kernel K(s,t) is the sum of the Cauchy kernel
and a holomorphic function.

Theorem 8.3. Suppose that U C C' is a open simply connected set and that F: U — C
is a analytic function such that F'(z) # 0 for all z € U. Suppose further that K : {(s,t) €
UxU:s#t}— C is defined by

F'(t)

BRI CR 0}

(327)

for all s,t € U such that s # t. Then there exists some holomorphic function R: UxU —
C such that

1 F’(t)
s—t 2F(t)

K(s,t) = + (s —t)R(s,1) (328)

for all s,t € U such that s # t.
Proof. Suppose that R: {(s,t) € U x U : s # t} — C is defined by

1 F"(t)
K(s,t) = 55 + 3/

s—t ’

R(s,t) = (329)
for all (s,t) € UxU such that s # t. Clearly, R is holomorphic on the set {(s,t) € UxU :
s # t}. By Lemma [8.1] for each ¢t € U, the function R(-,t): U \ {¢t} — C is bounded on
U\ {t} and is thus analytic on U. Likewise, by Lemma for each s € U, the function
R(s,:): U\ {s} — C is bounded on U \ {s} and is thus analytic on U. Therefore, R is
partially holomorphic on U x U, from which it follows that R is holomorphic on U x U.

|
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